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What should you do with conflicting information? To be rational, you must
immediately resolve the inconsistency, so as to maintain a consistent (probabilis-
tic) picture of the world. But how? And is it really critical to do so immediately?
Inconsistency is clearly undesirable, but we stand to gain a lot by representing it.

This thesis develops a broad theory of how to approach probabilistic mod-
eling with possibly-inconsistent information, unifying and reframing much of
the literature in the process. The key ingredient is a novel kind of graphical
model, called a Probabilistic Dependency Graph (PDG), which allows for arbitrary
(even conflicting) pieces of probabilistic information. In Part I, we establish
PDGs as a generalization of other models of mental state, including traditional
graphical models such as Bayesian Networks and Factor Graphs, as well as
causal models, and even generalizations of probability distributions, such as
Dempster-Shafer Belief functions. In Part II, we show that PDGs also capture
modern neural representations. Surprisingly, standard loss functions can be
viewed as the inconsistency of a PDG that models the situation appropriately.
Furthermore, many important algorithms in Al are instances of a simple ap-
proach to resolving inconsistencies. In Part III, we provide algorithms for PDG
inference, and uncover a deep algorithmic equivalence between the problems of
inference and calculating a PDG’s numerical degree of inconsistency. We also

develop powerful yet inutuitive principles for reasoning with (and about) PDGs.
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CHAPTER 1
INTRODUCTION

1.1 In Defense of Inconsistency

“A man with one watch always knows the time;
a man with two watches is never sure.”
[San Diego Union 1930]

A central principle of scientific inquiry is this: if you want to eventually
understand things clearly, then you must take seriously the possibility that
your understanding today might be wrong. And not only might you be wrong
in the margins—wrong about the details of a calculation or under-informed—
you could have a fundamentally misguided understanding of how the world
works. You could be using meaningless concepts, confusing cause and effect,
and misplacing your trust in those that seek to manipulate you. For those of us
who prize logic and rationality (including, famously, Descartes [1637]), perhaps
most terrifying of all is the possibility that your own internal thoughts might not
even be self-consistent. If there is one thing on which we can all agree, it is a
contempt for inconsistency. The foundational principles of decision theory entitle
us to our own preferences [Stigler and Becker 1977], and beliefs, to some extent
[Savage 1951], but only if they have a certain internal consistency. For without
one, we risk being swindled [Vineberg 2022] or misled (ex falso quodlibet) if not

humiliated [Finocchiaro 1981; Russell 1902].

Decision theorists and economists, seeking to characterize rational thought,
have established probability—a representation that allows for uncertainty but

cannot encode conflicting information—as the gold standard for representing



beliefs [Ramsey 1926; Savage 1951]. By using such representations to build artifi-
cial minds, computer scientists have capitalized on an opportunity to eliminate
inconsistency in artificial agents altogether. Theorists are careful to prove things
about clearly defined (probabilistic) models, while practitioners endeavor to
build systems whose state represents a single coherent (probabilistic) view of the
world. Modern ideals of “good code” agree: it is better to eliminate the potential
for conflict by design, than to handle inconsistency while the code is running.
It is better to have a single way of calculating or thinking about X than several
different ones that could, in principle, disagree.! It is better to use one library for
telling time than two. Why? Because this renders our systems invulnerable to

inconsistency.

Yet this invulnerability comes with shackles. Would you trade your freedom
to see things from two angles at once—to puzzle over paradoxes, to experience
deep surprise and be challenged by internal conflict—for a guarantee of self-
consistency? In order to always present a consistent front, it is necessary to
fully process new information before moving on. Mulling is prohibited, as is
waiting for clarification. Half-baked ideas are a nonstarter. This regimented
consistency-first lifestyle works well if you are only mistaken in the margins, and
need only to occasionally update a few parameters. But what if you're wrong
in a deeper way? Can you imagine how hard it would be to learn to see things
completely differently, without ever venturing into a confused state? Picture
having to substantially refactor a large codebase with an interface that only
allows you to see code that compiles. So if (through no fault of your own) you do

happen to be wrong about how the world works—that is, really, fundamentally

'While it can be helpful to have different procedures for different regimes, it is still best to
exclusively use a single procedure in each regime, or better yet, combine them into a single
procedure with all of the benefits.



wrong—then taking on inconsistency may be worthwhile.

It is generally agreed that having multiple independent approaches that give
the same result is a virtue, and can increase confidence. But, in a sense, (the
potential for) confirmation and (the potential for) inconsistency are opposite sides
of the same coin. For if we use only representations that avoid inconsistency by
preempting the possibility of distinct answers (using only one watch, so to speak),
then we also cannot have meaningful agreement, and hence no confirmation.
We would like independent experiments to confirm the values of fundamental
constants—but this means we must brace for the possibility that the experiments
could have different outcomes. Without opportunity for internal conflict, there
can be no opportunity for internal agreement; it is the potential for disagreement

that makes agreement valuable.

Overlapping and redundant representations are incredibly useful in practice
for guarding against catastrophic failure. For this reason, even modern Al
systems have recently been slipping away from the probabilistic consistency to
which they aspire [Bertossi et al. 2005]. For instance, it is expensive and even
undesirable to exactly model your training data; instead we try to do the opposite,
by adding priors (also known as regularizers; see Section 6.3) to prevent this.
The priors are typically inconsistent with the data (which is arguably the point),
although neither is ever modified. Still, the result is a far more robust learning
process, both theoretically [McMahan 2014; Livini 2017] and practically [Girosi
et al. 1995]. Even clearer examples of inconsistency arise in variational inference
(e.g., mean field approximation methods, variational autoencoders [Kingma
and Welling 2014]), and more generally when combining multiple networks in
nontrivial ways. In some cases, there is even a term representing “consistency”

in the training objective [Zhu et al. 2017], or the name of the approach [Zhou



et al. 2003; Dwibedi et al. 2019]. In each case, the goal is to be (mostly) consistent,
but seldom is it possible to actually get there, and tolerating inconsistency is
critical to the learning process. These techniques are billed as pragmatic ways of
approximating some presumably consistent we must have intended. But why
perpetuate these unrealistic rationality standards? I argue that we should just

call them what they are: (possibly) inconsistent belief states.

Doing so intelligently unlocks a beautiful theory of probabilistic modeling,
that unifies a broad range of concepts, representations, and algorithms across
artificial intelligence, and the study of rational belief and decision making. The
framework developed in this dissertation gives us the ability to model, mea-
sure, and mitigate inconsistency. This affords an agent an enormous amount
of epistemic flexibility, making it far easier to make deep structural changes to
its epistemic representations. So, in an ironic twist, the possibility of internal
inconsistency might ultimately be what saves us from being deeply wrong. Make
no mistake: inconsistency is bad. Indeed, our measure of it is the only conception
of “bad” needed to do much of machine learning (Chapters 6 and 7). There is no
question that chronically exhibiting a high degree of inconsistency is problematic.
Yet, as with all internal conflict, it is more productive to engage with it and

recognize it as a catalyst for positive change than it is to avoid it entirely.

Is really worse to be gullible than it is to be stuck and very wrong? It is said
that a man with two watches never knows the time. But is a man with only one
watch really better off? And how are you supposed to use multiple watches,

anyway? Let me show you.



1.2 Overview of Results

This thesis endeavors to provide a broad unified picture of many representations,
concepts, and algorithms used in modern Al systems. At a high level, the idea is
simple: represent everything in probabilistic terms, and then identify and resolve
inconsistencies between them. The details, of course, are more involved. Chap-
ter 2 reviews the relevant background material, focusing particularly on those
elements of the theory of probabilistic graphical models and information theory;
it also develops a (novel) account of variables that unifies standard notation across
different communities. Both aspects serve as the building blocks for the theory
that follows. The remainder of the dissertation is based on three previously
published conference papers [Richardson and Halpern 2021; Richardson 2022;
Richardson, Halpern, and De Sa 2023], a workshop paper [Richardson 2023],
additional papers in earlier stages of the peer review process [Richardson, Peters,

and Halpern 2024], and a trove of original unpublished notes.

Part I is about subjective representations of knowledge and uncertainty. Chap-
ter 3 introduces the key mathematical object at the heart of this dissertation,
called a probabilistic dependency graph (PDG). It is based on our AAAI paper of
the same name [Richardson and Halpern 2021], but augmented with significant
elements from the other papers. In that chapter, we motivate by example the
need for a representation with the kind of flexibility and modularity offered by
PDGs, develop their formal syntax and semantics, and relate them to traditional
graphical models—which are special cases. Chapter 4 takes the PDG represen-
tation further, showing how PDGs not only capture graphical models, but also
other notions of uncertainty, such as credal sets [Walley 1991] and Dempster-

Shafer belief functions [Shafer 1976]. In the process, we will develop a number of



smaller tools, which we call widgets, which capture small fragments of epistemic
states as PDGs—enabling us to seamlessly convert things like constraints on
the values of variables, or on their probability ranges, to PDGs. Chapter 5, also
based on an eponymous paper [Richardson, Peters, and Halpern 2024], develops
a concept that we call qualitative mechanism independence. The concept is a signifi-
cant generalization of independencies in other graphical models that can also
describe functional dependencies and give meaning to cyclic structures. As we
shall see, qualitative mechanism independence is closely related to (and can be
captured by) the qualitative information in a PDG. To summarize, Part I estab-
lishes PDGs as a sweeping generalization of classical knowledge and uncertainty
representations, especially those that have formed the backbone of Al systems in

the last 25 years.

In Part II, we will see that PDGs also turn out to capture more modern learned
representations, and even learning algorithms and objectives behind them. Up
until this point, we will have seen a few benefits of being able to tolerate incon-
sistency, but here we will begin to see the benefits of of measuring inconsistency
precisely the way we have. In Chapter 6, based on Loss as the Inconsistency of a
Probabilistic Dependency Graph: Choose Your Model, not Your Loss Function [Richard-
son 2022], we will see that PDGs capture not only the part of a modern machine
learning (ML) system typically thought of as the representation (i.e., the networks
and their architectures), but also the loss function used to train that system. Previ-
ously the two aspects of an ML system were considered separate design choices,
and the loss was a matter of pragmatics, not truth. But our findings suggest
that there may be a “universal” way of getting at the “correct” loss function
simply by laying out your (possibly inconsistent) beliefs. Indeed, a wide variety

of standard losses can be viewed as measuring the inconsistency of a PDG that



models the situation appropriately. From these results, it follows that much of
machine learning can be viewed as resolving inconsistencies. In Chapter 7, we
operationalize this process, by giving a generic recipe for how one might resolve
inconsistencies: focus your attention to some (small) view of the picture, and
then make (small) changes to reduce the inconsistency of that picture. This idea
turns out to be a generalization of belief propagation that applies to arbitrary
PDGs, and that captures techniques such as adversarial training and variational

inference in the process.

Part III develops algorithms and reasoning techniques for PDGs. Part I posi-
tions PDG semantics as a potentially quite useful generalization of traditional
graphical models, but to actualize any of that potential, we need to able to do
inference on them; meanwhile, Part II establishes calculating (and minimizing) a
PDG’s degree of inconsistency as an important problem of interest. In Part III,
we solve both problems (Chapter 8), characterize their computational complexity,
and investigate the deep connection between them (Chapter 9). Both Chapters 8
and 9 are based on the full version of the PDG inference paper [Richardson,
Halpern, and De Sa 2023]. In Chapter 10, we then flesh out a reasoning principle
that appears in both Parts I and II (Chapters 5 and 6), called monotonicity of
inconsistency: believing more things cannot make you any less inconsistent. This
principle turns out to not only be the basis of an intuitive visual calculus for deriv-
ing important inequalities, but also forms the basis of an inconsistency-tolerant

probabilistic logic.

Finally, we conclude with discussion and open questions in Chapter 11.



1.3 Themes and Motifs

Before embarking in earnest, we first prime ourselves to notice some important
recurring themes. Some of these patterns have been important guiding principles;
others surprised us by their recurrence. By recognizing these patterns, it may be

easier to digest the material that succeeds them.

1.3.1 Mathematical Precision for Informal Reasoning

The hallmark of a good formalism is that it supports a user in manipulate
the concepts quickly and intuitively, yet at the same time is precise enough to
withstand critical scrutiny. Correspondingly, our representations representations

(and tools for manipulating them) strive for two opposing virtues:

1. things that are different look different, and

2. things that are the same look the same.

The first aids precision, and the latter aids ease of use. It is common for computer
scientists and mathematicians, in pursuit of precision, to focus on distinguishing
objects that are even superficially different. Failure to do so called “abuse of
notation”. But in some deep way, the notation is not really being abused if the

two objects are really two different views of the same thing.

The idea can be described more precisely as etiquette for implicit conversion:
when one defines a way of regarding one type of mathematical object as another
that is so transparent that it can be implied. To avoid confusion, it is not strictly
necessary to avoid implicit conversions—but it may require ensuring that all

ways of implicitly converting an object of type A to one of type B are equivalent.



Doing so can be challenging, but it is often the best way to get representations that
simultaneously attain both virtues 1 and 2. Avoiding the challenge altogether—
that is, ensuring objects of different types are given different symbols—is a way of
ensuring consistency by construction. This practice is precise and grants a certain
peace of mind, but also makes it difficult to think. In keeping with the argument
made in Section 1.1, I have not shied away from defining the same symbol in
more than one way—but I have tried to do so in a way that the definitions never

disagree in any context.

PDGs, the representation at the heart of this thesis, enable this kind of thinking
in the probabilistic setting. They allow us to manipulate probabilistic primitives
in ways that look just like standard intuitive short-hand, yet the machinery
underneath makes the reasoning completely precise. Some of the key reasoning
principles have congealed to form Chapter 10, but a keen reader will see examples
of how PDGs formalize intuitive probabilistic reasoning throughout. But when
we introduce probabilities, consistency is not just about ensuring paths are equal
(as is the case for implicit conversions); it’s about something else. Making that

something else precise is one objective of this thesis.

1.3.2 Equivalent Representations

When working with abstract representations, often it is the case that one class
of models (representation R;) seems clearly more general than another (repre-
sentation ;). To prove this, you show that anything with representation 12, can
be converted to R;; perhaps R, is even literally a subset of R;. You convince
yourself that the relationship is strict, because very little of R, is in the image of

this transformation—and besides, how could you possibly represent a generic



element of R; with R,? Yet it is still possible that, sometime later, you discover
that there is in fact a much more subtle way of capturing R, with R,. So, despite

appearances, R; may turn out to be equivalent to R..

We will see this happen almost immediately even in the preliminary material:
with hypergraphs and bipartite graphs (Section 2.4), with variables, sets of
variables, and random variables, (Sections 2.2 and 2.3.1), and with causal models
and randomized causal models (Section 5.3), to say nothing of the novel material.
Even against this backdrop, Probabilistic Dependency Graphs (PDGs), the central
mathematical object whose theory we develop, are particularly special in this
regard. Not only can PDGs capture a great many things, but they also encompass
many natural “obvious generalizations” of themselves (Section 3.2.1). If this
abstract statement seems puzzling, recall that Turing machines (TMs) not only
capture other notions of computation, but also capture many natural variants of
TMs that seem on the surface to make them more expressive. Yet “generalized”
TMs with multiple tapes, multiple heads, tapes of higher dimension, and even
non-determinism—are all (semantically) equivalent to ordinary TMs. PDGs
push the idea even further: they also have several different semantics, seemingly
carrying different amounts of information, that turn out to be equivalent as well
(Chapter 9). These equivalences suggest that PDGs might be a fundamental

representation.

But before we get into the details, we should review some math.
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CHAPTER 2
BACKGROUND AND MATHEMATICAL PRELIMINARIES

Although the high-level ideas in this thesis are often intuitive and philosophi-
cal, the most precise forms of those ideas are quite mathematical. In this chapter,
we build up a library of standard mathematical concepts and notation needed to
tully understand them. A reader with a firm grasp of probability, graph theory,
probabilistic graphical models, convex geometry, and information theory, should
already be equipped to understand the later chapters; these readers should feel
free to skip to Part I. Still, even for such readers, the way these concepts fit
together formally may be less familiar. The notation is carefully selected to be
precise, yet serve multiple purposes, and look indistinguishable from various

standard notations in different contexts.

The chapter also serves a second purpose: to introduce the kinds of reasoning
and representation patterns that appear in later chapters. The principle such
pattern is the concept of variable, which has several closely related meanings. One
typically takes care to distinguish these different meanings, but we do some extra
leg work in this chapter to justify using them interchangeably. In this chapter,

we will get a chance to work with these ideas in a familiar context.

2.1 Basic Concepts and Notation

Let’s start with the basics. There are two kinds of equalities: definitions, and
assertions. We distinguish between the two. Namely, we write “A := B” to
(re)define the symbol A so as to stand for B, but write “A = B” to assert that the

(already defined) expressions A and B are equal.
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Sets, Maps, Numbers, and Logic. A set is a collection of unique elements, such
as {1,hello, 7}, the empty set (), the natural numbers N = {0, 1,2, ...}, or the
set R of real numbers. A singleton is a set with precisely one element. We write
a € A, ora: A, toindicate that a is an element of the set A (and a ¢ A to indicate
otherwise). For brevity, we write a, b € A to indicate thatbotha € Aandb e A. A
is a subset of B (written A C B) means that every element of A is also an element

of B, and 24 is the set of all subsets of A.

There are a number of important ways to combine two sets A and 5 to produce
a third set. Their union A U B is the set of all elements contained in either A
or B (or both), while their intersection A N B is the set of elements they have in
common. The product of A and B is the set A x B := {(a,b) : a € ANb € B}.
The disjoint union of A and B is a variant of a union in which all elements
are forced to be distinct, by “tagging” them with the set they come from, i.e.,

AUB:={(A4,a):ac A} U{(B,b) : b € B}.

We write |A| or #A for the cardinality of a set A; when we write # A, that
means A is finite, meaning it contains #A4 = |A| € N distinct elements. When
n € Nis a natural number, let [n] := {0, 1,...,n — 1} denote the set of the first n
natural numbers. When a and b are numbers (e.g., elements of N or R), we denote
their product by a - b, or, more commonly, simply ab. We will also often consider
extended numbers that include positive infinity (co), and perform arithmetic

with it by defining, for r € R,
00 + 1 = 00, oo -1 :=o00forr >0, 00 -0:=0,

and leaving oo - 7 undefined when r < 0. We write R := R U {oo} for the set of

extended real numbers, and [0, o] for just the non-negative ones.
We write Vo € X. ¢(z) to indicate that a logical expression () is true for all

12



x € X,and Jz € X. p(z) to indicate that there exists some = € X such that ¢(z)
is true. We use both of the two standard “set-builder” notations {x € X | ¢(x)}
and {z € X : p(x)} to construct the subset of X that satisfies the property ¢; the
choice between the colon and the bar is made to enhance readability in context.
We write —¢ for the negation of an expression ¢. If ¢ and ¢ are both logical
expressions, we write ¢ A ¢ for their conjunction (which is true only if ¢ and v
are both true), and ¢ V ¢ for their disjunction (which is true if and only if either ¢
or v are true). In some contexts, it is standard (and may feel more natural) to use
a comma instead of “A” to conjoin logical expressions. The notation ¢ =
means that 1) holds whenever ¢ does, and can be viewed as an abbreviation
for —¢ V v; the notation ¢ <= 1) means that ¢ and v are logically equivalent
(which can be viewed as an abbreviation for (¢ = ¢) A (¥ = ¢)). Speaking

of logical equivalence, we often abbreviate “if and only if” by writing just “iff”.

A map, or function f : A — B is an object that, given a € A, produces a value
f(a) € B. If f,g : A — B have the same behavior (i.e., Va € A. f(a) = f(a)), then
they are considered equal, and we write f = g. Thus, a function can be specified
with the notation f = a — f(a), which allows us to talk about functions without
naming them. The preimage of aset V C Bistheset [~ (V):={a € A: f(a) €
V} C Aof inputs to f, whose corresponding outputs are in V. We can compose
the functions f : A — Band g : B — C to form a new functiongo f : A — C,
defined by (go f) := a+— g(f(a)). When A C X, it is often very useful to refer to

the indicator function for membership in A,

1A=z oL HTEA v oy
0 ifz¢A

As one might hope from the notation, “A — B” is the set of functions from A

to B; it is also written B4. It is worth pausing here to reflect on some implications
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of this notation. First, if 1 = {x} is a singleton set, then an element a € A is
really no different from a map a € A' =1 — A. Second, if 2 = {0, 1} represents
a set with 2 elements, then the elements of 24 are functions assigning either 0
(absence) or 1 (presence) to each element of A—that is, they are subsets of A.

Finally, |[AB| = |A|IBL.

If I is a set, then an indexed set a = {a;},c; consists of a collection of objects,
one foreach i € I. If Vi. a; € A, then aisjusta functiona: I — A. A tupleis the
special case of a set indexed by [n] for some natural number n € N, and typically
written with parentheses in order, as in (ay, ..., a,). A sequence is the special
case of a set indexed by N, and is typically also written with parentheses, as in
(a1, as, . ..). For tuples and sequences, we sometimes use slice notation, writing,

for example, a.7 for the sub-sequence (a3, a4, . .., az).

Linear Algebra. For us, a vector is a map from a finite set /, called its shape,
to the (possibly extended) reals. To simplify and match standard notation, we
write R" instead of RI", and often write u = [u,];cs to specify a vector u by its
components. Given a number « € R and a vector u € R/, we can form the scaled
vector au = |au;l;er = @ — «a - u(i); for this reason, « is called a scalar in this
context. Vectors of the same shape can be added (+) or multiplied (®) pointwise
as usual, and we say that u < v iff u(i) < v(i) for all i € I. We write u v iff
there exists some a scalar a € R such that u = av. 1 and 0 denote all-ones and
all-zeros vectors, of a shape implied by context. If u and v are both of shape I,

their inner product, denoted either u - v or u'v, is the real number >_,_, u(i)v(i).

The latter notation will become clear once we introduce the notion of a matrix.

Amap f: Rl — RY is linear iff f(au+ Bv) = af(u) + Bf(v) forallu,v € R,
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There is a natural 1-1 correspondence between linear maps f : R — R’ and
special vectors A € R/*! called matrices—a fact that is arguably the foundation
of linear algebra. Specifically, the matrix A € R’/ represents the function u
[>2;csu(i)A(f; 1)]icr- Two matrices A € R™/ and B € R’** can be multiplied
to form a matrix AB = [Z a;j - bj,k]

: (i.k)
jeJ
f5 : RE — R7 are the linear maps corresponding to A and B, respectively, then

; remarkably, if f4 : R/ — R! and
eIxK

AB is the matrix corresponding to f4 o fz. Observe that a vector u € R’ can be
viewed as a matrix u € R’*! for the purposes of composition; in this form, it is
called a column vector. This establishes that linear maps can be viewed as vectors,
and vectors can be viewed as linear maps. The transpose of a matrix A € R/
is the matrix AT € R7*! that results from swapping the rows and columns of A.
In particular, the transpose u' of a column vector u € R’ is a row vector or dual

vector, and represents a linear function v — u'v : RY — R.

Cones and Convexity. A subset A C R’ of extended real space is a convex set
iff it contains all of the line segments between pairs of its elements—that is, if
it has the property that (1 — A\)u+ A\v € Aforallu,v € Aand A € [0,1], (1 — ).
The probability simplex A2 is the prototypical convex set. The convex hull of a
subset of U C R is the smallest convex set that contains U. The extreme points or
vertices of a convex set A is the smallest subset of A whose convex hull is A. For
instance, the convex hull of {(0,0),(0,1),(1,0),(1,1)} is the unit square [0, 1],

and the extreme points of the unit square are those four points.
A function f : R’ — R is convex iff
Yu,v € R, VA € (0,1).  f(1—=XNu+Av) < (1 =N f(u) +Af(v).

Recall that a linear map is one for which this relationship always holds with

equality for all u and v. A strictly convex function, on the other hand, is one
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where it never does, except when u = v.

Convex functions and convex sets are closely related. The set of points that
lie above a function f is a convex set if and only if f is convex. The level sets of
a function f (i.e., {u € R’ : f(u) < k} for some k € R) are convex if f is convex.

And u +— oo - 1[u € A] is a convex function iff A is a convex set.

A cone is something between a linear space and a convex set: a linear space
is one closed under linear combination with arbitrary coefficients, while a cone
is one closed under linear combination with non-negative coefficients, and a
convex space is closed under linear combination with non-negative coefficients

that sum to one. It follows that linear spaces are cones, and cones are convex.

Relations Let X = {Xj,..., X, } be variables, which are traditionally called
atributes in this context. A relation R(X) = R(X1,..., X,) C V(X1) x - x V(X,,),
or equivalently, R : [[/_, ¥X; — {0, 1}, is a subset of joint values of attributes.

The natural number n is called the arity of R.

The natural join of two relations R(A, B) and S(B,C) combines them in a
particularly obvious way: (a,b,¢) € R a S iff (a,b) € R and (b,c) € S. More

generally, we have:

R(X) > S(Y) = {w eV UY) | X(w) e RAYW) e S} 2.1)

At one extreme, if X and ) are disjoint sets of attributes, then R(X') > S(Y)
coincides with the cartesian product of R C VX and S C /). At the opposite
extreme, if X = ) are the same set of variables, then R(X) < S(X) coincides

with the intersection of the subsets R and S.
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2.2 Variables

Intuitively, a variable represents some feature of the world or some property of
some object. Although variables are widely used across computer science—in
programming languages, graphical models, causality, and probability theory, to
name a few—the term is actually shared by several different formalisms. The

account presented here simultaneously explicates many of them.

Mathematically, our notion of a variable exists on two levels. Qualitatively, a
variable is just some unique identifier (the variable name), such as “Height”, or X.
We typically use capital roman letters for variables. Quantitatively, a variable X
is also associated with a set ¥/(X), or simply VX, of possible values. For example,
V(Height) might be the set of positive real numbers, or the set {short,tall}.
A binary variable is one whose possible values are {0, 1}, and a real variable is one
whose possible values are R. A constant is a variable X that can only take on one

possible value (i.e., [VX]| = 1).

Joint Variables. We can regard sets of variables X as variables themselves,
with X = IIx<x¥X. However, when we do so, we must also be careful to
remember X the variable has a special relationship with X the set of variables.
By this definition, the empty set @ is a variable, and it takes on a single value (i.e.,
the unique setting of no variables).! Those with keen attention to typography
may have noticed we have used a different symbol (&) for the empty set of
variables, than we have for other empty sets ({)). This will be necessary to avoid

a minor ambiguity, because the (standard) notation for probability has a different

!This might seem strange, but there is precisely one way of selecting a value for each variable
in @: simply do nothing. To see this another way, observe that if X = {X1,..., X,,} is a set of
binary variables, then |/X| = 2", so in the special case of n = 0, we have [V @] = 2" = 1.
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meaning applied to a set of variables than it does applied to a set of possible

outcomes.

Similarly, tuples (Xj,...,X,,) of variables and indexed sets {X,}.c; of vari-

ables, are also themselves variables, with
V(X1 .., X)) ={(x1,...,x,) : Vi € [n]. z; € V(X;)},

and, more generally, V{X;},c; := [[,.; V(X;). The distinction between sets and

iel
indexed sets (such as tuples) of variables is only relevant when variables are not
unique. In this text, we implicitly convert between the two representations as is
convenient, and often view a set of variables as a tuple with a specific order for
the sake of presentation. Given a joint setting x € ¢/(X), we write either x[X] or
X (x) for the value of the variable X in the joint setting x. The former is familiar

lookup notation from many programming languages, and the latter is random

variable notation, which we will get to in the next section.

Variable Equality, Truth, and Functions of Variables. Variable notation is
designed to be intuitive and easy to read. Yet beneath the surface, it is unlike
almost any other standard mathematical notation, which can lead to confusion if
closely scrutinized. For instance, if X is a variable and = € VX, then we might
expect X=x to be a false statement, since X and z refer to very different objects;
instead, it represents the possibility that X happens take on the value z, which
we will soon see is called an event in the context of probability. Furthermore, if X
and Y are both variables, one might expect X=Y to be true iff X and Y stand
for the same variable, but here again it instead represents the possibility that
X and Y happen to take on the same value. More generally, if X is a variable

and f : VX — S is a function of the value of X, then we can regard f(X) itself
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as a variable, with V/(f(X)) = S. (The behavior of equality is just the special
case when we view = : {/(X,Y) — {0, 1} as such a function.) However, as when
forming joint variables, we must also keep in mind when we do so that the

variable f(X) and the variable X have a constrained relationship.

The solution requires us to keep track of these constraints. Let I'(X') denote
the set of constraints involved in forming the variable X. Now, when we write
X =Y we primarily mean the possibility that X and Y take the same value,
which is a rich mathematical object (e.g., an event). At the same time, we can
also implicitly convert that object to a truth value, if a truth value is required.
Specifically, if the construction of X involves constraints on the set of variables
X, and the construction of Y involves constraints on the variables Y, then we say
X=Y is true iff w[X| = w[Y] for all w € V(X UY) that satisfy the constraints of
I'(X) and I'(Y'). A variable X primitive if I'(X) is empty, and we typically write

& for the set of all primitive variables in the current context.

This approach gives us what we want in most cases. It is always true that
X = X, but not in general true that X = X’ (unless X and X’ must be equal
by construction, or represent the same constant). It is true that f(X) = ¢(X) iff
f =g. If X and Y are real variables, then (it is true that) X +Y =Y + X. Yet
these expressions also remain unambiguously meaningful for describing events
(as we will soon see). Indeed expressions that are true, correspond to events that

must necessarily occur.

Typically one deals with these problems by adopting only fragments of this
picture, or by sweeping ambiguities under the rug. But it isn’t necessary to
do so; all of these standard concepts can coexist in one unambiguous formal

context. The constraint-tracking resolution given here is just a taste of the general
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modeling approach at the heart of our theory. The biggest missing part, as one

might guess, is probability.

2.3 Probability

Probability is a foundational concept across many disciplines, and especially
for us. Unfortunately, its notation is almost as diverse as the people who use it.
Our approach simultaneously enables some of the most common notations and
uses the standard foundations. Thus, although all of the pieces are likely to be
familiar, the precise formal way it fits together may not be. We start by giving
the simpler picture of probability in the finite case (Section 2.3.1), which, for our
purposes, is largely representative of how one should think of probability in the

general case (which we return to Section 2.3.2).

2.3.1 Probability in the Finite Case

Measures and Conditioning. Suppose that () is a finite set. A probability distribu-
tion j over ) is essentially a function v :  — [0, 1] such that ), p(w) = 1. This
means /. is a vector of shape (2 satisfying ¢ > 0 and -1 = 1. The distribution that
places all mass on a single outcome w € € is written d,,. The probability simplex
Af) is defined as the set of all probability distributions over €. The support of
a distribution p is the set Supp 1 := {w € Q : pu(w) > 0} of outcomes that have
positive probability. For U C €, called events, define p(U) := >, (). While
we just defined ;. on events U of € in terms of u(w) for elements w € €2, we
remark that, in general (i.e., beyond the finite case), it has to be the other way

around: a probability distribution is an object that assigns probability to events
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in a way that is compatible with intuitions from the finite case we have just

described. We return to this in Section 2.3.2.

The standard way of updating a probability distribution based on new evi-
dence is conditioning. Given a subset A C (), the conditional measure y | A is
defined by (i | A)(z) := ( ) I[z € A]p(x). That quantity is also given a shorter
and more common name: y(z | A). From this definition, it is easy to recover the
usual definition of conditional probability: (U | A) = u(U N A)/u(A). There
is just one caveat: this formula is not meaningful when p(A) = 0; in this case,
we leave the conditional probability undefined. But it is not undefined because
there is no value that makes sense—but rather because there is an equally strong
argument suggesting that every value makes sense: if ;i(A) = 0, then for all
p € [0, 1] there is a sequence { i } ren of probability distributions converging to 4

with the property that Vk. j,(U | A) =

Probability via Variables. Our notation for representing and manipulate prob-
ability distributions will make heavy use of the notion of a variable, as developed
in Section 2.2. Namely, we almost always work with probability distributions
over the values of a variable. This just a notational convenience, since we can al-
ways define a variable W with possible values VW' := 2. Working with variables
confers us a number of benefits, the first of which is to enable standard notation
in the AI community: given a distribution i € AVX over the values of X, we
also write (X)) to specify p and its type in a compact way. Since 1 : VW — [0, 1]
is a function, we have already defined (W) to be a variable, but fortunately that

variable encodes exactly the same information as p itself.

A joint distribution 1(X) = pu(Xy, ..., X,) over a finite (indexed) set of variables
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X ={Xj,..., X,,} isjust a distribution over joint settings of all variables—i.e, a
distribution over VX. If ;4(X) is a joint distribution and X € X, then we write
p(X) for its marginal on X, which is given by

w(X=2) = p(X)(@) = 3 p(x).

xeVX
x[X]|=x

It is called a marginal because of the special case of two variables: a joint distri-
bution (X, Y) may be viewed as a grid of numbers summing to 1, whose rows
correspond to values of X, and whose columns correspond to values of Y. If we
were to write the sum > (- p1(2,y) of each row z in the margin, this would give

the marginal distribution on X.

To condition a joint distribution ;(X) on a variable X € X is to form an
indexed set of conditioned distributions u(X | X) = { (u|X=x) }.cox, one for
each possible value of X. We can also refer to such objects without reference to
a joint distribution. A conditional probability distribution (cpd) on'Y given X is a
function p : VX — AVY that, for each x € VX, yields a probability distribution

over Y, which is written in any of the following equivalent notations:
p(z) = plz = p(Y|X=x) = p(Y|z) € AVY.

Just like we write p(X) for a distribution over the values of X, we write p(Y|X)
for a cpd on Y given X. If p(Y|x) gives probability one to a single value of
Y for all x € VX, then p(Y|X) is deterministic, and has the same meaning as
the function f : ¥X — (Y that maps = to the value y for which p(Y'|z) has
probability one. Conversely, given a function f : X — Y, we write §f (Y|X)
for the corresponding deterministic cpd. In the finite case, cpds coincide with
stochastic matrices: matrices whose columns correspond to values of Y, rows

correspond to values of X, and such that the sum of each row equals 1.
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We typically write X" for the set of all variables relevant to a given context.
If X,Y € X, then we write u(Y'|X) for the cpd given by first conditioning p(X)
on X, and then marginalizing each conditional distribution to Y. By regarding
u(Y|X) as a function of Y and X, it too can be viewed a real-valued variable
(just like 14(X')). We can now state chain rule for probability, a simple but incredibly
important fact: p(X,Y) = p(X)u(Y|X). This standard formula is typically

viewed as shorthand for
V(z,y) € V(X,Y). p(X=x,Y=y)=p(X=x)u(Y=y|X=x),

a view that also demands a caveat: “whenever u(X=x) > 0, so that u(Y =y|X=x)
is defined”. However, since u(X,Y), u(X), and p(Y|X) are all variables, the
equality p(X,Y) = u(X)u(Y|X) is simply true without caveats. Why? When
u(X=z) = 0, then u(Y=y|X=r) is undefined, meaning it has no definitional
constraint (i.e., I'(u(Y=y|X=z)))—but no matter what value we select for
u(Y=y|X=x), the result still holds, because the question is whether or not that

value times zero equals zero.

Variables and Random Variables. In the context of a probability distribution
€ AQ, a random variable is a function X : 2 — VX, where VX is just some
set (unfortunately) called the domain of X (even though (2 is the domain of the
function). Despite the superficial similarity induced by our choice of notation,
random variables and variables are different formal objects; hence the mantra,
“a random variable is neither random nor a variable”. Yet at an even deeper
level, variables and random variables are interchangeable, and fundamentally

represent the same concept, as we now explore.

Whereas the traditional foundations of probability start with a sample space (2
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and defines random variables X : (2 — VX in terms of it, probabilistic modeling
is often done the other way around in practice: one starts with variables X" of
interest, and defines (2 := VX" to be the joint settings of those variables. Under
that definition of 2 a variable X € A can be viewed as a random variable
X : UX — UX that selects the value of X from a joint setting of all variables. The
converse not well appreciated, perhaps because it requires one to think about
the constraints involved in defining a variable. If 2 = AUX,and Z : VX — VZ
is an arbitrary random variable, we can regard 7 as a variable Z , and include
it in the set X’ := X U {Z} of all variables. When we do so, there is a natural
1-1 correspondence between distributions 1 € AVX over the original variables,
and “extended” distributions i € AVX” in which variable Z and the function Z

applied to the other variables coincide (formally, where i(Z(X) = Z) = 1).

Although the two perspectives seem to be equally expressive, we opt for the
one in which the variables X’ are primitive, rather than the one in which the
sample space (2 is primitive. After all, we are interested in modeling epistemic
states that undergo structural changes, and it is more natural to add and remove
variables of interest, than it is to change sample spaces and figure out how to

properly translate the relevant random variables on them.

Independence. Suppose that X, Y, and Z are (random) variables and u(X, Y, Z)
is a distribution over them. The variables X and Y are independent (according
to ) iff (X, Y) = pu(X)p(Y'). Often it is the case that two variables are indepen-
dent only when we control for something else. The variable X is conditionally
independent of Y given Z (according to ), denoted po = X AL Y | Z, only if
WX Z2)w(Y|2) = p(X,Y|Z), or equivalently, if (X, Z)u(Y, Z) = (X, Y, Z)u(Z).

Precisely the same formulas define (conditional) independence when XY, and Z
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are not events, but rather events (modulo the fact that conditioning on an event

of probability zero is undefined).

Expectation. If ;. is a probability over (2, and X is random variable whose possi-
ble values are vectors, then the expectation of X with respect to y is intuitively its
mean or average value. Depending on which is clearer in context, an expectation
may be notated in either of the following two ways:

E | X(@)] =ElX] = Y (@)X ().

wen

In some cases, we omit the brackets to reduce clutter and improve readability. For
a fixed random variable X, the expectation operator i + E,[X] : [0,1]"Y — Rl is

a linear function of the probability distribution 4.

Expectations and probabilities are closely related to convexity. For instance,
the convex hull of A C R/ is set of possible expectations over the extreme points

of A, or more formally,

conv(A) = im (AExt(A) Su— E [U])

o
Thus, if A is convex, to specify a € A, it suffices to specify a probability distri-

bution over Ext(A). The components of a distribution ;1 € AExt(A) are called

barycentric coordinates for the element a = E,,[v] € A.

A cpd p(Y'|X) can be viewed as providing a barycentric coordinate system for
AVY whose vertices correspond to ¢X. This way of thinking about conditional

probability distributions will at times be quite useful (e.g., in Section 4.3.1).
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2.3.2 Probability, in General

The time has come for us to bite the bullet and describe how probability actually
works, when a finite representation is insufficient. The material here can be
interesting and instructive, and it is certainly a necessary foundation for our
results that talk about distributions over real numbers. Still, we reiterate that the
full account of measure theory needed to define probability in general is more

than is necessary to get a deep conceptual understanding of the present work.

Measures. A measurable space (2, F) is a set €2, called the outcome space, together
with a collection F C 2% of subsets of 2 called events, or measurable sets. The
elements of (2, should be thought of possible outcomes or possible worlds for in the
model. The set F of events must also be a o-algebra, meaning that it contains €2,
and is closed under complement and countable union—thatis, Q € F,it U € F
then Q\U € F,and if Uy, Us, ... € F,then Uy UUyU- - - € F. When Q is finite, we
allow all subsets to be measured by defining F := 2%, and there is also a standard
choice for most other spaces of interest, such as when (2 is a convex subset of real
numbers, called its Standard Borel Space. Either way, we will typically leave F
implicit after this chapter, referring to a measurable space with the same symbol

as its sample space (2.

A measure ;i over a measurable space (€2, F) is a function p : F — [0, 00| with
two additional properties: 1 () = 0, and, for every countable collection {U; };en
of pairwise disjoint measurable sets (i.e., where each U; € F and U; N U; = 0),
we have that ), (U;) = MUien U;). A probability distribution (or probability
measure) is a measure ;1 with the additional property that 1(€2) = 1. These three

properties are quite intuitive: () is an event that cannot occur and hence has
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probability zero, 2 is an event that always occurs and hence has probability 1,
and if events cannot co-occur, then the probability that one of them occurs is the

sum of their probabilities.

Statistics and (Random) Variables. If (2, F) and (Y, G) are two measurable
spaces, then a function f : Q — Y is measurable if f~'(U) € F forallU € G. Ina
context where one is interested in probabilities over (2, a measurable function X :
1 — VX is also called a random variable or a statistic. For our purposes, measurable
functions have two key properties: (1) they are closed under composition (so fog
is measurable if both f and g are), and (2) if f : (2, F) — R" is a measureable
function, p is a measure on (2, F), and A € F, then we can form the (Lebesgue)

integral [, fdu to obtain an element of R™.?

We now present an important way of handling concerns about measurability,
and bringing the formalism closer to the finite case. The idea is to endow each
measurable space with a fixed “base measure”, and describe all measures on a
space relative to that measure. Indeed, this is what we will need to develop the
analogues of information theoretic quantities that extend beyond the finite case.

To make this precise, we need:

The Radon-Nikodym Derivative. Suppose 1 and v are both measures over
a measurable space (2, F). If v(U) = 0 implies p(U) = 0 for all U € F, then p
is absolutely continuous with respect to v, notated symbolically as ¢ < v. When
u < v, the Radon-Nikodym theorem [Nikodym 1930] states that there exists a

unique measurable function f : Q@ — R such that, forall A € F, u(A) = [, fdv.

?To be certain that nothing goes wrong, it is typically also necessary to assert that either f > 0
or [, |fil <ooforallie [n].
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This function f is called the Radon-Nikodym derivative of ;» with respect to v, and

: dp . ¢ 3
is denoted & := f.

In this more general setting, we no longer require VX to be a finite set, but
in exchange, we require some structure: VX has to be a measurable space (i.e.,
come equipped with a o-algebra). Furthermore, we will also assume that {/X
comes equipped with a measure \x that we call the base measure. In the case of a
discrete variable X that takes on finitely or countably many values, we take Ax
to be the counting measure: for U C VX Ax(U) = |U| is the number of elements
in U. When VX is a subset of real space R", we use the Lebesgue measure, which

agrees with the standard notions of length, area, and volume.

All of this new structure is compatible with our discussion of variables in
Section 2.2. This is because all of our ways of constructing variables—through
(indexed) sets of variables, and by applying functions—work equally well over

measurable spaces (with a base measure).

1. Recall that a tuple X = (X4,..., X,,) of variables can itself be viewed as itself
a variable, with VX = H?:l VX;. VX is a measurable space, because if each
V(X;) comes with a o-algebra F;, then VX naturally inherits the product
algebra F;., generated by complements and countable unions of events of
the form U = Uy x --- x U, with each U; € F,. Similarly, it inherits the

unique product measure Ax whose action on such primitive measurable

3If it’s not the case that 1 < v, then we can still define i—‘; as a function to the extended
reals. Let U be the union of all measurable sets U for which v(U) = 0 but u(U) > 0, and
let vjo\p, := U = v(U \ Up) be the restriction of v to the maximal subset of €2 for which y is
absolutely continuous with respect to v. In this case, we define:

dv dv|o\u,

otherwise.
dpfovu,

du {oo ifw e Uy
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sets is given by Ax (U x -+ x Uy) := Ax, (U1)Ax, (Uz) - - - Ax,, (Up).

2. Similarly, recall that when X is a variable and f : ¥ X — S'is a function, we
regard f(X) as a variable. In this setting, we require that S come equipped
with a o-algebra G with respect to which f is a measurable function. The base
measure \(x) is then the pushforward of Ax through f, given by A\¢x)(U) :=
Ax(f7H0)), for U € G.

Why do we need all of this? Recall in the finite case, that when X is a variable

and p € AVX, then p(X) : YX — R was a random variable. In the more general

setting, the appropriate analogue is dg‘g), the Radon-Nikodym derivative of

w with respect to the base measure, which is the random variable of interest.
For finite variables, this definition coincides with the probability mass function
(pmf) that we were using before; for continuous variables, it coincides with the
probability density function (pdf) of the distribution. Having such an analogue
of a random variable corresponding to a measure 1 will be particularly impor-
tant for generalizing information-theoretic quantities to continuous variables

(Section 2.6).

Markov Kernels. Finally, we get to the precise notion of a conditional probabil-
ity distribution (cpd) in this more careful framework regarding measurability. If
(2, F), and (¥, G) are two measurable spaces, a Markov Kernel « from (2, F) to

(€V,G) is a function k : Q x G — R, such that

1. For every w € (2, the map k(w, —) : G — [0, 1] is a probability measure on ¢?'.

(So kis also a cpd.)

2. For every U € G, the map x(—,U) : 2 — [0, 1] is a measurable function from
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() to the Borel space [0, 1]. Or more explicitly: for every open set S C [0, 1],
and U € G, we have that {w € Q : k(w,U) € S} € F.

The second condition is the new one, and it is necessary to ensure that we can
compose them and treat them as models of randomized functions, just as in the
finite case. The analogue of viewing a cpd p(Y'|.X) in the finite case as a random
variable, is to implicitly convert the Markov Kernel x(Y|.X) to the measurable

function
d’%(l‘ T )

. (y) :V(X,Y)—]0,00].

(z,y) =

2.4 The Basic Theory of Graphs and Hypergraphs

In this dissertation (as in much of mathematics and computer science), the term
graph refers not to a graphical depiction of a function or data, but rather to what

is more commonly known as a network.

Graphs come in two flavors: directed and undirected.

Definition 2.1. A (directed) (multi)graph G = (N, A), or simply a graph, is a set
N of nodes, and a collection A of directed edges (or arcs), such that each a € A
has a source node S, € N and a target node 7, € N. So, formally, the definition
isG = (N,A,S,T),with S,T: A — N often left implicit. We write u->v € A to
indicate that there is some a € A with source S, = v and target 7, = v, and we

call @ an arc “from u to v”. O

In a graph G = (N, A), the parents of anode u € N are the nodes

Pag(u) := {UEN:HULHJEA} CN
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that are sources of arcs leading to u. Dually, the children of u € N are the nodes
Chg(u) that are targets of some arc whose source is u. There is no distinction

between the two notions if the edges do not have direction.

Definition 2.2. An undirected (multi)graph G = (N, E) is a set NV of vertices (or
nodes) and a set E of edges, each element e € E of which corresponds to an

unordered pair of vertices {u, v}. More formally, there is a map

B VXV v €N L ) | (w,0) € N x N -

implicit in the definition of G, which we will write G = (N, E, ) only when being

extra careful. O

A clique of an undirected graph G = (N, E) is a subset C C N of its vertices
that are all connected by edges—that is, such that every distinct pair {z,y} of
vertices =,y € C is a member of £. We write cliques(G) for the set of all cliques
in a graph. We often write u—v € F as a slightly more visual alternative to
{u,v} € E, and one that can be chained together. In an undirected graph, a path
from u to v is a sequence of edges u = u;—us— - - - —u,, = v that connect v and v.
A path in a directed graph has the additional requirement that every arc along
the path must point from u; to u;11. A cycle is a path that starts and ends at the
same node. A directed acyclic graph, or simply dag for short, is a directed graph

without any cycles.

It is common to identify a graph H = (N, A) (or an undirected graph G =

(N, E)) with its (symmetric) adjacency matrix

b= [preas $20Y] s Aom[ptee 0=t

u,v)ENXN7

in part because there is a natural bijection between (undirected) multigraphs and
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(symmetric) square matrices over the natural numbers. For example:

01 2 0
2 01 —

In many contexts, this observation leads to a natural generalization in which the
numbers in this matrix need not be integers, but are weights of a different kind.
The only key feature is that a weight of zero should be indistinguishable from
the absence of an edge. This is precisely how confidence works in the definition

and semantics of PDGs (Sections 3.2 and 3.3).

There is an important special class of (undirected) graphs that commonly

arises in modeling the relationships between two distinct kinds of objects.

Definition 2.3. A bipartite graph G = (L, R, F) is an undirected graph (LU R, E)
whose vertices are partitioned into two components V' = L U R (the left part

and right part) with the property that every edge crosses the partition: Ve €
Elue)nL| =|ue)NR| = 1. O

The notion of a graph captures only pairwise relationships between vertices. If
we also want to model relationships between triples of vertices, it would appear

that we need something more general than a graph.

Definition 2.4. A hypergraph G = (V, ) is a set V' of vertices, and a collection &£

of hyperedges, which correspond to finite subsets of V. O

An undirected graph is the special case of a hypergraph in which every
hyperedge contains two vertices. In turn, a bipartite graph is a (very) special
case of an ordinary undirected graph. By transitivity, one might expect bipartite
graphs to naturally be an extremely strict special case of hypergraphs—yet,

perhaps counter-intuitively, they are in fact naturally isomorphic.
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Proposition 2.1. The functions
h2b(V,E) == (V,E,{(v,E) eV xE:ve L}
h2b~ (L, R, E) = b2h(L,R,E) := (L,{{ve L: (v,r) € E}:r € R})

define an isomorphism between hypergraphs and bipartite graphs.

A second isomorphism can be obtained by swapping roles of the left and right
parts of the bipartite graph. This is becasue there is an obvious symmetry in the
definition of a bipartite graph: by swapping L and R, one obtains another bipar-
tite graph that is in many ways no different from the original. The corresponding
symmetry for hypergraphs, known as duality, is less obvious. The dual of the
hypergraph G = (V, €) is the hypergraph G := (£, {{e € £ v € e} : v € V}),
which in some sense, has swapped the roles of the vertices and the hyperedges.
These two views, and the symmetry between them, plays an important role in

traditional graphical models, as we will see in Section 2.5.2.

For the development of the ideas in this thesis, we are even more interested in
the directed analogue of a hypergraph. While these objects have been defined and
studied before [Gallo et al. 1993], they are far less common in computer science
than (ordinary) directed graphs, or (undirected) hypergraphs. These directed
hypergraphs will form the basis of the representations at the heart of this thesis
(Chapters 3 and 5).

Definition 2.5. A directed hypergraph consists of a set N of nodes and a set A of
directed hyperedges, or hyperarcs; each hyperarc a € A is associated with a set
S, € N of source nodes and a set 7,, C N of target nodes. We write SHBT e Ato

specify a hyperarc a € A together with its sources S = S, and targets 7' = 7;,. [

Nodes that are neither a source nor a target of any hyperarc will seldom
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have any effect on our constructions; the other nodes can be recovered from the
hyperarcs by selecting N4 := |J,c 4 Sa U T,,. If necessary, we can often add an
“identity” arc N — N for any node N € N \ NV4. For these reasons, we often

leave N implicit, referring to the directed hypergraph simply as A.

A directed hypergraph (N, A) can be equivalently defined as an (ordinary)
directed graph (2%, A) whose set of nodes is the powerset of some set N. Just
as hypergraphs and bipartite graphs are isomorphic, so too are directed hyper-

graphs and directed bipartite graphs:

(N, A) — (N,A,{u%a:aEA,ueSa}U{a%v:aEA,vETa})

(L,R,A) — (L,{Pa(r)— Ch(r) : r € R}).

Interestingly, the corresponding concept of duality in directed hypergraphs is
clearer than this isomorphism, and even more symmetric than its undirected
counterpart. Despite this, we are not aware of any thorough treatment of duality

in directed hypergraphs.

Definition 2.6. The dual of a directed hypergraph H = (N, A) is H := (A, N),
where S, ={a e A:neT,} and T,={acA:neSs,} O

It is easy to verify that, as with undirected hypergraphs, the dual of the dual
of a directed hypergraph is the original.* The operation is worth visualizing. A
tew hypergraphs and their duals are depicted in Figure 2.1. A hypergraph and
its dual correspond to two different ways of notating a composite process: as
a flowchart or as a circuit [Kasangian and Walters 1990]. In a flowchart, nodes

represent state and arcs represent transformations between them. In a circuit,

iSy={neN:acT,)={neN:ac{d€A:ncSy}}={ncN:n€S,}=5,anda
symmetric argument etablishes that 7,, = T,,.
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Figure 2.1: Examples of directed hypergraphs (one row) and their duals (the other row).

nodes represent operations, and arcs, thought of as “wires” connecting the
operations, carry state. So, if capital letters represent variables and carry state,
while numbers represent (randomized) transitions between variables (i.e., cpds),
then the top row of Figure 2.1 is the flowchart representation and the bottom row

is the circuit representation.

In either representation, the two hypergraphs on the left of Figure 2.1 represent
unambiguous composite processes. The far left one is a chain: operation 1 (op,)
produes X, which is fed to op, which produces Y, and finally fed to ops to
produce Z. The second hypergraph from the left involves a split and a merge:
op; produces A, which is copied and sent to op, and ops, which use it to produce
B and C, repectively. Then, op, uses the values of B and C to produce D. The
middle right hypergraph represents a cyclic process, in which op; produces B
from A and op, produces A from B. In each of these three cases, every variable is
produced by a single operation. (On the top, this means one hyperarc goes into
every node; on the bottom, it means one hyperarc comes out of every node.) But
what does the hypergraph on the far right represent? Op; produces B from A,
but op, somehow also produces B. Is this meaningful? Previous approaches to
modeling processes rule out situations like these, but in Chapter 3, we will use

them to capture (possibly) conflicted beliefs.
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For representing processes like the ones on the left, both circuit-style and
flowchart-style diagrams are common in in computer science. Focusing specifi-
cally on machine learning, architecture diagrams” are circuit representations that
have become standard for visualizing neural network architectures. Meanwhile,
the duals of these hypergrahs (i.e., flowchart variants) are closely related to a
standard representation called a Bayesian Network, which is a primary focus of

the next section.

2.5 Probabilistic Graphical Models

Like variables themselves, graphical models exist on two levels: a qualitative
or structural level, and a quantitative or observational one. A graphical model
structure, or a qualitative graphical model is a (directed) (hyper)graph whose ver-
tices X are variables, and whose (hyper)edges somehow indicate local influences
between variables. The quantitative form then annotates those concepts with
data. A probabilistic graphical model, or simply “graphical model”, is a graphical
model structure together with quantitative or probabilistic information about
these local influences. The purpose of a graphical model, at least historically, is
to be a compact representation of a probability distribution (by exploiding inde-
pendencies). Thus, a graphical model M typically represents a joint probability

distribution Pry, € AVX over the values its variables X.

We now review the basics of the most important classes of graphical models
used in practice: Bayesian Networks, which are based on directed (acyclic)

graphs, and what we will call factor graphs, which are based on undirected

®as produced by this library, for example https://github.com/HarisIgbalgsg/
PlotNeuralNet
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(hyper)graphs. What follows is really a barebones sketch of the graphical models
context for the ideas we present in this dissertation; for a proper treatment, we

refer readers to Koller and Friedman [2009].

2.5.1 Bayesian Networks and Variants

A qualitative Bayesian Network (qualitative BN) is an acyclic directed graph
G = (X, A) over a set of variables X. An arc X—Y € A intuitiely reflects a
possibility that X can influence Y. Intuitively, each variable should be thought
of as being associated with a process that produces it in a way that depends
jointly on all of its parents. The absence of an arc, then, in context, reflects a kind
of independence. More precisely, a qualitative BN states that every variable is
conditionally independent of its non-descendents given its parents. Another famous
(and more algorithmic) characterization of the same conditional independences
is the d-separation criterion [Geiger et al. 1990]. It may be helpful to see some

examples:

<= R =N
<< =N
M= N N

Z
l
Y
1
X

The three qualitative BNs on the left all encode the same independence infor-
mation: X and Z are conditionally independent given Y. The last one, however,
is different: it states that X and Y are independent (but Z can depend arbitrarily
on both X and Y). Note also that, while the left three qualitative BNs all are

(almost) flowchart representations, the one on the right is not; the two arrows do
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not represent two different processes, but rather a single joint dependence. This

intuition can be further clarified once we add probabilities.

A (quantitative) BN B = (X, A,P) is a qualitative BN (X, A) together with a
collection of cpds P = { Px (X | Pa(X))}xcpa(x), one for each variable given its
parents. A BN then induces a joint probability distribution

Prg(X) = [ Px(X | Pa(X)), (2.2)

XeX

which indeed satisfies the independence properties specified its underlying
qualitaitve BN. Furthermore, Prz has every conditional marginal specified by
P. Indeed, the factorization (2.2) is yet another euquivalent characterization of
the conditional independencies of this graph. This quantitative view (2.2) is the
primary way that the broader modern machine learning community views BNs.
It also suggests a way of generalizing BNs to handle cycles and more: simply
use the same equation. However, the resulting object will typically not be a
probability distribution: its sum over all values of X may not equal 1. But, in
principle, it could be normalized; this approach leads to the second major class

of graphical models.

2.5.2 Markov Random Fields, Factor Graphs, and Variants

Now, suppose G = (X, E) is an undirected graph over a set of variables. By
interpreting an edge X—Y € E as a possibility of (bi-directional) influence
between X and Y A distribution y is said to be a Markov Random Field for G if it

satisfies one of the following properties:

(pairwise) If X,Y € X with X # Y and {X,Y} ¢ E, thenpu F X 1L Y |
AN{X Y
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(local) Foreach X € X, wehave u = X 1L X — {X} | 0¢(X), where 05(X) :=
{Y €e X : {Y, X} € E'} is the set of variables neighboring X;

(global) For all X,Y,Z C &, if every path from some X € X tosomeY €Y
goes through some Z € Z, theny =X 1L Y | Z;

(factorization) There exists a collection of functions {¢x : VX — R>¢}xedliques(@)

indexed by the cliques of the graph G, whose product is the distribution .
Thatis, p(X) = [ = ¢x(X).

X ecliques(G)

In general, the conditions are distinct, with (global) = (local) = (pair-
wise). However, if we restrict to positive distributions (i.e., Vw € VX u(w) > 0),
then all four conditions are equivalent. This result is known as the Clifford-
Hammersly Theorem [Clifford and Hammersley 1971], or the fundemental theorem

of graphical models.

If we care only about such distributions, this suggests another approach to the
same idea: throw away the graph G, multiply together collection of functions
{¢; : VX; = Rx¢}jes indexed by some arbitrary set .J, and then renormalize; the
subset X; C X is called the scope of factor j. Although we have described an
annotation of a hypergraph, it is more standard and easier to draw in another
form. The bipartite graph that corresponds naturally to this hypergraph is called
a factor graph. More precisely, a factor graph has two kinds of nodes: factors
(drawn as squares), and variables (circles), with an edge between them if the
factor depends on the variable. Some authors reserve the term “factor graph” just
for the bipartite graph representation, but we will also refer to the hypergraph
and collection of factors this way, as they represent the same object. We will see

more details in Section 3.4.2.
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2.5.3 Other Graphical Models

Many other graphical models have been proposed as well, although the vast
majority are variants on the two we have already described. We now give a quick
overview of some of these representations, although this list is far from complete.
While these models play only a minor role in this dissertation, it may be useful

to know about them so as to situate PDGs in the literature.

The most important for our purposes, will be conditional Bayesian Networks
and causal Bayesian Networks, both of which are called CBNs, and, fortuantely,
both of which make the same modification: marking some variables as “observed”
so that they do not require probability distributions. Writing U/ for the observed
variables and ¥ for the unobserved ones, a CBN B represents a cpd Prg(V | U).

Conditional random fields (CRFs) are an analogue for factor graphs/MRFs.

Graphs with both directed and undirected edges have also been used as the
basis for probabilistic models. The most widely known graphical model of this
kind is called a chain graph, in part because it can be seen as a way of connecting
conneted components (themselves factor graphs) along a directed acylcic chain.
People have also considered other ways of making precise the notion of a cyclic
baysian network (aside from multiply together factors for a cyclic network),
including unrolling it and looking at fixed points—such as dyanmic Bayesian
Networks [Dean and Kanazawa 1989; Koller and Friedman 2009, §6.2], and a
related cut-parameterized approaches to looking at fixed points [Baier et al. 2022].
Directed factor graphs [Frey 2012] combine the unify the qualitative expressiveness
of directed graphical models with the (undirected) factor graph formalism, but

are quantitatively no different from ordinary factor graphs.
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A Dependency Network (DN) is another (much less popular) kind of directed
graphical model. Syntactically it is like a Bayesian Network, but semantically,
it is closer to an undirected graphical model. It is typically cyclic, and defines a
probability distribuiton as a fixed point of a Markov Chain. “Consistent” DNs
turn out to be an alternate way of parameterizing undirected graphical models.
DNss can also be inconsistent, an idea that is conceptually similar but far narrower

than the notion of inconsistency developed in this dissertation.

2.6 Information Theory

Information theory is the study of how probabilistic and statistical information is
communicated and measured. The field is vast and heterogenous, yet much of it
is built using a small set of particularly nice ways of quantifying (un)certainty in
a probabilistic context, which we will refer to throughout as information-theoretic
primatives. These quantities are all based on the concept of log probability, or

surprisal 1,,[ X =x|, which is

* equal to zero if the event X =z was certain to happen (i.e., totally unsurpris-
ing) but otherwise strictly positive, and
* combines additively over independent events, just like most quantities in

science and everyday life (meters, seconds, etc.).

Although not typically thought of in this way, the basic information-theoretic
quantities come in two flavors, mirroring the divide between qualitative and
quantitative information that we saw in the presentation of graphical models.
With the exception of these editorial comments on the theme of qualitative vs

quantitative concepts, all of this material can be found in any introduction to
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information theory (e.g., MacKay [2003, Chapter 1] or Cover and Thomas [1991]).

2.6.1 Shannon Entropy and the Information Profile

Let 12 be a probability distribution, and be X, Y, Z be (sets of) discrete (random)

variables. The information content or surprisal 1,[ X =z| := log @ of an event

X =z quantifies one’s surprise at learning X =z, knowing that X ~ u(X).

The entropy of X is the uncertainty in X, when it is distributed according to
i, as measured by the number of bits of information needed (in expectation)

needed to determine it, if the distribution p is known. It is given by

H,(X) = M%“(X:m) log - = —Ellogu(X)]

and has several very important properties. Chief among them, H,(X') is non-

negative, and equal to zero iff X is a constant according to .

The “joint entropy” H(X, Y') is just the entropy of the combined variable (X, Y")
whose values are pairs (z,y) for z € VX, y € VY this is the same as the entropy

of the variable X UY when X and Y are themselves sets of variables.

The conditional entropy of Y given X measures the uncertainty present in Y’
if one knows the value of X (think: the information in Y but not X), and is

equivalently defined as any of the following three quantities:

Hu(YIX) = E[loguviv)] = H,(X.Y)=H,(X) = E_[Hyx=(Y))

T (X)

The fact that these three quantities coincide is a remarkable fact, and one reason

that entropy is particularly special.

42



Fact 2.2 (Entropy Chain Rule). If X and Y are random variables, then the entropy of
the joint variable (X,Y') can be written as H,(X,Y) = H, (Y | X) + H,(X). It follows

that if 1 is a distribution over the n variables Xy, ..., X, then

H(p) = Hu(X | X1,... Xi0).
=1

The mutual information 1(X;Y’), and its conditional variant I(X;Y|Z), are

given, respectively, by

KXY, D))

n(X,Y)
L,(X;Y):=E|log ————]|, d I(X;Y|Z)=E]|Il
p XY= T log | and 10x:712) = % WX, Z)u(Y, 2)

p(X)u(Y)
Both quantities are non-negative. The former is equal to zero iff 4 = X 1Y,
and the latter is equal to zero iff i = X 1L Y | Z; thus, they measure distance to

independence.

Just as conditional entropy can be written as a linear combination of un-
conditional entropies, so too can conditional mutual information be written
as a linear combination of unconditional mutual informations: I(X;Y|Z) =
I(X;(Y,Z)) — I(X; Z). Thus conditional quantities are easily derived from the
unconditional ones. But at the same time, the unconditional versions are clearly
special cases of the conditional ones; for example, H,(.X) is clearly the special
case of H(X|Z) when Z is a constant (e.g., Z = (). Furthermore, entropy and
mutual information are also interdefinable and generated by linear combinations

of one another. It is easy to verify that
[(X;Y) = Hu(X) + Hu(Y) - Hy(X,Y)
— H,(X) — H,(X]Y) 2.3)
and  1,(X;Y|Z)=H,(X|Z)+H,(Y|Z) - H,(X,Y|Z)

=H,(X |Y) - H,(X|Y, Z); (2.4)
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Figure 2.2: An illustration of the information profile I,, for a joint distribution p(X,Y, Z)
over three variables. Each of the seven areas is a component of the vector
I,,. The unconditional entropy H,,(X) of a varable X is the sum of all com-
ponents in the circle corresponding to X. The conditional entropy H,,(Y|2)
corresponds to cresscent outside of the circle corresponding to Z, but inside
of the circle corresponding to Y. The shading on this diagram is a visual
demonstration of the identy H(X,Y) = H(X|Y) + H(Y|Z) + I(Y; Z).

thus mutual information is derived from entropy. Yet on the other hand,

L,(Y;Y)=H,(Y)and L,(Y;Y|X) = H,(Y|X), at least in the discrete case—thus

entropy is also a special case of mutual information.

Information Diagrams and the Information Profile. Information theoretic
quantities such as (conditional) entropy and (conditional) mutual information for
different subsets of a set of variables X fit together with an inclusion-exclusion
rule. There leads to an easy graphical way to quickly read of identities such as

the ones above from an information diagram, as depicted in Figure 2.2.

Entropy for Continuous Variables. So far, everything we have said relies on
intuitions that the variables are discrete. If we approximate continous variables
by discretizing them, it is not hard to see that the entropy (as defined) goes to co

as the discritization becomes arbitrarily fine. Indeed, there is a sense in which a
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real number sampled from [0, 1] contains an unbounded amount of information.
However, it is difficult to work with such divergent limits; instead, we define a

much more useful quantity.

In the general case, we need only replace instances of (X) used as a random
variable with its derivative i—‘; with respect to X’s base measure Ax. So, for

instance, the entropy of a variable X in the general case is

d)\X d)\X
H,(X) :IE {log du(X)] = /vx log du(X)d”' (2.5)

In the finite case, this is just what we had before. However, it is important to keep

in mind that this quantity can be negative in general (because, outside of the

du(X)
by

finite case, is possible that =}
X

(z) > 1). Consequently, for real-valued variables
H(X) = 0 does not mean that X is a constant, but rather that X has expected unit
density (like the uniform distirbution over [0, 1]). Aside from this unwelcome
development, our new generalized notion of entropy acts otherwise just like the
original, but shifted by an (infinite) additive constant to keep it in a more useful
range. It still satisfies all of the other properties (such as the chain rule), has the
same minima and gradients as the limit of the discrete entropy at infinitely fine
discretization. Moreover, we do not have to lower our standards for (conditional)

mutual information, which works just as before: it is non-negative and zero iff

there is a (conditional) independence.

The Principle of Maximum Entropy. Suppose that, with rigorous emperical
investigation, we have determined some statistics about a variable X—perhaps
its mean, and the proportion of the time it takes on a certain value—but have not
(yet) collected enough information to uniquely determine the distribution of X.

How should we proceed? The most faithful representation of our knowledge,
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of course, is just the information we have—those statistics, and perhaps the set
of probability distributions consistent with them. But what should we do if
we are obligated to give a probability distribution (so as to satisfy the axioms
of rationality [Vineberg 2022; Halpern 2017], say)? There is a well-established
principle stating that among all possible distributions, the one with maximum
entropy is most appropriate. At a high level, this is because entropy measures
uncertainty in a distribution, and we do not want to assume things that we do

not know.

“This is the only unbiased assignment we can make; to use any other
would amount to arbirary assumption of informatiton which by hypothesis we
do not have.” [Jaynes 1957, p.623]

Imagine, for example, that our friend is undergoing a secret but important
evaluation, and we know nothing about her score except that it will be a number
between 1 and 5. It would be perfectly consistent to assume that her score will
be 5 (with probability 1), but this seems inapropriate, as it does not adequately
represent our ignorance. The principle of maximum entropy implies that we

should assume a uniform distribution over scores until we learn more.

The principle of maximum entropy has also faced significant criticism, from a
number of different angles [Seidenfeld 1986; Cardoso Dias and Shimony 1981;
Friedman and Shimony 1971]. An recurring theme in these works is the depen-
dence on representation. For example, had we said only “our friend either will
or will not score a 5”, then maximum entropy would have suggested that we
should presume probability 1 that she scores a 5, which is incompatible with
the probability + that we were supposed to presume before. Without wading

too far into this debate, we point out that it may be problematic to compare our
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intuition, which has been primed with the context of all five possible scores,
with a picture that has willfully ignored that extra context. Whether or not it
is appropriate as a general rule, the principle of maximum entropy does not
apply locally; if we expect it to work at all, we must represent the entirety of the

relevant information.

Many decades later, there is an empirical case in favor of the principle of
maximum entropy: it validates many standard and intuitively natural choices
made in the literature. The uniform distribution over an interval [a, ] is the
maximum entropy distribution with that support. A gaussian with mean m and
variance ¢? is the maximum entropy distribution with that mean and variance.
Among distributions supported on [0, co] with mean ), the exponential distri-
bution p(X) = Ae ™ is the one that maximizes entropy. Logitstic regression
outputs the maximum entropy distribution over class labels, among those that
share certain means with the training data. More generally, exponential fami-
lies, important classes of models that subsume the examples above as well as
undirected graphical models, also maximize entropy subject to an expectation

matching constraint [Wainwright et al. 2008, §3.1].

But what about directed graphical models? Bayesian Networks, so far, have
resisted such a clean characterization in terms of maximum entropy; maximum
entropy approaches seem to require some sort of deference to a causal structure
[Williamson 2001]. A related concern with maximum entropy in the face of con-
ditional information is addressed in [Grove and Halpern 1997]. One contribution
of this thesis is to expand the principle of maximum entropy to account for causal

information and conditional constraints (Section 3.4.1).
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Entropy as a Structural Information Measure. Throughout this thesis, we will
argue that entropy and its ilk are purely “qulitative” or “structural” aspects of a
probability distribution (although perhaps the latter term is clearer in this context,
because we are still talking about real numbers, i.e., “quantities”). Here is one
important reason why: we do not need to know anything about X in order
make full use of these quantities. Just like the qualitative notion of independence
X 1Y, the mutual information I(X;Y) is fully defined and makes complete
sense without knowing what values the variables can take on. Even the notation
reflects this. Recall that, at least in the discrete case, (X)), u(X,Y) and p(Y']X)
can all be viewed as random variables, taking as input values of X and Y. H, (X)),
H,(X,Y), and H,(Y|X), however, are not functions of the values of X and Y,
but rather functions of (the identities of) the variables themselves. Indeed, it
makes no sense to feed values (z,y) € V(X,Y) to these concepts. In other words,
entropy and mutual information operate on the qualitative aspect of a variable,

not its quantitative aspect.

A second reason to view entropy as structural appears in its general definition
(2.5). There, the derivative is taken with respect to structural information about
the variable: the base measure, which describes only agreed-upon coordinates,
not observational data about what is likely. But if we replace that base measure
with a probability measure of our choosing, we get a closely related (but quite
different) kind of entropy that is appropriate for working with observational

information.
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2.6.2 Relative Entropy

We now move on to a second kind of information-theoretic primitve, of a more
quantitative flavor. If 1, v € AQ, then the relative entroy of v with respect to . is

given by:

DG [[v) = 3 pletog 22} = B [log (6],
wen
One critical property of relative entorpy, known as Gibbs” inequality, is that
D(p || v) > 0, with equality if and only if ¢ = v. This is why D is called a
“divergence”. It is not, however, a “distance measure” in the standard sense,
because it is not symmetric: typically D(u || v) # D(v || p). But this is a
good thing, because the task of distinguishing one distribution from another—
specifically, of deciding whether or not a belief » matches reality ;-—is inherently

asymmetric.

Example 2.1. Suppose that there are two coins: a fair one, and a double headed
one. One of them (although you do not know which) has been selected, and
flipped; you observe the result. First, suppose you believe the coin is fair, but
in fact it is double-headed. You observe the only possible outcome: heads. This
is totally within the realm of possibility. It would take many flips to convince
yourself the coin was not fair, and even then you could not be completely sure.
Now reverse the roles: suppose that in reality, the coin is fair, but you believe it
is double-headed. With probability 1/2, you observe a tails and are immediately
persuaded (with certainty) that your belief is incorrect. There is an inherent
asymmetry: it is far easier to “distinguish the double-headed coin from the fair

one”, than it is to “distinguish the fair coin from the double-headed one”. A
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Relative entropy is arguably exactly the appropriate measure of discrepancy
between belief and reality. The most obvious argument for this is the empirical
one: relative entropy has become the overwhelmingly standard measure of
discrepancy between distributions used to train machine learning systems, where
it is standardly known as Kullback Leibler (KL) divergence.® Chapter 6 can be

viewed as a significant strengthening of this argument.

Here is a more theoretical argument, that allows us to interpret relative entorpy
in terms of coding theory. The length of an optimal code for a sample w ~ v is
proportional to its surprisal log !/v(w). Imagine that you have belief v and the codes
you are using reflect this, while in fact reality is distributed according to x.. Upon
seeing w, the length of your code is log ﬁ, while the length of an optimal one

would be log ﬁ In expectation, the difference between these quantities, which

is the overhead of using your mis-specified codes, is E,,[log £ @I = D(u || v).

v(w)

There are a number of other results showing that relative entropy is the unique
quantity with important properties of interest; treating them all is beyond the
scope of this thesis.” Suffice it to say that relative entropy is an extremely special,
and a natural measure of quantitative discrepancy between belief. A great deal

of this thesis can be viewed as further evidence of this.

°KL divergence is equivalent to cross entropy as a training objective, but the two are not quite
the same; see below.

"There are many nice axiomatizations of relative entropy; some important ones include
Renyi’s [Rényi 1961], Fadeev’s [Fadeev 1957], Leinster’s result showing that it is the only function
satisfying three trivial regularity properties and the chain rule [Leinster 2017], and a charac-
terization as the unique functor from statistical maps to the additive monoid ([0, oo}, +) [Baez
and Fritz 2014]. It is the only statistical divergence that is both a Bregman divergence and an
f-divergence. The Hessian of relative entropy is the Fisher metric, which is the unique metric
tensor that is invariant under sufficient statistics. In that geometry, gradient flow of relative
entropy with respect to its first (“belief”) argument amounts to multiplicative interpolation of
probability measures, while gradient flow of relative entropy with respect to its second (“reality”)
argument amounts to additive interpolation.
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Cross Entropy. Finally, to head off confusion, we mention that the cross entropy

1 dA
CrossEntropy(p, q) := E {log ﬂ = E {log d_qﬂ} =D(p| ¢ +H(p), (2.6)
P

the standard function used to train a statistical model ¢ using data p, is not the
quite the same as relative entropy D(p || ¢). The two quantities, however, are
equivalent as optimization targets when trying to adjust a model ¢ to match a
data distribution p. As can be seen on the right-hand side of (2.6), the difference
between them is the entropy H(p) of the data, which has no impact when opti-
mizing the model ¢. Thus, we view cross entropy as a small shortcut that can
speed up calculations with relative entropy in some contexts; we will use it only

when comparing with standard learning objectives (in Chapters 6 and 7).
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CHAPTER 3
PROBABILISTIC DEPENDENCY GRAPHS (PDGS)

We introduce Probabilistic Dependency Graphs (PDGs), a new class of di-
rected graphical models. PDGs can capture inconsistent beliefs in a natural way
and are more modular than Bayesian Networks (BNs), in that they make it easier
to incorporate new information and restructure the representation. We show
by example how PDGs are an especially natural modeling tool. We provide
three semantics for PDGs, each of which can be derived from a scoring function
(on joint distributions over the variables in the network) that can be viewed as
representing a distribution’s incompatibility with the PDG. For the PDG corre-
sponding to a BN, this function is uniquely minimized by the distribution the
BN represents, showing that PDG semantics extend BN semantics. We show
further that factor graphs and their exponential families can also be faithfully
represented as PDGs, while there are significant barriers to modeling a PDG with

a factor graph.

3.1 Introduction and Examples

In this chapter we introduce yet another graphical tool for modeling beliefs,
called Probabilistic Dependency Graphs (PDGs). There are already many such
models in the literature, including Bayesian networks (BNs) and factor graphs.
(For an overview, see Section 2.5, or better yet, Koller and Friedman [2009].) Why

does the world need one more?

Our original motivation for introducing PDGs was to be able capture incon-
sistency. We want to be able to model the process of resolving inconsistency; to

do so, we have to model the inconsistency itself. But our approach to modeling
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inconsistency has many other advantages. In particular, PDGs are significantly
more modular than other directed graphical models: operations like restriction
and combination (Section 3.2.2) that are easily done with PDGs are difficult or
impossible to do with other representations. The following examples motivate

PDGs and illustrate some of their advantages.

Example 3.1. Grok is visiting a neighboring district. From prior reading, she
thinks it likely (probability .95) that guns are illegal here. Some brief conversa-
tions with locals lead her to believe that, with probability .1, the law prohibits

floomps.

The obvious way to represent this as a BN is to use two variables F' and G
(respectively taking values {f,—f} and {g¢, ~g}), indicating whether floomps
and guns are prohibited. The semantics of a BN offer her two choices: either
assume that F' and G to be independent and give (unconditional) probabilities
of I and G, or choose a direction of dependency, and give one of the two
unconditional probabilities and a conditional probability distribution. As there
is no reason to choose either direction of dependence, the natural choice is to
assume independence, giving her the BN on the left of Figure 3.1.
f~f g g
(4 ) [.05 .95]*

3 ]| ()7, (¢

Figure 3.1: A BN (left) and corresponding PDG (right), which can be augmented with
additional cpds. The cpds p and/or p’ make it inconsistent.

A traumatic experience a few hours later leaves Grok believing that “floomp”
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is likely (probability .92) to be another word for gun. Let p(G | F) be the
conditional probability distribution (cpd) that describes the belief that if floomps
are legal (resp., illegal), then with probability .92, guns are as well, and p/(F' | G)
be the reverse. Starting with p, Grok’s first instinct is to simply incorporate
the conditional information by adding F as a parent of G, and then associating
the cpd p with G. But then what should she do with the original probability
she had for G? Should she just discard it? It is easy to check that there is no
joint distribution that is consistent with both the two original priors on F' and
G and also p. So if she is to represent the information with a BN, which always

represents a consistent distribution, she must resolve the inconsistency.

However, sorting this out immediately may not be ideal. For instance, if
the inconsistency arises from a conflation between two definitions of “gun”, a
resolution will have destroyed the original cpds. A better use of computation
may be to notice the inconsistency and look up the actual law. By way of contrast,
consider the corresponding PDG. In a PDG, the cpds are attached to arcs, rather
than nodes of the graph. In order to represent unconditional probabilities, we
introduce a unit variable 1 which takes only one value, denoted . This leads
Grok to the PDG depicted in Figure 3.1, where the arcs from 1 to F' and G are
associated with the unconditional probabilities of /" and G, and the arcs between

F and G are associated with p and p'.

The original state of knowledge consists of all three nodes and the two solid
arcs from 1. This is like Bayes Net that we considered above, except that we
no longer explicitly take F' and G to be independent; we merely record the

constraints imposed by the given probabilities.

The key point is that we can incorporate the new information into our original
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representation (the graph in Figure 3.1 without the arc from F' to GG) simply by
adding the arc from F' to G and the associated cpd p (the new information is
shown in blue). Doing so does not change the meaning of the original arcs.'
Unlike a Bayesian update, the operation is even reversible: all we need to do
recover our original belief state is delete the new arc, making it possible to mull

over and then reject an observation. A

The ability of PDGs to model inconsistency, as illustrated in Example 3.1,
appears to have come at a significant cost. We seem to have lost a key benefit of
BNs: the ease with which they can capture (conditional) independencies, which,

as Pearl (1988) has argued forcefully, are omnipresent.

Example 3.2 (emulating a BN). We now consider the classic (quantitative)
Bayesian network B, which has four binary variables indicating whether a person
(C) develops cancer, (S) smokes, (SH) is exposed to second-hand smoke, and
(PS) has parents who smoke, presented graphically in Figure 3.2a. We now walk
through what is required to represent B as a PDG, which we call 113, shown as

the solid nodes and arcs in Figure 3.2b.

We start with the nodes corresponding to the variables in B, together with
the special node 7 from Example 3.1; we add an arc from 7 to PS, to which
we associate the unconditional probability given by the cpd for PS in B. We
can also re-use the cpds for S and SH, assigning them, respectively, to the arcs
PS — Sand PS — SH in Mp. There are two remaining problems: (1) modeling
the remaining table in B, which corresponds to the conditional probability of

C given S and SH; and (2) recovering the additional conditional independence

'While the meaning of the original arcs does not change, one might want something different
at a qualitative level, as we will explore in Section 3.2.2.
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/}5‘5:\ Restricted PDG in Examples 3.3 and 3.4
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Figure 3.2: (a) The Bayesian Network B in Example 3.2 (left), and (b) 713, its correspond-
ing PDG (right). The shaded box indicates a restriction of 7713 to only the
nodes and arcs it contains, and the dashed node 7" and its arrow to C can be
added in the PDG, without taking into account S and SH.

assumptions in the BN.

For (1), we cannot just add the arcs S — C'and SH — C that are present in B.
As we saw in Example 3.1, this would mean supplying two separate tables, one
indicating the probability of C' given S, and the other indicating the probability
of C given SH. We would lose significant information that is present in B about
how C depends jointly on S and SH. To distinguish the joint dependence
on S and SH, for now, we draw an arc with two tails—a (directed) hyperarc—
that completes the diagram in Figure 3.2b. With regard to (2), there are many
distributions consistent with the conditional marginal probabilities in the cpds,
and the independencies presumed by B need not hold for them. Rather than
trying to distinguish between them with additional constraints, we develop a a
scoring-function semantics for PDGs which is in this case uniquely minimized
by the distribution specified by B (Theorem 3.5). This allows us to recover the
semantics of Bayesian networks without requiring the independencies that they

assume.

Next suppose that we get information beyond that captured by the original

BN. Specifically, we read a thorough empirical study demonstrating that people
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who use tanning beds have a 10% incidence of cancer, compared with 1% in the
control group (call the cpd for this p); we would like to add this information
to B. The first step is clearly to add a new node labeled 7', for “tanning bed
use”. But simply making 7" a parent of C' (as clearly seems appropriate, given
that the incidence of cancer depends on tanning bed use) requires a substantial
expansion of the cpd; in particular, it requires us to make assumptions about the
interactions between tanning beds and smoking. The corresponding PDG, 113,
on the other hand, has no trouble: We can simply add the node 7" with an arc
to C' that is associated with p. But note that doing this makes it possible for our
knowledge to be inconsistent. To take a simple example, if the distribution on C
given S and H encoded in the original cpd was always deterministically “has
cancer” for every possible value of S and H, but the distribution according to
the new cpd from 7" was deterministically “no cancer”, the resulting PDG would

be inconsistent. A

We have seen that we can easily add information to PDGs; removing informa-

tion is equally painless.

Example 3.3 (restriction). After the Communist party came to power, children
were raised communally, and so parents” smoking habits no longer had any
impact on them. Grok is reading her favorite book on graphical models, and she
realizes that while the node PS in Figure 3.2a has lost its usefulness, and nodes
S and SH no longer ought to have PS as a parent, the other half of the diagram—
that is, the node C' and its dependence on S and SH—should apply as before.
Grok has identified two obstacles to modeling deletion of information from a BN
by simply deleting nodes and their associated cpds. First, this restricted model

is technically no longer a BN (which in this case would require unconditional
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distributions on S and SH), but rather a conditional BN [Koller and Friedman
2009], which allows for these nodes to be marked as observations; observation
nodes do not have associated beliefs. Second, even regarded as a conditional
BN, the result of deleting a node may introduce new independence information,
incompatible with the original BN. For instance, by deleting the node B in a
chain A — B — C, one concludes that A and C are independent, a conclusion
incompatible with the original BN containing all three nodes. PDGs do not
suffer from either problem. We can easily delete the nodes labeled 1 and PS
in Figure 3.2b to get the restricted PDG shown in the figure, which captures
Grok’s updated information. The resulting PDG has no arcs leading to S or SH,
and hence no distributions specified on them; no special modeling distinction
between observation nodes and other nodes are required. Because PDGs do not
directly make independence assumptions, the information in this fragment is

truly a subset of the information in the whole PDG. YA

The ability to form restrict to arbitrary subsets of information is useful, and
closely related to an even more compelling reason to use PDGs: they make it

easy to aggregate probabilistic information.

Example 3.4. Grok dreams of becoming Supreme Leader (SL), and has come up
with a plan. She has noticed that people who use tanning beds have significantly
more power than those who don’t. Unfortunately, her mom has always told her
that tanning beds cause cancer; specifically, that 15% of people who use tanning
beds get it, compared to the baseline of 2%. Call this cpd ¢. Grok thinks people
will make fun of her if she uses a tanning bed and gets cancer, making becoming
Supreme Leader impossible. This mental state is depicted as a PDG on the left of

Figure 3.3.
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Figure 3.3: Grok’s prior (left) and combined (right) knowledge.

Grok is reading about graphical models because she vaguely remembers that
the variables in Example 3.2 match the ones she already knows about. When she
finishes reading the statistics on smoking and the original study on tanning beds
(associated to a cpd p in Example 3.2), but before she has time to reflect, we can
represent her (conflicted) knowledge state with the PDG depicted on the right of

Figure 3.3.

By joining the two PDGs together, we get another PDG—which is not the
case in general for BNs. Note that the resulting PDG has two distinct two arcs
from 7" to C' (corresponding to the mother’s wisdom ¢ and the study p), that are
inconsistent. Specifically, there is no distribution ;(C, T") for which p(7'|C') equals
both p and ¢. Observe once again that this inconsistency is possible because we

now have two distinct beliefs about C. AN

Not all inconsistencies are equally egregious. For example, even though the
cpds p and ¢ are different, they are numerically close, so, intuitively, the PDG on
the right in Figure 3.3 is not very inconsistent. Making this precise is the focus of

Section 3.3.2.

These examples give a taste of the power of PDGs. In the coming sections, we

formalize PDGs and relate them to other approaches.
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3.2 Syntax

We can now provide the formal definition of a Probabilistic Dependency Graph.

Definition 3.1. A PDG is a tuple M = (N, A, V. P, o, 3), where

N is a finite set of nodes, corresponding to the identities of variables;

A is a collection of (hyper)arcs each a € A of which has source(s) S, and target(s)

T,in N;

¢ associates each node N € N with a set (V) of possible values, allowing us to

view it as a variable;
[P associates to each arc XY € Aacpd B,(Y|X);

a associates to each arc XY a real number a, which represents the modeler’s

confidence in the functional dependence of Y on X implicit in ¢;

B associates to each arc a € A a (possibly infinite) real number j3,, the modeler’s

subjective confidence in the reliability of PP.

The definition is ambiguous about whether (N, A) is a directed graph, multi-
graph, or a directed hypergraph. This is because, perhaps counter-intuitively,
all of these variants will turn out to be equivalent. Since A can be extended
with identity arcs {X NS } xen, we make our usual assumption that N is
implicit in A. Furthermore, in this case, both A and ¥ are then implicit in
P ={P,: VS, = AVT, },ea. Thus, we refer to P as an unweighted PDG; we give it

semantics as though it were the weighted PDG thathas 8 = o = 1. O

If M is a PDG, we reserve the names N A™ .. for the components of 11,

so that we may reference one without naming them all explicitly. The pair (N, ¢)
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describes a set of nodes N and a set of values X for each node X € N; thus
(N, V) is equivalent to specifying a set X’ of variables. For this reason, we write
VX := [[xepn VX for the set of all joint settings of the variables (which will be
our outcome space (2); we refer to w € VX as “worlds”. Rather than specifying
N and ¥ separately, it is common practice in the graphical models community to
instead specify a set X’ of variables directly [Koller and Friedman 2009]. We have
kept them them separate in Definition 3.1 to emphasize the separation between
the qualitative information (N, A, ) and the quantitative information (¥, P, 3)

that annotates it.

We now present some shorthand to clarify the presentation. We typically
conflate a cpd’s symbol with its edge label, thus drawing the PDG with a single
edge attached to p(Y|X) as X -P-Y . Regardless of the underlying definition
of a PDG, we will use hypergraph notation, which is typically more compact
and clearer. Thus, we will indicate joint dependence with multi-tailed arcs,
joint distributions with multi-headed arcs, and unconditional distributions with

nothing at the tail. For instance, we draw

Z D qJ&
p(Y|X,Z)as > Y | and ¢(A, B)as .
X A (B

To emphasize that a cpd is deterministic (i.e., of (Y| X) for a function f : VX —
VY, we will draw its arc with two heads, as in: | X -f—Y . We identify an event
X=x with the degenerate unconditional distribution J,(X) that places all mass
on z; hence it may be associated to an edge and drawn simply as <% X . To
specify a confidence 3 # 1, we place the value near the edge, lightly colored and

parenthesized, as in: Lyix , and we write (~) for the limit of high confidence

62



3.2.1 Alternate Equivalent Definitions of PDGs

Definition 3.1 is not the only way to define a PDG. Indeed, there are many
definitions of PDGs, and seeming generalizations or restrictions of them, all
of which turn out to be essentially equivalent. We now give an overview of

important alternative variants.

PDG Variant 1: Separated PDGs. According to Definition 3.1, each (hy-
per)arc X=Y € A of PDG plays two distinct roles: qualitatively, it says some-
thing about causality and functional dependence through the parameter a,;
quantitatively, it specifies a cpd P, and a confidence /3, in it. Conceptually, how-
ever, these two aspects of an arc are rather separate. Indeed, a PDG can be
equivalently defined with two distinct kinds of arcs, each of which only play one
role. An arc that plays both roles can be separated into two separate arcs, one for
each kind of information. Conversely, an arc with only one kind of information
can be specified by spacing o = 0 or 5 = 0 to nullify the other kind of informa-
tion, as appropriate. We have opted for combined edges because certain semantic
and inference properties of PDGs are easier to describe in this presentation (e.g.,
Theorems 3.3, 3.7, and 9.1). However, in some cases it may be wise to separate

PDGs before combining them, as discussed in Section 3.2.2.

PDG Variant 2: Probabilistic Dependency Multigraphs. As mentioned
previously, the structure (N, .A) of a PDG can be taken to directly be an (ordi-
nary) directed multigraph rather than the (seemingly more expressive) directed
hypergraph. This approach is an instance of the approach to probabilistic mod-
eling that makes variables primitive and adds constraints, as first described in

Section 2.3.1.
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Construction 3.2. We can capture multi-tailed arcs and joint dependence, even
with ordinary graphs, at the cost of an extra node and a few extra arcs. For
instance, the diagram displaying Grok’s prior knowledge in Example 3.4, on the
left of Figure 3.3 can be viewed shorthand for the following PDG, where where

we insert a node labeled C' x T' at the junction:

T~
(omm) - (sea(w

As the notation suggests, V/(C' x T') = V(C) x V(7). For all (¢,t) € V(C x T')
the cpd for the arc from C' x T to C' gives probability 1 to ¢; similarly, the cpd for

the arc from C' x T to T gives probability 1 to ¢.

More generally, a hyperarc S — T, where S,T" C N, can be compiled to a

fragment of an ordinary graph, containing;:

(a) two additional “super-nodes” that are not elements of V, corresponding
to S and 7' respectively, whose possible values are joint settings of their
constituent variables;

(b) projections S — X for each X € S, and projections 7' — Y foreach Y € T,
all with high confidence (o = 8 = o0);

(c) anarc S — T, associated with the original cpd and confidences.

The special case of a hyperarc with no tails leads to the the special variable 17

such that V(1) = {x}, as introduced in Examples 3.1 and 3.2. O

PDG Variant 3: Strict PDGs. Going even further, the restriction to PDGs in
which (N, A) is not even a multi-graph, but rather an ordinary directed graph, is

not a restriction at all. It is not hard to see that a multi-graph could be simulated
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in that formalism with the following widget:

)

~
O 20 - 1) T
)]

where the vertical arcs enforce equality.

PDG Variant 4: Adaptive confidences, missing values, and probability
ranges. The confidence j3, in the arc XY may be replaced with a separate
confidence f3, ., for each possible input z € ¢(X). Relatedly, one might imagine
a variant in which one needn’t specify a complete conditional probability table,
but could leave some entries blank. More generally still, instead of a single condi-
tional probability, one might want to specify a range of possible values. We will
see in Section 4.2.4 that these seeming generalizations of a PDG are equivalent to

the definition we have already given.

PDG Variant 5: Parametric PDGs. One might want to also consider a para-
metric variant of a PDG, in which each cpd is not fixed, but dependent on some
hyperparameters—like a neural network. This approach, which we take in Chap-
ter 7, may be especially appropriate if the cpds represent parametric models.
Like the others, this parametric variant appears to be a more general object—yet,
once again, it turns out to be equivalent to all of the other variants of PDGs we

have considered so far.

3.2.2 Combining PDGs

How should we combine independent sources of information? As illustrated

by Example 3.4, a significant advantage of PDGs is their modularity: there is a
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simple way to combine the information in 777; and 71,: take the union of their
variables and the disjoint union of their arcs (and associated data) to get a new
PDG, denoted M, + M1,. We call this the sum or join of 1, and M1,, and it is

appropriate when the information in the two PDGs is independent.

To be completely precise, it’s helpful to first make a preliminary definition:
M, and M, are V-compatible iff the variables they have in common take the same
sets of values—that is, if the nodes and values of 7171, and M1,, are N, 1, and
Na, Vs, respectively, then VX € Ny NN, (X)) = 14(X). We can only combine
PDGs that are ¢-compatible. But this is not a very significant restriction; its sole
purpose is to ensure that we do not accidentally identify variables in different

PDGs that do not take on the same values.

Definition 3.3. The sum or join of two V-compatible PDGs is given by tak-
ing the disjoint union of their arcs and associated data. Explicitly, if 711, =

(N1, Vi, A Py, By) and My = (Na, s, Ao, Py, aig, B,) are V-compatible, then
m, +m,:= (N1 UNs, LU, AtU Ay, P UP;, o Uay, ﬁ2|—|/327>7

where, for f: A -+ X and g : B — X, the function fUg: AU B — X is given by

o (4a)~ f(a)
fug':{ (B o g(b) -

This operation is called a sum in part because PDGs over a fixed set of variables
X effectively form a real (infinite-dimensional) vector space with this operation.

We will make this precise in Section 10.2.1.

An Important Caveat For Qualitative (Structural) Information. For the quanti-

tative data (i.e., the parameters P and 3), this is precisely how one would want to
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combine independent observations. Merely joining the qualitative information,
however, may not always have the intended effect. To illustrate, suppose that
M, and M1, both contain a single arc from X to Y, each specifying a single causal
mechanism by which X gives rise to Y. The PDG 11, + M, contains two distinct
mechanisms by which X gives rise to Y (see Chapter 5). This is appropriate if the
underlying mechanisms are in fact independent— for instance, if the presence
of a compound (whose concentration is the variable X) is known to inhibit an
enzyme (whose activity is the variable Y) in two unrelated ways. Mechanism in-
dependence (again, see Chapter 5) is also typically a reasonable assumption if the

two models have sufficiently different structures (e.g., if X —Y and Y — 7).

However, if one views the qualitative information in two different PDGs not as
two distinct mechanisms, but as as independent accounts of the same mechanism,
then the sum of the PDGs alone is not appropriate—in this case, it would be
better to also merge the two mechanisms into a single one. The sum of PDGs
performs no such merge. Unfortunately, the “appropriate thing” to do seems to
depend on context, and so we urge the modeler to think about which (if any)
qualitative mechanisms ought to be merged together, after this operation. We
will return to this point in Example 3.6, and again in Section 6.7. In that context,
we will also see that the analogue of this problem is even bigger for factor graphs,

because o and 3 are essentially “fused together” in these models.

It is worth mentioning that convex combinations of qualitative parameters o
actually do work as one might hope. If you believe that there’s a 60% chance
that the causal graph is GG;, and a 40% chance that the causal graph is Gy, it is

appropriate to form a new PDG with o := .61 + .4y, where o;; and a; are
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vectors representing the causal graphs G and G, respectively.? If G; and G, are
distinct causal graphs that represent the same independencies, for instance, then

a will still encode those shared independencies.

3.3 The Semantics of PDGs

Although the meaning of an individual cpd is clear, we have not yet given PDGs
a “global” semantics. We discuss three related approaches to doing so. The first is
the simplest: we associate with a PDG the set of distributions that are consistent
with it. This set will be empty if the PDG is inconsistent. The second approach
associates a PDG with a scoring function, indicating the fit of an arbitrary distri-
bution p, and can be thought of as a weighted set of distributions [Halpern and
Leung 2015]. This approach allows us to distinguish inconsistent PDGs, while
the first approach does not. The third approach chooses the distributions with

the best score, typically associating with a PDG a unique distribution.

3.3.1 PDGs As Sets Of Distributions

We have been thinking of a PDG as a collection of constraints on distributions,
specified by matching cpds. From this perspective, it is natural to consider the

set of all distributions that are consistent with the constraints.

Definition 3.4. If 771 is a PDG (weighted or unweighted) with arcs A and cpds

P, let {11} be the set of distributions over the variables in 777 whose conditional

More precisely, since a; : A; — R and as : Ay — R have different domains, by .60 + .4
we really mean .6(a; UO) +.4(0 LU o). This is no different from taking the convex combination of
two weighted graphs, which coincides with the convex combination of their adjacency matrices.
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marginals are exactly those given by P. Thatis, u € {N} iff, for all arcs a € A
from X toY,z € V(X),and y € V(Y), we have that u(Y=y | X=x) = P(Y=y |

X=z). Formally, define
{mY = {1 € AVX |VX5Y € A u(Y]X) = B(Y[X)}.

We say that M1 is inconsistent if {M} = (), and consistent otherwise. O

Note that {7} does not depend on the weights o or 3. Furthermore, it
reflects only the quantitative probabilistic information in the PDG; it does not
say anything about independencies, for example. Developing an analogous
definition for a qualitative information in a PDG is far more subtle, and is the

subject of Chapter 5.

This semantics is useful, and we will make frequent use of it, but it has one
other extremely important shortcoming: viewed through the lens of this seman-
tics, all inconsistent PDGs are equivalent, no matter how small the inconsistency.
In the next subsection, we develop another semantics, which, among other things,

gives us a modification of this semantics that does not have this problem.

3.3.2 PDGs As Scoring Functions over Joint Distributions

We now present the full PDG semantics. Specifically, we will interpret a PDG 11
not as a (convex) set of distributions, but rather as a (convex) scoring function on
distributions. Given ;. € AVX, the scoring function for 771 returns a real-valued
score, indicating how well (or, rather, how poorly) i matches the information in
M. Distributions with the lowest (best) scores are those that most closely match

the cpds in 1M1, and contain the fewest unspecified correlations.
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These two aspects of the scoring function correspond to the two kinds of
information present in a PDG: “structural” information, in the (hyper)graph A
and weights «, and “observational” data, in the cpds P and weights 8. PDG
semantics are based on two scoring functions that quantify discrepancy between

each type of information and a distribution ¢ € AVX over its variables.

Quantitative/Observational Scoring. We need a function that measures “dis-
tance” between 1, and the cpds of 71. The key desideratum for such a function
is that it must assign higher scores to distributions 1« when 771 requires larger
changes to be consistent with 771. In principle, there are many functions with
this property. Yet, because it is a discrepancy between beliefs (777) and reality (1)

there is an especially natural way of measuring its magnitude: relative entropy.

Recall (from Section 2.6.2) that relative entropy D(y || p) = E,[log £] measures
divergence of a belief p with respect to reality p. It can be viewed, for example,
as the overhead (in extra bits per sample) of using representations optimized
for p, when in fact samples are distributed according to p [MacKay 2003]. This
suggests scoring distributions with a weighted sum of relative entropies of the

appropriate types.

Definition 3.5. The observational incompatibility of (X)) with Ml = (X, A, P, at, B)

is given by the weighted sum of relative entropies:

Olnem(p) ==Y B D(W(T,9) | BATIS) w($)). O (B

SHT eA

As we have argued, not all inconsistencies are equally problematic. Discrep-
ancies with low confidence cpds are not as problematic as discrepancies with

trusted, high-confidence ones. The confidences 3 operationalize this relative
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importance. So overall, Olncy measures the excess cost of using codes optimized
for the cpds of M (weighted by their confidences 3), when reality is distributed

according to .

In (3.1), we have one “beliet” distribution per hyperarc X =Y € A, namely,
the one induced by drawing = ~ ;1(X) and applying the cpd P,(Y|X=z). At the
same time, it also makes sense to model things at a finer level. A case could also
be made that IP, describes not one context-dependent belief, but rather a separate
belief P,(Y'|z) each = € VX. This suggests a different approach: for each X %Y
and = € VX, start by measuring the relative entropy from P,(Y|z) to u(Y|X=x).
We still want to combine these into a single number, and not all of these beliefs
have equal importance-those that correspond to the likeliest values of X should
have the most weight—which suggests taking an expectation of these quantities
with respect to the marginal distribution ;.(X'). After taking a weighted sum over
arcs as before, we would get the quantity

Olncm(p) = Z Ba - rNLE

[D (u(Y | X=2) H P(Y] x)ﬂ . (3.2)

X%BYeA (0
It is not hard to show that our two formulas for Olnc, (3.1) and (3.2), are in fact
equal—reflecting a(nother) virtue of relative entropy. (It would not have been the
case, for instance, had we taken D(q || p) to be the Euclidean distance between
q and p as vectors.) Over the course of this thesis, we will discover a great
many more. Still, any measure of discrepancy D would have sufficed to get an
analogue of the next result, which makes precise that the (observational) scoring

function semantics of a PDG generalizes the set-of-distributions semantics from

the previous section (3.3.1).

Proposition 3.1. If M is a PDG with 3 > 0, then n € {M} iff Olncm(p) = 0.
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It is worth pausing here to reflect on the meaning of 3, which is not a collection
of probabilities, but of confidences in a different sense. A choice of 3, = 0 means
that the cpd P, is effectively ignored, in the sense that such a PDG is equivalent
to one in which a is attached to a different cpd ¢ # P, (or missing altogether,
modulo the qualitative effect of removing the arc a). This is why Proposition 3.1
requires 3 to be nonzero. At the the upper extreme, a large (or even infinite)
value of /3, indicates high (or absolute) confidence in IP,. By default, we assume
an intermediate value of confidence 3 = 1, which is just a convenient choice of

units—what’s important are the magnitudes of 3 relative to one another.

Here is a concrete way to think about it. In your head, fix a reference person—
someone who is worth listening to a little bit, but far from infallible—and call
that degree of trust “5 = 1”. Let’s call this person Bob. To determine your degree
of confidence in some piece of information, ask yourself: how many times would
I have to hear this independently from a person like Bob, before I got to this level
of trust? The answer to that question is the value of 3. Thus, = 2 on an arc

X — Y is (quantitatively) indistinguishable from two distinct arcs from X — Y.

Finally, although we typically focus on positive confidence, our formalism
also allows for negative confidences as well. A confidence 3 < 0 on a cpd p
encodes an active distrust of p, and semantically, means distributions are more
consistent with this belief if they are further from satisfying p. In our previous
analogy, if you currently distrust p but would feel neutral towards it if someone

like Bob were to tell you that it is correct, then you should select 5 = —1.

Qualitative/Structural Scoring. So far, we have said nothing about the seman-

tics of the qualitative information in a PDG. For traditional graphical models—
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that is, Bayesian Networks (BNs) and Markov Random Fields (MRFs)—the
qualitative information is a conjunction of independencies implied by the graphi-
cal structure. But what are the independencies implied by a directed hypergraph?
Or even an ordinary directed graph with cycles? Despite decades of interest
in this simple question, no clear consensus has emerged. As we shall see in
Chapter 5, there is a good reason why: qualitative information in an arbitrary
directed (hyper)graph is not just about independence; in general, it can be far
more subtle. Indeed, for the qualitative information, we have found it easier to

motivate the scoring function directly.

Intuitively, each arc XY represents an independent randomized mechanism
by which X leads to Y. Or, perhaps slightly more precisely, that Y can be com-
puted from X alone (and independent random noise). So, given a (hyper)graph
A whose nodes correspond to variables, and distribution ;(X’) over (the values
of) those variables, contrast the number of bits of randomness needed to do each

of the following (in expectation):

(a) directly specify the values of all variables X', and

(b) separately specity, for each arc X =Y, the value of Y given the value of X.

As one might have expected, we measure the amount of randomness using
entropy. In a sense, (b) is the total amount of randomness we need in order to
generate components of an outcome of y along the structure of the hypergraph
A, while (a) is the amount of randomness needed to generate an outcome of
= p(X|2) along its own simple dependency structure (& — X). Clearly, the
two quantities must be equal in order for A to be a complete and accurate causal

explanation for the origin of p.

What if they differ? If (b) > (a), then there are correlations in y that allow for a
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more compact representation than A represents—that is, p is information deficient
for the structure A. The larger the difference, the larger the overhead of using
the structure A to compute probabilities, compared to what is necessary, and so
the poorer the structural fit of 1 to .A. Notice how this parallels the overhead of
erroneous quantitative beliefs discussed above. If (a) > (b), on the other hand
(e.g., if Ais empty), then A must be an incomplete qualitative picture—because to
explain everything in 4, at least H(y:) bits are required. Although an incomplete
picture may not be a good thing, it fits data better than a complete one. So, in
both cases, the fit is worst when (b) is large and (a) is small. This observation

motivates our qualitative scoring function.

Definition 3.6. The structural (information) deficiency of distribution ;(&X’), with
respect to a directed (hyper)graph (X, A) is given by:

SDefa(p) = Y agH,(Y [ X) —H,(X). (3.3)

X5HYeA
For a PDG M, we take SDef,;, := SDef ;m to be shorthand for the information

deficiency with respect to the structure of 771. O

We illustrate SDef with some simple examples. First, when 4 has no arcs,
then SDef ,(i1) = —H(u). Since smaller numbers represent a better fit, SDef
tells us to maximize entropy—which is precisely what the literature tells us to do,
at least, to break ties between distributions consistent with our observations in
the absence of no structural or causal information [Jaynes 1957]. Next, suppose
A =X =Y. In general, specifying X and Y together takes the same amount of
information as first specifying X, and then using that value to specify Y (recall
the chain rule, from Section 2.6.1). So A is incomplete, and missing precisely

an explanation for the origin of X. By the same reasoning as before, the best
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Figure 3.4: Tlustrations of the structural deficiency SDef 4 with their associated hyper-
graphs A. Each subfigure depicts a hypergraph A (above), and a dual vector
v4 to the information profile (below), which represents SDef 4 in the sense
that SDef 4(11) = v.a - 1,,. Each circle represents the information in a variable,
just as in Figure 2.2. Green stands for —1 (indicating that information in this
component makes for a better fit to A), while red stands for +1 (indicating
that information in this component makes for a worse fit to A), and gray
stands for 0 (which is neutral).

bet is to maximize entropy (but now just of X); indeed, SDef , = —H,(X). If

A has sufficiently many parallel arcs from X to Y and H,(Y | X) > 0 (so that

Y is not totally determined by X) then we have SDef (1) > 0, because the

redundant arcs add no information, but there is still a cost to specifying them.

In this case, SDef , prefers distributions that make Y a deterministic function

of X (while still maximizing the entropy of X). Finally, if A = X Y, then

SDef 4(1) = —1,(X;Y) encourages mutual information between X and Y (and

so it is optimal for X and Y to be functions of each other).

Since SDef 4 is a linear combination of (conditional) entropies, it is also a linear

function of ’s information profile vector. This means SDef , is a dual vector in
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information profile space, and thus can be illustrated with the same diagram
as used to show information profiles. A number of small examples have been

visualized this way in Figure 3.4. We now make a few observations.

¢ In the definition of SDef, each arc X — Y is compiled to a “cost” H (Y| X)
for uncertainty in Y given X. One can see this visually in Figure 3.4 in the
form of a red crescent that’s added to the information profile as we move
from 3.4d to 3.4e to 3.4f. In the unconditional case, Subfigures 3.4a, 3.4b, and

3.4c show how adding arcs increases the incentive for determinism.

* Some hypergraphs (see Figures 3.4b and 3.4h) are indiscriminate, in the sense
that every distribution gets the same score. Specifically, a score of zero,
because a point mass ¢ always has SDef 4(§) = 0: for such a distribution, no
randomness is required to generate a joint sample over all variables, and

nor is any randomness required to generate samples along A.

* As we will soon see, SDef can indicate independencies and conditional

independencies, illustrated respectively in Subfigures 3.4g and 3.4i.

¢ For more complex structures, the structural information deficiency SDef can
represent more than independence and dependence. The cyclic structures
in Examples 5.3 and 5.4, correspond to the structural deficiencies pictured
in Subfigures 3.4f and 3.4j, respectively, which are functions that encourage

shared information between the three variables.

¢ The structures in blue boxes correspond to Bayesian Network (BN) struc-
tures, and their corresponding SDefs quantify discrepancy with a set of
(conditional) independencies. Conversely, only those structural deficiencies

can be expressed with a BN.
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The Combined Scoring Funcion. OIncy(p) and SDef (1) give us two mea-
sures of compatibility between 777 and a distribution ;. The right way to combine
them into a single score, as we must to handle cases in which the observational
structural information conflict with one another, depends on the importance of
structure relative to observation. This could be captured by a trade-off parameter
4 € [0, 1] that controls the convex combination (1 — 4) - Olnc + 4 - SDef. However,
for several reasons (discussed below), our primary definition will instead be a
rescaled variant with a different parameterization. Using 7 := 7/(1-9) € [0, 00},

define the overall scoring function:

[, (1) := Olncm () + v SDef (1) (3.4)

— 7((1—ﬁ/)OInCm(,U)+7SD€fm(,“)>

[ D> log T'ié ma] — v H(p).

SHT eA

While v and 4 do indeed parameterize a trade-off between observational and
structural information, the two quantities are not really symmetric. For instance,
the structural information such as independencies could in principle be captured
quantitatively (e.g., with a distribution happens to have those independencies),
but not vice versa. At a lower level, Olnc is unbounded and non-negative, while
SDef is bounded and but can be negative. Because of the inherent asymmetry,

there is no inherent reason to prefer a symmetrical formalism

In addition, there are benefits to using v and the scoring function as we
have defined them. The first is to draw an analogy with thermodynamics, that
is common in some sub-communities that study graphical models. A basic
principle of thermodynamics is that macro-states (i.e., distributions) with higher
entropy are more stable at higher temperatures, while macro-states with with

lower entropy are more stable at lower temperatures. In the case of no qualitative
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information (i.e., & = 0), the scoring function (3.4) is a direct analogue of the
Gibbs free energy G = U — T'H, where T' = ~ is temperature and H is entropy.
Furthermore, when 3 = v, we will see soon see that (3.4) is the free energy of
a factor graph with weights 8 and temperature v (Theorem 3.7). Alternatively,
v can be thought of as one final degree of confidence, in the same scale as the

values of 3, in the qualitative information overall.

For these reasons, and also to simplify the math, we have chosen to use the
asymmetric variant in (3.4) that uses the parameter v € [0, 00| to control the

strength of SDef, rather than the symmetric trade-off parameter 4 € [0, 1].

3.3.3 PDGs As Unique Distributions

Finally, we provide an interpretation of a PDG as a probability distribution. Be-
fore we provide this semantics, we stress that this distribution does not capture
all of the important information in the PDG—for example, a PDG can represent
inconsistent knowledge states. Still, by giving a distribution, we enable com-
parisons with other graphical models, and show that PDGs are a surprisingly
tlexible tool for specifying distributions. The idea is to select the distributions

with the best score. We thus define
[M]; = arg min[1M], (). (3.5)

PEAVX

In general, [171] does not yield a unique distribution. But if ~ is sufficiently

small, then it does:

o g e
Proposition 3.2. If 0 < v < min i then [M] is a singleton.
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This is because the scoring function [171], is strictly convex for these (small)
values of v. In much of this dissertation, we will be particularly interested in the
case where v is small, which means emphasizing the accuracy of the probability
distribution as a description of probabilistic information, over the graphical
structure of the PDG. This motivates us to consider what happens as v goes to
0. If S, is a set of probability distributions for all v > 0, we define lim,_,, S, to
consist of all distributions y such that there is a sequence (v, f1;)ieny With y; — 0

and p; — psuch that p; € S, for all i. It can be further shown that
Theorem 3.3. For all proper PDGs (such as when 3 > 0), lil% [M] is a singleton.
Y—

Let [11]}, be the unique element of ’lylir(l) [M]. This limiting semantics intu-
itively represents the “quantitative” or “observational” extreme, in which the
quantitative probabilities and their confidences (P, 3) dominate, and the qualita-
tive information (A, ) is used only to break ties. This makes the semantics [,

a direct analogue of (and, indeed, a generalization of) the principle of maximum

entropy. This semantics has an important property:
Proposition 3.4. [M];, € [M], so if M is consistent, then [M]5,. € {N1}.

Thus, [M1];; is the unique distribution among those consistent with the cpds

of a consistent PDG, that has minimal structural deficiency.

3.3.4 Inconsistency Semantics: PDGs as Real Numbers

The three semantics given in the previous section are the ones presented in the

original PDG paper [Richardson and Halpern 2021]. However, there are other
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semantics that will play an important role later on. Far and away the most
important semantics, which we have talked about at length but still not explicitly
defined, is a PDG’s (degree of) inconsistency: the smallest possible incompatibility

of 1M with any distribution. More precisely, for each v, we can define

<<m>>7 = inf [M],(n) €R. (3.6)

HEAVX

Thus, it interprets a PDG as a single number. This quantity may at first seem less
important than the others, but we will see in Chapter 6 that it is a “universal loss
function”. Furthermore, we will show in Chapter 9 that all of the other semantics
(including the full scoring function) can be recovered from PDG’s inconsistency

semantics.

3.4 Relationships to Other Graphical Models

In this section, we relate PDGs to two of the most popular graphical models: BNs
and factor graphs. PDGs are strictly more general than BNs, and emulate factor
graphs for the particular value v = 1. More precisely, the distribution specified
by a BN @B is the unique one that minimizes both Olncg and SDef ; (and hence
every positive linear combination of the two), while the distribution specfied
by a factor graph ® uniquely minimizes the sum Olnce + SDef 5 in which the
observational and structural information are weighted equally. Now for the

details.
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3.4.1 Bayesian Networks

Construction 3.2 can be generalized to convert arbitrary Bayesian Networks into
PDGs. Given a BN B and a positive confidence 3x for the cpd of each variable X
of B, let My 3 be the PDG comprising the cpds of B in this way.

Theorem 3.5. If B is a Bayesian network and Prg is the distribution it specifies, then
for all v > 0 and all vectors 3 such that 3, > 0 for all arcs a, [Mp 3]} = {Prs}, and
thus [[mgﬁﬂ* = PI‘B.

Theorem 3.5 is quite robust to parameter choices: it holds for every weight
vector 3 and all v > 0. However, it does lean heavily on our assumption that

a = 1, intuitively because that is what encodes the BN’s independencies.

An intuitive proof sketch explains why: a distribution x minimizes Olncp iff
it has the right cpds (no matter the value of 3), and (as we show in the appendix)
it minimizes SDef y iff it has the appropriate independencies. We know that the
BN'’s distribution Prp is the unique distribution with both of these properties. So,
no matter how the two quantities are weighted (i.e., for all v > 0), it is the unique

optimal distribution.

BNs and Maximum Entropy. One welcome side effect of this result is to shine
light on an old question about the role of maximum entropy in directed graphical
models. In Section 2.6.1, we mentioned that BNs are among the few standard
ways of specifying probabilistic information that are not maximum-entropy
distributions subject to the observational constraints (the specified cpds). To
get any result of the kind, prior work has resorted to building up the distribu-

tion “in causal order”, applying the principle of maximum entropy many times
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[Williamson 2001]. This makes some sense, but why should it be necessary?

First, we note that maximum entropy does not always miss the mark: if the
BN happens to have the structure of a Markov chain, or more generally be absent
of joint dependence, then it is not hard to show that the maximum entropy
distribution is in fact the correct one. Here’s a broader but more subtle class of
BNs for which maximum entropy produces the right answer: if for every node X
with multiple parents, the entropy of the probability Px (X | Pa(X)=z) € AUX
does not depend on z. To see why this would help, it is helpful to see an
example of a BN whose distribution does not maximize entropy subject to the

observational constraints.

Example 3.5. Consider the BN

A B

where A and B are binary, and C can take 2* values, including c,. For the proba-
bility tables, suppose that both A and B get uniform unconditional probabilities

(1/2 apiece), and set C’s cpt to be

AC
Unzf(C) a,b
600 C —a, b
piClAB) = | PO
Umf(C’) —a, —b

where 6., places all probability on cy. It has zero entropy, while the uniform
distribution on C has £ bits of entropy, and A and B both have one bit of entropy.
The semantics of a BN require that A and B are independent. Thus, the BN'’s
distribution has 2 + #/2 bits of entropy (one bit for each of A and B since they are

independent, plus an expected /2 bits from getting the uniform distribution on
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C with probability 1/2). However, a distribution in which A and B are correlated
so as to always be equal has 1 + k bits (one bit from A and B, and k bits from
C|A, B). For k > 2, the latter distribution has larger entropy. Therefore, the
maximum entropy distribution consistent with the tables does not encode the

independece assumption that a BN does. A

The key observation is that the cpds (because they encode conditional informa-
tion), can carry different amounts of entropy depending on the realized values
of the variables. But intuitively, the principle of maximum entropy was trying
to maximize entropy beyond the constraints—not within them. Adjusting the
principle of maximum entropy so as not to account for the entropy implied by
the given cpds leads us directly back to the formula for SDef; indeed, this is how
we initially discovered it. We argue that the princple of minimizing structural defi-
ciency (SDef) subject to observational constraints (i.e., the 0" semantics of a PDG)
is the appropriate generalization of the principle of maximum entropy, when
there is conditional (and especially causal) information involved. Theorem 3.5 is

a strong argument in favor of this; we will see others examples later on.

3.4.2 Factor Graphs

Factor graphs [Kschischang et al. 2001] are another class of graphical model,
which are often thought of as generalizing BNs.? In this section, we explore the

relationship between PDGs and factor graphs.

Definition 3.7. A factor graph ® is a set of random variables & and and indexed

3This claim is true at a quantiative level, but it is worth noting that factor graphs do not
capture the same independencies unless augmented with extra infromation [Frey 2012], and lack
some properties that makes BNs useful in causality.
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collection of factors {¢; : V(X;) — R} e, where J is an arbitrary index set,
and each X; C X. In other words, each factor ¢; is associated with a subset
X C X of variables, and maps joint settings of X ; to non-negative real numbers.

The factor graph ® specifies a distribution

where ¥ € VX is a joint setting of all of the variables, #; is the restriction of
Z to only the variables X;, and Zs is the constant required to normalize the

distribution. ]

To view a BN as a factor graph, one essentially views each cpd as a factor.
From this perspective, a PDG also seems to specify a collection of factors. How do
PDG semantics as we have already defined them compare to this “multiply-and-
renormalize” semantics of a factor graph? To answer this, we start by making

the translation precise.

Definition 3.8 (unweighted PDG to factor graph). Given an unweighted PDG
P = {P,(7.]5.) } ac 4 define the associated FG &y, as follows: take J := A, and for
each 7Y € J,let X, := {Z, Y} with factor ¢,(z,y) .= B,(y | 2). O

It turns out we can also do the reverse. Using essentially the same idea
as in Construction 3.2, we can encode a factor graph as an assertion about the

unconditional probability distribution over the variables associated to each factor.

Definition 3.9 (factor graph to unweighted PDG). For a FG & = {¢; : X; —
R} je s over variables X, let Mg be the unweighted PDG over the same variables

X, with hypergraph A = {@ — X} /e, such that each arc J is associated with

84



the renormalized distribution P;(X ;) :ox ¢,(X;) = ¢,(X;)/ Y yex, ¢7(%). The

process is illustrated in Figure 3.5. O

@l@ %%
& ‘
@

Figure 3.5: Conversion of the PDG in Example 3.2 to a factor graph according to Defi-
nition 3.8 (left), and from that factor graph back to a PDG by Definition 3.9
(right). The factors are associated with the unconditional distribution ob-
tained by normalizing the appropriate factor.

TT=7i
(
\/

Figure 3.6: The conversion from a factor graph to to a strict PDG, as done in the original
paper [Richardson and Halpern 2021] In this case, for each factor ¢; we
introduce a new variable X ; (displayed as a smaller darker rectangle), whose
values are joint settings of the variables connected it, and also anarc 1 — X ;
(shown in blue), to which we associate the unconditional distribution given
by normalizing ¢ ;.

PDGs are directed graphs, while factors graphs are undirected. The map from
PDGs to factor graphs thus loses this structure, as shown in Figure 3.5. The
resulting PDG is also typically inconsistent. The structural changes are even
more significant if we convert it to a strict PDG that does not have hyperedges,
as done in the original paper [Richardson and Halpern 2021] and illustrated in

Figure 3.6. Nevertheless, when v = 1, so that the quantitative and qualitative

terms are weighted equally, the semantics coincide.
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Theorem 3.6. (a) [Ng]; = {Prs} for all factor graphs ®.*

(b) [N); = Preg,, for all unweighted PDGs N.

The correspondence hinges on the fact that we take v = 1, so that Olnc and
SDef are weighted equally. Because v is not part of the data of a PDG but rather
a parameter of the semantics, this means the v = 1 semantics of the PDG 14
exactly captures the traditional semantics of ®. However, the fact that the reverse
correspondence requires v = 1 suggests that factor graphs are less flexible than
unweighted PDGs: factor graphs only describe one particular aspect of their

semantics.

What about PDGs for which 8 # 1? There is also a standard notion of
weighted factor graph, but to relate them to PDGs with weights, we must stray

from this chapter’s convention of taking o = 1.

3.4.3 Factored Exponential Families

A weighted factor graph (WFG) V¥ is a pair (®,6) consisting of a factor graph ®
together with a vector of non-negative weights {6} ;c 7. ¥ specifies a canonical

scoring function

VFE g (

ZQJlog

JeJ

— H(p), 3.7)

called the variational Gibbs free enerqy [Mezard and Montanari 2009]. VFEy
is uniquely minimized by the distribution Pry (%) = 5[] ,c; ¢s(7,)*, which
matches the unweighted case when every 6; = 1. The mapping ¢ — Pr(s ) is

known as ®’s exponential family, and is central to the analysis and development

“Recall that we identify the unweighted PDG (A, p) with the weighted PDG (A, P, 1,1).
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of many algorithms for undirected graphical models [Wainwright et al. 2008].
Indeed, this is an alternate and in principle equally expressive appraoch to
modeling with factor graphs: instead of choosing the factors ¢ based on data and
assuming weight 1 on all factors, it is possible to instead choose ¢ beforehand to

be a suitibly expressive basis, and then use data to inform the choice of weights 6.

PDGs can capture the full exponential family of a factor graph, but it requires
value of a other than 1. It turns out that the key is to ensure that the ratio o, /3, is
constant across arcs a. We therefore define a family of translations, parameterized

by the ratio of o, to f3,.

Definition 3.10 (WFG to PDG). Given a WEG U = (&, ), and postive number £,
we define the corresponding PDG My, = (N4, ay, fy) by taking 5, = k#; and

oy =0y forthearc 1 — X;. O

We now extend Definitions 3.8 and 3.9 to (weighted) PDGs and WFGs. In
translating a PDG to a WFG, there will necessarily be some loss of information:
PDGs have two sets, while WFGs have only have one. Here we throw out o and
keep 5, though in its role here as a left inverse of Definition 3.10, either choice

would suffice.

Definition 3.11 (PDG to WFG). Given a (weighted) PDG 1M = (N, /3), we take its
corresponding WFG to be Wy, := (®y, §); that is, 6, := 3, for all arcs a. O

We now show that we can capture the entire exponential family of a factor
graph, and even its associated free energy, but only for  equal to the constant &

used in the translation.
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Theorem 3.7. For all WFGs ¥ = (®,60) and all v > 0, we have that VFEy =

Yy[My 4], + C for some constant C, so Pry, is the unique element of [Ny , |

In particular, for k=1, so that # is used for both the functions a and /5 of the

resulting PDG, Theorem 3.7 strictly generalizes Theorem 3.6.

Corollary 3.7.1. For all WFGs (®,0), we have that Prs gy = [(Ns,0,0)]7.

Conversely, as long as the ratio of ¢, to /3, is constant, the reverse translation
also preserves semantics. Recall that (P, a, 3) is the PDG obtained by augmenting

the unweighted PDG P with weights over every arc.

Theorem 3.8. For all unweighted PDGs (A, P), non-negative vectors v of shape A, and
all v > 0, we have that [(P,v,yv)], = v - VFE (¢, v); consequently, [(P,v,yv)]; =
{Pr@,v)}. In other words, if M is a PDG with 3 « o, and  is the constant of
proportionality, then [N is a singleton containing the distribuion of the factor graph

Op weighted by o

In particular, when o = 3, then [1M]; is the semantics of the factor graph
that regards the cpds P as factors with these weights. The key step in proving
Theorems 3.7 and 3.8 (and in the proofs of a number of other results) involves

rewriting the scoring function as follows.

Proposition 3.9. For all PDGs M, [M].,(p) =

E

1 1
Z <5a log ———~~ B (Y|X) + (aay — Ba) log LV [X) ) - :YlOg m] . (3.8)

X&%YeA

Vv
lo¢ likelihood / cross entropy local reqularization (if Bq > ogy) olobal reqularization
S . e} / o) S
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For a fixed v, the first and last terms of (3.8) are equal to a scaled version of
the free energy, v VFFEs, if we set ¢, := P, and 6, := fa/5. If, in addition, 5, = a,y
for all arcs a, then the local regularization term disappears, giving us the desired
correspondence. Equation (3.8) also makes it clear that taking 3, = «a,7 for all
arcs a is essentially necessary to get the result of Theorem 3.6. Of course, fixed
precludes taking the limit as v goes to 0, so Proposition 3.4 does apply to factor
graphs. This is reflected in some strange behavior in factor graphs trying to

capture the same phenomena as PDGs, as the following example shows.

Example 3.6. Consider the PDG 771 containing just one variable X, and two arcs.
(Such a PDG can arise if we get different information about the probability of
X from two different sources; this is a situation we certainly want to be able
to capture!) Suppose further that p and ¢ are both associated with the same
distribution on X. For definiteness, suppose that VX = {z;,z,}, and that the
distribution associated with both arcs is 1 7, which ascribes probability .7 to z;.
Then, as we would hope [M];. = {u.7}; after all, both sources agree on the
information. However, it can be shown that Pry,, = g5, so [M]; = {uss}- In

this way, factor graphs seem to be uncalibrated.

The reason for this can be viewed as an instance of the caveat in combining
qualitative information, mentioned in Section 3.2.2. Our default assumption
that o = 1 makes sense for each individual arc, but having two independent
randomized mechanisms by which X is determined intuitively means X ought
to be a constant (a point we will expand on in Section 5.2). Arguably, this is not
what was intended in combining the two models. By taking the 0" semantics,
the problem with the qualitative information disappears. Alternatively, we could

have merged the qualitative picture so that there is a total of a;, + o,y = 1 between
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the two arcs. In that case, we would have had no conflict between the two types

of information, and indeed [M']* = {7} for all values of v > 0. A

Although both 6 and /3 are measures of confidence, the way that the Gibbs free
energy varies with 6 is quite different from the way that the score of a PDG varies
with . The scoring function that we use for PDGs can be viewed as extending
VFE s ¢ by including the local regularization term. As v approaches zero, the
importance of the global regularization terms decreases relative to that of the
local regularization term, so the PDG scoring function becomes quite different

from Gibbs free energy.

3.5 Discussion

We have introduced PDGs, a powerful tool for representing beliefs in the lan-
guage of probabilities and confidences. They have a number of advantages over

other probablisitic graphical models. Most notably:

¢ PDGs allow us to capture inconsistent beliefs, including conflicting infor-
mation from multiple sources with varying degrees of reliability. Moreover,

they provide a natural way of measuring the degree of this inconsistency.

* PDGs are much more modular than other representations; for example, we
can combine information from two sources by simply taking the union of
two PDGs, and it is easy to add new information (arcs) and features (nodes)

without affecting (the meaning of) previously-received information.

* They allow for a clean separation between quantitiatve information (the

cpds P and weights 3) and the qualitative information (carried by the graph
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structure A and the weights «); this separatoin is captured semantically by

the terms OInc and SDef in our scoring function.

* PDGs have (several) natural semantics; one of them allows us to pick out a
unique distribution. Using this distrbution, PDGs can capture BNs and fac-
tor graphs. In the latter case, a simple parameter shift in the corresponding

PDG eliminates arguably problematic behavior of a factor graph.

So far, we have only scratched the surface of what can be done with PDGs.
Two major issues that need to be tackled are inference and dynamics. How
should we query a PDG for probabilistic information? How should we modity
a PDG in light of new information or to make it more consistent? These issues

turn out to be closely related, as we will see in Chapter 9.

For now, we content ourselves with a simple example: conditioning can be
understood in terms of resolving inconsistencies in a PDG. To condition on an
observation Y =y, given a situation described by a PDG 771, we can add an arc
from 1 to Y in M, annoted with the cpd that gives probability 1 to y, to get
the (likely inconsistent) PDG 71+=Y). In the special case where 171 represents
or is equivalent to a joint distribution, [177*=%]* turns out to be the result of
conditioning that distribution on the event Y'=y. This account of conditioning
generalizes without modification to give Jeffrey’s Rule [Jeffrey 1968], a more

general approach to belief updating. This will be made precise in Section 4.1.

Properly modeling inconsistency also turns out to be a recurrent theme in
machine learning, as we will see in Chapter 6. A variational autoencoder [Kingma
and Welling 2014], for instance, is essentially three cpds: a prior p(Z), a decoder
p(X|Z), and an encoder ¢(Z | X). Because two cpds target Z (and the cpds are

inconsistent until fully trained), this situation can be represented by PDGs but
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not by other graphical models.

In the coming chapters, we will explore these connections, and the broader

theory of probabilistic modeling that is enabled by the PDG representation.
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APPENDICES FOR CHAPTER 3

3.A Proofs

For brevity, when the appropriate variables are clear from context, we write
p(z,y) in place of (X =z,Y =y), p(x | y) in place of (X =2 | Y =y), and so
forth.

3.A.1 Properties of the Scoring Semantics

In this section, we prove the properties of scoring functions that we mentioned
in the main text, Propositions 3.1, 3.2, and 3.4. We repeat the statements for the

reader’s convenience.

Proposition 3.1. If M is a PDG with 3 > 0, then ;o € {M} iff Olncm(p) = 0.

Proof. By taking v = 0, the score is just OInc. By definition, a distribution
w € {M} satisfies all the constraints, so u(Y = - | X = z) = P,(x) for all arcs
X =Y € A™and r with u(X = z) > 0. By Gibbs’ inequality [MacKay 2003],
D(u(Y|z) || Pu(z)) = 0. Since this is true for all arcs, we must have Olncm(p) = 0.
Conversely, if © ¢ {1}, then it fails to marginalize to the cpd P, on some arc
a, and so again by Gibbs inequality, D(u(Y'|z) || Pu(z)) > 0. As relative entropy
is non-negative, the sum of these terms over all arcs must be positive as well,

(because we have assumed 3 > 0) and so Olncm (i) # 0. O

Before proving the remaining results, we prove a lemma that will be useful in

other contexts as well.
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The next proposition gives us a useful representation of [771].,, and letting us

decompose into three more interpretable pieces.

Proposition 3.9. For all PDGs M, [M]., (1) =

1 1 1
Z <5a10gw + (a7 = Ba) logm) —VIOgm]. (3.8)

X&HYeA

E

vV
log likelihood / cross entropy  local reqularization (if Ba > aa7y) olobal reqularization
S - S J S S

Proof. We use the more general formulation of SDef given in Section 3.4.3, in

which each arc a’s conditional information is weighted by «,.

[, (1) := Olncm () + vSDef (1)
~ Zﬁaw (n(v1X=2) || Pu(a)) | + 7| 2 e HY | X) —H(p)

E (8 D(u(y | 2) || BY | )

Teofhy

e HY | X=2)| — 7 H(p)

J{m

X
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tagy (Y plylx) log —

yev(Y)
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We can now prove Proposition 3.2.

m

Proposition 3.2. If0 <y < IIllIl Pa

acA ol

, then [M] is a singleton.

Proof. It suffices to show that [171], is a strictly convex function of y, since every
strictly convex function has a unique minimum. Note that

[mj, (n)

1 1 1
5a 10gm + (aay — Ba) log m] - VIOgW}

X
— { Z _’yoza log ! + (Ba — aa) log
{ xSy

i Pu(y | z) Pu(y | z)
1 1
— (Ba — ) log ] x)} —vlogm}
B o log L g Myl 1
- raog g+ () log B ’”%(w)}

(z,y)~uxy Pa(mx) TrpX

= {vaa E log——+(fa—y) E D(uXl|z) || Pa(x))} — v H(p).
XY

The remainder of the argument analyzes the convexity of the three terms of

this final formula. The first term, E, ., [~logP.(y | z)] is linear in x (since

P.(y | ) does not depend on 1), and hence convex. As for the second term, it is

well-known that relative entropy is convex, in the sense that

D(Aqi + (1 =Nz || Apr + (1 = A)p2)

<AD(q1 || p1) + (1 =A)D(qz || p2)-

Instantiate this for distributions over values of Y, setting p; = py := P,(x), and

g =mY | X =2zx)and ¢» := pa(Y | X = z), to get:

DA (Y [ 2) + (1 = MNpa(Y [ ) || Pal))

< AD(u(Y | ) || Bi)) + (1= ND(o(Y | ) || Bi(x)).
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So D(u(Y | x) || Py(Y|x)) is convex as a function of p. As convex combinations
of convex functions are convex, the second term, E,.,,x) D(u(Y | z) || Py(x)), is
convex. Finally, negative entropy (the third term) is well known to be strictly

convex.

Any non-negative linear combinations of the three terms is convex, and if
this combination applies a positive coefficient to the (strictly convex) negative
entropy, it must be strictly convex. Therefore, as long as 3, > ~ for all arcs

a € A™, [m], is strictly convex. The result follows. O]

We next prove Theorem 3.3. The first step is provided by the following lemma,
which shows that any limiting optimal dsitributions as v — 0 must also be

optimal distributions for v = 0.
Jd0. 1 *C A,
Lemma 3.10 %12%[[772]]7 C [m];

Proof. Since SDef 1, is a finite weighted sum of entropies and conditional entropies
over the variables N, which have finite support, it is bounded. Thus, there exist
bounds k and K depending only on N and ¢, such that k < SDef (1) < K

for all pu. Since [M]., = Olncm + vSDef yy, it follows that, for all 1 € VX', we have
Olnem(p) + vk < [M],(p) < Olnem(p) + 7K.

For a fixed 1, since this inequality holds for all 1, and both OlInc and SDef are

bounded below, it must be the case that

min OIHCm(u)Jrvk] < min [M],(x) < min OInCm(u)JrvK],

HEAVX T peAVX T peEAVX

even though the distributions that minimize each expression will in general be

different. Let Olnc(1M) = min, Olncm(p). Since AVX is compact, the minimum
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of the middle term is achieved. Therefore, for p1, € [M]}(x) that minimizes it,
we have

Olnc(M) + vk < [M] (1) < Olnc(M) +~vK

for all v > 0. Now taking the limit as v — 0 from above, we get that Olnc(M) =
[M]o(1*). Thus, p* € [M];, as desired. O

We now apply Lemma 3.10 to show that the limit as 7 — 0 is unique, as stated

in Theorem 3.3.

Theorem 3.3. For all proper PDGs (such as when 8 > 0), lir% [M] is a singleton.
=

Proof. First we show that lim., ,o[777]} cannot be empty. Let (7,,) = 71,72,... be a

*

sequence of positive reals converging to zero. For all n, choose some 1, € [M]? .

Because AVX is a compact metric space, it is sequentially compact, and so, by the
Bolzano-Weierstrass Theorem, the sequence (1:,,) has at least one accumulation
point, say v. By our definition of the limit, v € lim,_,, [[m]]i;, as witnessed by the

sequence (Yp, fin )n- It follows that lim., o [12] # 0.

Now, choose vy, 15 € hmﬁo[[m]];. Thus, there are subsequences (y1;) and (1)
of (u,) converging to vy and vy, respectively. By Lemma 3.10, vy, 15 € [IM];, so
OInem(v1) = Olnem(vo). Because (pj,) — 11, (pr,) — v2, and SDef y, is contin-
uous on AVX, we conclude that (SDef y;(11;)) — SDef y(v1) and (SDef 1, (115)) —

SDef m(v2).

Suppose that SDefy,(v1) # SDef yy(v2). Without loss of generality, suppose
that SDef ;,(v1) > SDef 1 (v2). Since (SDef 1, (1)) — SDef (1), there exists some

i* € N such that for all i > i*, SDef;(11;) > SDef yy(v2). But then for all v and
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1 > 1*, we have
[ (1) = Olnc(pi) + vSDef u(pi) > Olnc(va) + vSDef p(v2) = [M],(v2),

contradicting the assumption that ;; minimizes [171],,. We thus conclude that
we cannot have SDef ,(v1) > SDef 1, (v2). By the same argument, we also cannot

have SDef 1, (v1) < SDef i (v2), 80 SDef y(v1) = SDef 1y (v2).

Now, suppose that v; and 15 distinct. Since [11], is strictly convex for v > 0,
among the possible convex combinations of 74 and v», the distribution v5 = Av; +
(1 — \)v, that minimizes [M], must lie strictly between v, and v». Because Olnc
itself is convex and Olncm(v1) = Olnem(v2) =: v, we must have Olncm(vs) < v.
But since vy, v, € [M]j minimize Olnc, we must have Olncy(vs) > v. Thus,

Olncm(vs) = v. Now, because, for all v > 0,
[M],(v3) = v+ vSDefy(v3) < v+ vSDef (1) = [M](11),

it must be the case that SDef,,(v3) < SDef 1 (11).

We can now get a contradiction by applying the same argument as that used
to show that SDef;,(v1) = SDefyy(v2). Because (u;) — v1, there exists some 7*
such that for all i > i*, we have SDef ;;(11;) > SDef 1, (v3). Thus, for all i > i* and

ally > 0,
(M, (1) = Olnc(p) +SDef m(yus) > Olnc(vs) +8Def () = [M], (vs).

again contradicting the assumption that y; minimizes [171].,. Thus, our suppo-
sition that 14, was distinct from v, cannot hold, and so lim,_, ﬂm]]; must be a

singleton, as desired. O

Finally, Proposition 3.4 is a simple corollary of Lemma 3.10 and Theorem 3.3,

as we now show.
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Proposition 3.4. [N, € [M];, so if M is consistent, then [M]}, € {N1}.

Proof. By Theorem 3.3, lim,, ,o[171]} is a singleton. As in the body of the chapter,
we refer to its unique element by [771]},. Lemma 3.10 therefore immediately
gives us [M]}, € [M];. If M is consistent, then by Proposition 3.1, Olnc(M) = 0,
so [M]o([M];.) = 0, and thus [M]3. € {Mm}. O

3.A.2 Bayesian Networks as PDGs

In this section, we prove Theorem 3.5, starting with the detals of how to transform
a BN into a PDG. The transformation to a PDG with a directed hypergraph
structure is immediate. Here, we give the formal details of how to compile it to a

strict PDG, with only ordinary directed edges.

Definition 3.12 (BN to strict PDG). Recall that a (quantitative) Bayesian Network
(G,P) consists of two parts: its qualitative graphical structure G, described
by a dag, and quantitative data P which consists of a cpd P;(X; | Pa(X;))
for each variable X;. Given a Bayesian network B over variables X3,..., X,
we construct the corresponding strict unweighted PDG 771z as follows: we
take N := {Xy,..., X,,} U{Pa(X;),...,Pa(X,)}. That is, the variables of M
consist of all the variables in B together with a variable corresponding to the
parents of X;. These additional variables are used to emulate the hyperarcs. The
values VX, for the original variables X; are unchanged, and we set ¢/ (Pa(X,)) :=
[Tyepacxy) V(Y). (If Pa(X;) = &, so that X; has no parents, then we then we
identify Pa(X;) with 7 and take /(Pa(X;)) = {x}, as discussed in Section 2.2.).

We take the set of arcs A := {(Pa(X;)—X;) :i=1,...,n} U{(Pa(X;)—=Y) :
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Y € Pa(X;)} to be the set of arcs to a variable X; from its parents, together with
an arc from from Pa(X;) to each of the elements of Pa(X;), fori =1,...,n. For
the cpds, we set Pipa(x,)—x,) to be the cpd associated with X; in B. Finally, we

give the standard projection X; € Pa(X;) defined in Construction 3.2 to the

remaining arcs. So, if X; € Pa(X;), we set

]PD(Pa(Xi)—)Xj)(- sy Ly e ) = 5xj§

that is, Pgsa(Xi),Xj) is the the cpd on X that, given a setting (..., z;,...) of Pa(X;),
yields the distribution that puts all mass on z;. O

Consider a BN B with variables XX = {X;,...,X,}, and let 3 > O be a
positive vector over X. Let (N,V, A ,P) := My be the corresponding strict
(unweighted) PDG. N contains X, but also contains variables of the form Pa(X;),
so it is a strict superset. However, there is a unique way to determine all of these
other variables from X, in a way that is compatible with the extra structural cpds
in M. Specifically, given a joint setting w € VX, the variable Pa(X;) must take
on the restriction w[Pa(X;)] of w to those variables. Let f : YX — VAN denote
this function. Thus, it makes sense to identify distributions © € AVN of the
form pu(X)df (N | X), and their marginals p(X) € AVX. It is easy to see that any
extended distribution v(N) that is not of this form will have infinite score, and

so will not be relevant for the scoring function.

Theorem 3.5. If B is a Bayesian network and Prg is the distribution it specifies, then
for all v > 0 and all vectors 3 such that 3, > 0 for all arcs a, [Mp 3]} = {Prs}, and
thus [[mgﬁ]]* = PI‘B.

Proof. For the cpd p(X; | Pa(X;)) associated to a node X; in B, we have that
Prp(X; | Pa(X;)) = p(X; | Pa(X;)). For all nodes X; in B and X, € Pa(X;), by
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construcction, Prg, when viewed as a distribution on , is also with the cpd
on the arc from Pa(X;) to X;. Thus, Prp is consistent with all the cpds in M 5;
soOIncmy ,(Prs) = 0.

We next want to show that SDef . (1) > 0 for all distributions y. To do this,
we first need some definitions. Let p be a permutation of 1,...,n. Define an
order <, by taking j <, i if j precedes i in the permutation; that is, if p=(j) j

~1(i). Say that a permutation is compatible with B if X; € Pa(X;) implies j <,, i.
There is at least one permutation compatible with B, since the graph underlying

B is acyclic.

Consider an arbitrary distribution ;. over the variables in X (which we also
view as a distribution over the variables in A/, as discussed above). Recall
from Definition 3.12 that the cpd on the arc in M1 3 from Pa(X;) to X; is just
the cpd associated with X; in B, while the cpd on the arc in M1 3 from Pa(X;)
to X; € Pa(X;) consists only of deterministic distributions (i.e., ones that put
probability 1 on one element), which all have entropy 0. Thus,

Y OHY[X)= ZH (X; | Pa(X))). (3.9)

X%y eAs

Given a permutation p, let X_ ; = {X} : j <, i}. Observe that

SDef m,, , (1) = > HL(Y[X)| —H(p)
X%yeAs
_ZH (X; | Pa(X. ZH (X;| X,;) [byFact2.2and (3.9)]

=1

—Z[ (X: | Pa(X,) ~ H(X, | X_,0)

_ ZIM (XZ- . X, \ Pa(X))
=1

(Xz)) . [by Equation (2.4)]
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Using Equation (2.4), it now follows that, for all distributions 1, SDef . (1) >

0. Furthermore, for all ;» and permutations p,

SDef (1) =0 iff Vi X; 1L, X_ ;. (3.10)

Since the left-hand side of (3.10) is independent of p, it follows that X is
independent of X_ ; for some permutation p iff X; is independent of X_ ; for
every permutation p. Since there is a permutation compatible with B, we get
that SDefy,, ,(Prs) = 0. We have now shown that that SDefy;,, , and Olnc are
non-negative functions of ;, and both are zero at Proz. Thus, for all v > 0 and
all vectors /3, we have that [N 3] (Prg) < [Mps], (1) for all distributions p. We

complete the proof by showing that if ; # Prg, then [Nz 5] (1) > 0 for v > 0.

So suppose that ;1 # Prs. Then ;o must also match each cpd of B, for otherwise
Olncmy, ﬁ(,u) > 0, and we are done. Because Prj is the unique distribution that
matches the both the cpds and independencies of B, ;» must not have all of the
independencies of B. Thus, some variable X;, X; is not independent of some
nondescendant X; in B with respect to ;.. There must be some permutation p of
the variables in & compatible with B such that X, <, X; (e.g., we can start with
X, and its ancestors, and then add the remaining variables appropriately). Thus,
it is not the case that X; is independent of X_,;, so by (3.10), SDef . (1) > 0. This

completes the proof. O

3.A.3 Factor Graph Proofs

Theorems 3.6(a) and (b) are immediate corolaries of their more general counter-

parts, Theorems 3.7 and 3.8, which we now prove.
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Theorem 3.8. For all unweighted PDGs (A, P), non-negative vectors v of shape A,
and all oy > 0, we have that [(P, v, yv)], = v VFE (4, ), consequently, [(P, v, yv)]: =
{Pr(@,v)}. In other words, if M is a PDG with 3 x o, and v is the constant of
proportionality, then [ is a singleton containing the distribuion of the factor graph

Op weighted by o

Proof. Let M := (N, v,~yv) be the PDG in question. Explicitly, o = v, and

M = ~u, for all a € A. By Proposition 3.9,

1 1 1
[[m]]xm:w@u{ > [ﬁalog By o) T ) logm} ‘”bgm}'

x5y
Let {¢q}rca := Pn denote the factors of the factor graph associated with 1.

Because we have o,y = f3,, the middle term cancels, leaving us with

[[m]]w(u)zw@u{ 2. -5“logm} _vlogﬁ}

' 1 1
= WIEM{ > 0slog qb(x’y)} —7log W} [as B, = va7]

szlgu{ Z [Ualogm] _logﬁ}

X—Y

=7 VFE(@mv).

It immediately follows that the associated factor graph has [M]} = {Praoum)},
because the free energy is clearly a constant plus the KL divergence from its

associated probability distribution. O

Theorem 3.7. For all WFGs V = (®,0) and all v > 0, we have that VFEy =

Yy[My 4], + C for some constant C, so Pry is the unique element of [My .
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Proof. In My, there is an arc 1 — X; for every J € J, and also arcs X; — X
for each X; € X ;. Because the cpds attached to the latter arcs are deterministic,
a distribution y that is not consistent with one of the arcs, say X, — Xj, has
OIncm(p) = oo. This is a property of relative entropy: if there exist j* € V(X))
and z* € V(J) such that z; # j* and p places positive probability on their

co-occurance (i.e., u(j*,z*) > 0), then we would have

B D<N<Xj | X, = z) H 1[X; :zj]> = Z M(Z,L)log“(L—|Z)L

Z~ Ly 2€V(X,), H[Zj = ]
LEV(X;)
> u(z", ") log M(Z* 12) _ o
1]z} = ji]

Consequently, a distribution ;1 that does not satisfy the the projections has
[My ], (1) = oo for every . Thus, a distribution that has a finite score must
match the constraints, so we can identify such a distribution with its restriction to
the original variables of ®. Moreover, for all distributions  with finite score and
projections X ; — X, the conditional entropy H(X; | X;) = —E, log(u(z; | z))
and divergence from the constraints are both zero. Therefore the per-arc terms
for both SDef y; and Olncy can be safely ignored for the projections. Let P; be the
normalized distribution Z%gzﬁ jover X;, where 7; = ZIJ ¢s(x ) is the appropri-

ate normalization constant. By Definition 3.10, we have Ny, = (14,6, 70), so
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by Proposition 3.9,

[[m\lw]]w(m = INE

= { -(’YQJ) log %J + (057 — ~05)log u(;})] — vlog ) }
K

Zy 1
= 0,1 _ -
T {Zj 6 w) u(X)}
1
ERGNE log Z 1
gl x@#{;% IOgng( J)+ 0g J} 0g (x)}

=~ VFEy —i—/{:logHZJ,
J

which differs from VFEy by the value ) ;60,log Z;, which is constant in . [
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CHAPTER 4
REPRESENTING THINGS WITH PDGS

PDGs are extremely expressive. We saw in Sections 3.4.1 to 3.4.3 that PDGs can
capture graphical models such as Bayesian Networks and Factor graphs—but
this is only the beginning. In this chapter, we will see how a wide variety of other

kinds of epistemic information can be captured with PDGs.

Probability is the dominant way that computer computer scientists, statisti-
cians, and economists think about epistemic state. This is due to standard betting
arguments suggesting that any sufficiently rational agent (e.g., one resistant to
dutch books) must act as if it had probabilistic beliefs [Vineberg 2022; Savage
1954]. This leads us to make a simple but conceptually important observation: a

joint probability distribution is itself a special case of a PDG (Section 4.1).

In Section 4.2, we develop a library of more intricate tools, which we call
widgets, that can capture various modeling tools and fragments of epistemic
information. Doing so will enable us to deliver on the promises made in Sec-
tion 3.2.1, of being able to use the current PDG formalism to express seeming

generalizations of PDGs.

Despite its dominance, probability has shortcomings, and it is not the only
tool we have for representing knowledge and uncertainty [Halpern 2017, §2]. In
Section 4.3, we will use the tools developed in Section 4.2 to show that PDGs
capture some of these other well-established representations of uncertainty,
most notably sets of probability measures, known as credal sets [Walley 1991]
(Section 4.3.1) and Dempster-Shafer Belief functions [Shafer 1976] (Section 4.3.2).

We also give a quick overview of other representations captured by PDGs that
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will play larger roles later on: cluster (pseudo)marginals, causal models, and

neural networks (Sections 4.3.3 to 4.3.5).

4.1 Probabilities and Random Variables

We start with an obvious construction: a joint distribution can be viewed as a
very special case of a PDG. Let X" be a set of variables, and recall that VX is the
set of all joint settings of the variables X'. A joint distribution 1 € AVX" can be
implicitly regarded as a PDG that has a single hyperarc ) — X. We attach p as
the (c)pd, and give it weights a = 0 (at least, if the distribution is intended to

represent only purely observational information) and $ = 1 (default confidence).

With this simple construction in mind, let’s revisit the a point made Sec-
tion 2.3.1 now that we can talk about PDGs. To a probability theorist, these
joint distributions ;1 may seem to be of a very special form, because they are
over product spaces. In probability theory, the setup is typically instead that
one has a (measurable) set 2 of outcomes, and then random variables are in fact
(measurable) functions X : Q0 — VX. Observe that this too is an immediate special

case of a PDG in which W is a variable with possible values VI := Q:

%//QL\\9

(In fact, this PDG happens to also be a BN, if one isn’t worried about calling W,
itself typically a product of variables, a variable.) It is easy to see that these PDGs

are consistent, and represent precisely the distribution ;» and the set of random
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variables, no matter what 3 > 0 we select.

Of course, the semantics of PDGs developed in Section 3.3 make heavy use of
the usual definition of a joint distribution ¢ € AVX, and so it would be circular
to implicitly convert joint distributions to PDGs before developing the results of
the previous chapter—but now that PDG semantics are on solid ground, we may
freely regard a joint distribution as a PDG. What makes PDGs special is their

capability to do this while simultaneously representing other things.

Updating with PDGs combination. We can regard a probability distribution

i € AQ as a PDG M—) W with VW = Q. At the same time, we can view

J
an observed event U : 2 — {0,1} as a PDG | W/ E) U? — with V(U?) =
{0,1}. What happens when we combine them, to form a new PDG M := p +
U? Because the conditional distribution p|U is the distribution that minimizes

relative entropy from g, it follows that

* The unique element of [171]; is u|U
* The observational inconsistency (M), = 1,[U] = —log p(U) is the log prob-
ability of ;. (Proposition 6.2)

More generally, if our observation had been not an event (i.e., a deterministic
distribution over a binary variable), but some other high-confidence distribution
over a variable p(X'), we would have found that the resulting optimal distribution
was the result of applying Jeffrey’s rule [Jeffrey 1968] to update ; with p. This an

immediate restatement of a standard result [Halpern 2017, pg. 109].

108



4.2 Widgets

PDGs may be expressive, but they are structured objects with clear and specific
specific syntax. After some brief reflection, one might even find the syntax
unnecessarily restrictive. Recall: in specifying the data for an arc X — Y/, one
must specify a complete probability distribution p(Y|x) over the values of Y for
every value x € VX. This appears to be a serious limitation. For instance, if X
and Y are binary variables, one might want to annotate an arc X — Y with data
indicating that X — Y (i.e, if X = 1 then Y = 1). There are no problems
in supplying a probability over Y when X =1, but unfortunately we also seem
to be on the hook to provide a distribution over ¥ when X=0. To take another
example, what if we do not want to supply the full probabilistic information, but
only whether or not it is possible that Y=y given X=x? Farther afield, what if
we want to model soft constraints, or distances, or couplings between marginal

distributions?

At first glance, it appears that modeling any of these concepts might require
introducing generalizations of the PDG formalism. Yet it turns out that each of
these concepts can be compiled to a small PDG that exactly captures it, which

we call a widget.

4.2.1 Relations and Constraints

A constraint on a set ) of possible worlds is a subset C' C (2 of satisfying values,
or equivalently, a function C' : Q@ — {true,false} assigning to each w € Q
a Boolean indicating whether or not it is allowed. A probability distribution

i € AQ over a finite set () encodes in particular a constraint on the possible
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values of () that can be observed—namely, that they must be among Supp i =
{w e Q: p(w) > 0} C Q. Butis it possible to encode a constraint (in a PDG)
without adding any additional probabilistic information? In a factor graph, the
answer is yes: simply multiply by a factor that encodes the constraint C—a factor
happens to be equivalent to the uniform distribution over C. Unfortunately, this
construction only works because factors lose their probabilistic interpretations
in context. The same approach does not have the effect we are looking for in a
PDG, because beyond articulating the constraint, it also involves specifying a
belief that all elements of C' were equally likely—information we do not have
and would like to avoid assuming. In this section, we will develop a widget that

will enable PDGs to represent precisely this information and nothing more.

Recall that, in a PDG, the sample space (2 consists of joint settings of variables;
a constraint on joint settings of variables is known more familiarly as a relation
(see Section 2.1). We have already seen how PDGs can encode certain relations,
such as in compiling a directed hypergraph to a graph (Construction 3.2), where
we managed to enforce a constraint on the triple of variables (A4, B, A x B)
ensuring that the value of A x B is always the pair consisting of the value of
A and the value of B. But this is a very special kind or relation—an equality
relationship between variables that already appear to have a clear structural
relationship. Can we encode arbitrary relational constraints with a PDG? It turns

out we can.

Consider a relation R = R(Aj,...,A,) between the (values of) variables
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Ai, ..., A,. We associate R with a PDG

Y
@

where T is a variable that intuitively represents “truth”; it technically can take

mR =

on two possible values: VT := {t,f}, but it always takes on t. Note that the
arc labeled “R” is attached to the obvious way of regarding R as a conditional

probability distribution, i.e., the cpd 0R(T | A;,..., A,).

We simplify notation by implicitly converting R to the PDG 771 whenever it
would be helpful to regard it as one, thereby identifying R and 771y. Furthermore,
we also adopt the graphical notation that leaves T implicit, so that the binary

relation R(X,Y’) and the constraint C' C ¢V can be depicted graphically as

R C
XY'Y and W—»'«’

respectively, in PDG notation. Where does this notation come from? Intuitively,
the variable T is uninteresting because it always takes the value t, so we may
as well suppress it. So, visually, all we have done is to shrink the variable T to
a single point, and suppress the label t on the event T=t. What remains are a
pair of double-headed arcs joined head-to-head, visually encoding the potential
for epistemic conflict if the constraint is violated (i.e., if positive probability is
given to (z,y) ¢ Rorw ¢ C). Just as we have left T implicit in the graphical
notation, we will want to identify a distribution ;(X’) with the “extended” distri-
bution /(X)) (T=t)—except in the following theorem statement, where we treat

it carefully.
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Proposition 4.1. If R = R(Ai,..., A,) = R(X) is a relational constraint on the
variables X = {A;,..., A,}, then, writing R for both the PDG My and the event
R C VX, we have:

LR} ={n(X,T) : Suppp € R x {t}} = {u(X,T) : p(R) = p(T=t) = 1}.

2. Moreover, for all PDGs T with variables X O X,

(a) pe {M+ R} iff u(X) € {M} and u(R) =1 (and also p(T=t) = 1).
(b) provided (M), < oo, [M + RJ consists entirely of u satisfying pu(R) = 1.

(c) for all v > 0, (M + R)., > (M)., with equality if and only if there exists
some j1 € [M]} for which u(R) = 1.

4.2.2 “Soft” Constraints and Barriers

We have seen how “hard constraints” X — {0,1} can be added to a PDG.
But what about “soft” constraints, for which violations can lie in the gray area
between zero and one? Although it is a vector of shape VX, this is very different
from specifying a probability over X because there is no reason the assignments
should sum to 1; we could assign every x a violation of 0.99 or 0.01, for instance.
Still, in light of the construction in the previous section, there is an obvious way
to approach this: simply do same as before, except use a cpd ¢(T | X)) that may

not be deterministic in place of R(T | X).

Given a set X of variables, and a function s : ¥X — [0, 1], let 1M, denote the
PDG with variables X U {T} and two cpds: the event T=t (as before), and the
cpd s(T | X) with s(T=t|X=x) = s(x). Semantically, the PDG 11, has almost all
of the properties we have seen in the case of hard constraints; the following is a

strengthening of Proposition 4.1.
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Proposition 4.2. Given a function s : VX — [0, 1]. we can regard s as a cpd s(T | X)
with s(T=t|X=x) = s(x). We then have the following analogues of the results for hard

constraints:

LMY = {u(X,T) : u(s(X) = 1) = 1 = p(T=t)}.

2. Moreover, for all PDGs T with variables X D {X},

(a) pe {Mm+ s(X)}iff u(X) € {M}Y and p(s(X)) =1 (and p(T=t) = 1).

(b) provided (M), < oo, the set [N + N,]* consists entirely of ;i satisfying
p(s(X) > 0) = 1.

(c) forall v > 0, (M + M,)., > (M)., with equality if and only if there exists
some p € [M]} for which p(s(X) =1) = 1.

Despite the similarity so far, there is a big difference between hard and soft
constraints: values of = that have intermediate satisfaction scores s(z) € (0, 1),
while not fully consistent, are still possible. Indeed, such values of + may even
be probable in the optimal distribution, if that happens to be the best way to
resolve an inconsistency. To get a deeper understanding, it is helpful to look at

the scoring function of 771, in the context of another (arbitrary) PDG:
[, + M1, () = [M], (1) — E, [ log s(X)]. (&.1)

The key is the final term; adding 771, to 771 has had the effect of augmenting the
scoring function [M1]., with something called a log barrier function. Log barrier
functions play an important role in solving constrained optimization problems
with interior point methods. In fact, a similar function will ultimately be the key

to inference in PDGs themselves, in Chapter 8.
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4.2.3 Couplings and Wasserstein Metrics

A coupling between distributions p(X) and ¢(Y) is a joint distribution over X and
Y whose marginal on X is p and whose marginal on Y is ¢q. Couplings are an
important tool for probabilistic reasoning, and are the basis of optimal transport
theory [Santambrogio 2015], a wide range of programming logics [Kaminski et al.

2020]. Formaly, the set of couplings between p and ¢ is defined as

(p(X).q(¥) = {n € AVCLY) 0 p(X) = p, ul(Y) = g}

Observe that this is exactly the set of distributions consistent with a PDG con-

I(p, q) = { p)l( qil/ }

The couplings themselves are not all that a PDG can capture. Suppose we

taining p and ¢, i.e.,

have a distance metric d on a space X. The Wasserstein distance (also called
earth-mover’s distance or the Kantorovich metric) between p, ¢ € AX, given by

Wi(p,q) ;== inf E [d(X, Y)},

pE(p,q) B

is a foundational quantity in optimal transport []. This definition effectively takes
p(X) and ¢(X) with high confidence, by constraining to 1 € II(p, ¢). But, in order
to represent this as a PDG, we need to represent the d in probabilistic terms. A
distance is not a probability, but we can convert it to a soft constraint and write it

in probabilistic terms, as in Section 4.2.2. Accordingly, we have:

Proposition 4.3. Suppose that p(X) and q(Y') are probability distribuitons. Given a

distance measure d : V(X,Y") — [0, 00|, define a soft constraint according to (z,y)

—d(

e~4@Y) which results in a cpd d(T=t | x,y) := exp(—d(z,y)). The (observational)
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inconsistency of these of these pieces of information is the Wasserstein distance Wy(p, q).
That is,
p'] q'|
Mol +al) = XY ) = it E[A(X,Y)] = Wilp.q).
<< atpttd) tY o B X Y) 1(p: q)
— T

where the exclamation points indicate high confidence ( = o0).

Proof. The high confidence specification of p and ¢ constrains the optimal dis-
tributions to II(p,q). Whatever the optimal distribution y*, the score of that

distribution, by (4.1), is

E,-[—logd(T=f | X,Y)] = E,-[—logexp(—d(X,Y))] = B« [d(X,Y)]. O

It follows that objectives based on optimal transport, which are thought of as
geometrically sensitive alternatives to relative entropy, can in fact be represented
directly with PDGs (whose semantics are given in terms of entropy), provided

the transport cost is articulated in terms of a soft constraint.

4.2.4 Incomplete CPDs and Individual (Conditional) Probabilities

A cpd between discrete variables can be represented by a stochastic matrix
(i.e., a matrix whose rows sum to one). It turns out that it is possible to use
the machinery of PDGs to, effectively, give only some of the values in that
matrix. In PDG notation, we may abbreviate the widget that implements p(Y'|X)
with some missing values by adding an empty circle at the tail, i.e., drawing

X 0= Y . We now present an important extreme case of that construction:

how, for any p € [0, 1], we can construct a PDG that represents the belief that
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Pr(Y=y|X = z) = p, but says nothing about how the probability splits between

other values of y, and also says nothing about the probability of YV if X # .

First, we introduce two new auxiliary variables. The first variable, which we
might like to call “Y'=y”, but mostly refer to as Y, to prevent confusion with
the synonymous event, is a binary variable, with V(Y,) = {y, -y}, and takes the
value y if Y = y, and —y if Y # y. The second variable, which we would like
to call “X=z||Y=y”, but instead mostly refer to as X, Y, to prevent notational
confusion, can take three values: V(X,Y,) := {z,y, —y}. The value z is meant to
correspond exactly to the event X =z, much like before, so that XY, = z if and
only if X = z. The values y and —y also correspond to their respective events,
but more loosely; the variable XY, only takes one of these values when X # .
Note that both variables can be determined from X and Y (although we will
need to enforce this with additional arcs), and therefore there is a unique way to

extend a distribution over X and Y to also include the variables Y, and X,Y),.

With these definitions in place, there is now an obvious way to add an arc
from the variable (X,Y)) to the variable Y,, together with a cpd asserting that
Pr(Y=y|X=x) = p. This cpd is written as a stochastic matrix p defined on the
right of Figure 4.1. The PDG we have just constructed is illustrated on the left
of Figure 4.1. In addition to p and the new variables, this PDG includes the
structural constraints s; and s, needed to define the variables X,Y, and Y, in
terms of X and Y’; they are deterministic functions, drawn in double-headed

gray arrows.

So, when we add Pr(Y = y|X = z) = p to a PDG M, what we really mean is:
tirst convert construct a widget as above, and add that structure (i.e., the new

variables XY, and Y}, their definitions s; and s,, and the cpd p) to 171. In what
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oG p(Yy|XzYy) = 0 [
° . 0 1 Y
) -y
x fX=x
s1(XLY X, Y):=0¢y ifX#zandY =y
-y ifX#zrxandY #y
ifY =
sY,v) =Y T 7Y
y Y #y

Figure 4.1: A widget PDG for capturing a single conditional probability: a statement of
the form Pr(Y=y | X=x) = p, for p € [0, 1].

sense does this “work”? The first order of business is to prove that it behaves as

we should expect, semantically. This means showing that the widget contains

precisely the information that Pr(Y=y|X=z) = p, and nothing more. We now

explore two ways of making this precise with the semanics of PDGs.

Proposition 4.4. If M is a PDG, then p € {M} with (Y =y|X=x) = p if and only
if pwextends (via sy, s2) to i € {M + Pr(Y=y|X=z) =p}.

We have shown that the effect of our widget on a PDG’s set-of-distributions
semantics is precisely to restrict to distributions ; in which p(y|z) = p. But this
result is vacuous for inconsistent PDGs, whose set-of-distributions semantics is
empty. We now give a result of similar character for the inconsistency semantics

of a PDG, which shows our construction behaves appropriately for all PDGs.

Proposition 4.5. Suppose M is a PDG with variables X and 3 > 0. Then, for all
X)YCX,xzeVX,yeVY,pel0,1]and v > 0, we have that:

<<m + Pr(Y=y|X=x) = p>> > (m).,,

o
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with equality if and only if there exists i € [N such that u(Y =y|X=x) = p. (Note

that this condition is trivially satisfied when p(X=x) = 0.)

“Conditional Conditional” Probabilities. We now turn to another, closely
related modeling task. What if we wanted to specify a full cpd p(B|A), but with
the stipulation that it was only meaningful when a third “guard variable” G takes
a certain value (say, G=1)? This can be a useful thing to model. For instance, it
exactly describes a common practice for reducing errors in machine learning,
by identifying domain shift: train a classifier (whose output is () to detect if
the original predictor p(B|A) is relevant to the current context, and only apply
p if it is (i.e., G=1). A second, more abstract use for this primitive is to enrich
PDGs with another notion of confidence. By adding a guard variable G, for each
a € A, and asserting that each GG, = 1 occurs with probability 1 — ¢, (for some
€, € [0,1]), it becomes possible to articulate a different and more standard kind
of probability-based confidence in the reliability of each cpd. (Observe that the

special case in which each ¢, = 0 is the definition of a PDG we already have.)

Technically speaking, the specification of p(B|A) under the condition that
G = 1is really no different from a cpd p(B|A, G=1). Gven that we have already
proved that PDGs an represent arbitrary conditional probabilities, it is entirely
expected that PDGs can represent this too. A widget for it is illustrated in

Figure 4.2.

4.2.5 Probability Ranges

Probability requires the modeler to assign a specific number to every event

U C Q. This can be restrictive; what if you simply don’t know, and so are not
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©(G, A, B) := if G then A else B.

»@0{ ;/ p(B|A=a) ifX =a
orb b(X):=

Figure 4.2: A widget implementing a CPD whose presence is conditioned on a guard
variable, i.e., p(B|A, G=1)

o - a 1—al 2
b(Y,|X,Y,) =aY, |X.Y,)=[1 0 |v ,
0 1 -y
ifY = — 11 ifY =
5o [Y) o= 4% TYZY and sy = D =y
Y (null) ifY #y Oy ifY #vy

where (null) indicates no information (see Section 4.2.4),

r X=u=za
and s,(X,Y,|X,Y,) =s3(X,Y |X,)YV )=6{y ifX#zandY, =y
-y fX #zxzandY #y

as in Figure 4.1.
Figure 4.3: A widget PDG for capturing a conditional probability range, a statement of

the form Pr(Y=y | X=z) € [a, b].
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prepared to assign a probability to U? One heavily studied line of work aimed
at addressing this issue allows the modeler to instead specify a range of values
rather than a single one; thus one can say “the probability of U lies between % and
17, for example. It is easy to see that specifying an actual probability distribution
is the special case where the upper and lower bounds are equal, but in general,

this approach yields a far richer theory [Walley 1991].

At first, it appears that allowing a modeler to specity beliefs this way would
require us to define an generalized PDG in which the modeler specifies not a cpd
p(Y'|X), but rather upper and lower bounds on it. But yet again, it turns out to

be possible with the definition we already have.

There are multiple ways to do this. One idea to specify Pr(Y=y | X=z) € [a, ]
with a PDG is to add an “overapproximation” variable Y, that is guaranteed to
take on the value y whenever Y does (but may also take on the value y other
times), as well as an “underapproximation” variable Y, that can only take on the
value y when Y does (but even then, may not). Once these are defined (e.g., with
constraints), it is not too difficult to encode the upper and lower probabilities as
cpds that target these new variables. A (perhaps clunky) way of fully formalizing

this is fleshed out in Figure 4.3.

4.3 Other Representations of Knowledge and Uncertainty

Probability is the dominant way of talking about epistemic uncertainty in eco-
nomics and computer science, but it is far from the only one [Halpern 2017].
Probability—at least, in the form of a joint distribution y—has some shortcom-

ings. One of the biggest is its inability to represent ignorance well. This has

120



lead many to develop generalizations of probability better suited to representing
ignorance [Shafer and Shenoy 1990; Walley 1991]. It turns out that several of the
most celebrated generalizations of probabilities can be viewed as special cases of

PDGs.

4.3.1 Convex Sets of Probabilities

We have seen that {771} represents a convex set of probabilities. But does this
work the other way around? What if we already have a convex set P of distri-
butions over (2 that we would like to model with a PDG? There is actually a
very straightforward way of doing this. To simplify matters, suppose that P is a
polytope, meaning that it has finitely many extreme points, which we call vertices.
Let V' be a random variable whose possible values V'V are vertices of P, and
define a conditional probability distribution p($2 | V=v) := v, which typechecks

because a vertex v is a distribution over ).

p
e (1) 5 ()

Proposition 4.6. ;1 € P iff it can be extended to some i € {Mp}. That is, P =

{u(W) : pe {mp}}.

Interestingly, this approach also resolves some confusion about maximum

entropy. Let’s look at an example.

Example 4.1. Suppose we are about to flip a coin; but we know that it is either
fair or double-headed, but do not know which. One way of modling this is
might be to take 2 = {H, T} to be the possible outcomes of the coin flip, and

represent our belief with the set of distributions P = {115, 0y }, where 1 5 assigns

121



probability 1/2 to both H and 7', and ¢y assigns probability 1 to /. From a set of
distributions consistent with observations, the principle of maximum entropy
tells us to select the one with the highest entropy—which is a fair coin. This
seems quite extreme; the possibility of the double headed coin has made no

difference to the maximum-entropy distribution!

Part of the problem, arguably, is that we haven’t actually modeled the whole
situation—we’ve left out an important part of the picture: our knowledge about

the bias of the coin, and how that affects the outcome. This information is very

easy to add to a PDG:
P H T
OO
P=11 o) m

Coin

Now, in the maximum entropy distribution, the coin is twice as likely to be
fair as it is to be one-sided, and overall it has a 2/3 chance of landing heads. This
is a more reasonable summary of our belief state—we do not truly believe that
the coin is fair. Furthermore, if we select & = 1 for this edge, then the distribution
with minimal structural deficiency (the analogue of maximum-entropy when
there is causal information present) prescribes the distribution that says the coin

has a 3/4 chance of landing heads, which is in the very middle of our range. A

It is well known that different representations can change the result of max-
imizing entropy [Seidenfeld 1986; Cardoso Dias and Shimony 1981; Friedman
and Shimony 1971]. But some representations better capture a scenario more nat-
urally than others, and PDGs facilitate the choice of representations that interact
well with entropy. This is because, generaly speaking, PDGs force you to make

your modeling choices in an explicit, uniform way (a point we will emphasize
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repeatedly in Chapter 6). In Example 4.1, the PDG representation lead us to a
space which, upon applying the principle of maximum entropy (or better yet,
of minimum information deficiency) gives an answer that appears eminantly
more reasonable than the simplest model we found without the PDG. Indeed,
with a PDG, it appears impossible to get the counter-intuitive application of

maximum-entropy that assumes the coin to be fair.

The construction in this section gives a generic way of encoding ignorance in
a probabilistic model. At a technical level, it amounts to exploiting the fact that a
cpd can be viewed as imposing a barycentric coordinate system for a convex set
of distributions (as laid out at the end of Section 2.3.1). In the next section, we
investigate another representation of uncertainty with more structure, which can

be captured with PDGs in a rather different way:.

4.3.2 Belief and Plausibility Functions

We now move on to another representation of uncertainty, which generalizes
the notion of a probability distribution over a (for simplicity, finite) set 2, called
a belief function [Shafer 1976]. Like a probability measure, a belief function
Bel assigns a degree of belief in [0, 1] to subsets U C ). Belief functions must

satisfy certain axioms ensuring that Bel(U) + Bel(U) < 1, and thus Plaus(U) :=

1 — Bel(U) > Bel(U). It can be shown that a probability distribution is the special

case when these two relationships hold with equality, so that Bel = Plaus.

Belief functions admit an alternate representation in terms of a mass function
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m : 2% — [0, 1], which yields belief and plausibility functions according to

Bel,(U):= Y m(V) and  Plaus,(U):= »_  m(V).
vcu Veo
VNU#D

Moreover, the correspondince is unique. That is, there are 1-1 correspondence
between belief functions Bel, plausibility functions Plaus, and mass functions m
[Halpern 2017, Thm 2.6.3]. The only requirements on m are that:

m(0) =0 and Z m(V) = 1.

ACQ

So, in other words, m is a probability over non-empty subsets V' C Q). There
is also a natural relation between values of V' (i.e., subsets of 2) and values of
W (i.e., elements of 2): containment (3). Both m and > can be modeled with a
PDG. What happens if we put them together? Intuitively, this PDG describes a

situation in which a subset V' C 2 is drawn according to m, and then w € V is

picked non-deterministically.

Definition 4.1. If m is the mass function representing the belief function Bel and
the plausibility function Plaus, then we associate all of these objects with the

same PDG

Dy 2w
mmamBelymPlaus = Y )
N

where W is a variable taking values in VW := (), V' is a variable whose possible
values V(V) := 2% are subsets of Q2. In other words, 1M,,, is the PDG consisting of
the mass function m regarded as a distribution over V, and the constraint > that

the actual world W is a member of the subset V. O

Theorem 4.7. If m is the mass function the belief function Bel and the plausibility

function Plaus, and 1M := M = M piays, then:
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(a) A distribution i € AQ) is the marginal of an extended distribution i € {M} C
A(2% x Q) if and only if Bel(U) < u(U) < Plaus(U) for all U C Q.
5 cU

m
(b) Forall U C Q, <<_> 4 \{ U > — —log Plaus(U). That is, the

inconsistency of simultaneously having belief function M p.; and also that the event

U occurs, is the analogue of the information content but for plausibility.

This theorem shows that PDGs of this form coincide semantically with
Dempster-Shafer belief functions. Part (a) states that the set-of-distribution
semantics is precisely the set-of-distribution semantics for Bel. Indeed, if we
follow the conventions of Halpern [2017, Theorem 2.6.1] and define Pp,; := {p €
AQ : Bel(U) < u(U) < Plaus(U) for all U C Q},' then we have shown that y is

compatible with 11, if and only if is an element of Pp,;.

Meanwhile, part (b) states that something quite intuitive, but might benefit
from being unpacked somwhat. The PDG on the left-hand side is just 771, plus a
constraint representing the event U. How inconsistent is it to have belief function
Bel and also believe U occurs with certainty? It’s the analogue of the information
content [,[U] = —log 1(U), but with plausbility instead of probability. Indeed,
if Plaus(U) = 1, then there is no inconsistency to also believing U occurs, and if

Plaus(U) = 0, then it’s so implausible so as to be infinitely inconsistent.

The proof of the theorem, given in the appendix, involves some especially

interesting combinatorics; it is based on Hall’s Mariage Theorem [Hall 1935].

!'For observant readers who followed the reference: it is not hard to see that the upper and
lower bounds are equivalent; Halpern [2017] uses only the lower bound, but we give both for
symmetry.
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4.3.3 Pseudomarginals on Cluster Graphs

Many inference algorithms for graphical models make use of a data-structure that
tracks various marginal distributions, which may not be consistent [Wainwright
et al. 2003, 2008; Koller and Friedman 2009], sometimes called a pseudomarginal
[Wainwright et al. 2008] or a cluster graph (with associated data) [Koller and Fried-

man 2009]; we will call them cluster marginals.

Concretely, given a set of variables X, a cluster graph is graph, whose node
set is a collection C of clusters, each C € C of which is a subset of X. A cluster
marginal g = {11c(C)}oee consists of a distribution pc € AVC over the variables
in each cluster C' € C. Because p is just a collection of joint distributions, it is
exactly what is needed to supply observational data for a hypergraph A = {& —
C}eee. Let M, denote this PDG.

A cluster marginal is said to be calibrated if, for every edge C'—D in the cluster
graph, the distributions /.- and 11p agree the marginals of their common variables,
which is a necessary condition for 771, to be consistent. Belief propogation is
a way of calibrating these objects, and effectively is a way of reducing local

inconsistencies between pairs of clusters. We will return to this in Chapter 7.

When the cluster graph has a special property that makes it a tree decomposition

e

(see Section 8.2 or “/clique tree” in [Koller and Friedman 2009]), then local
consistency is equivalent to global consistency [Wainwright et al. 2008], and
so a cluster marginal p of this kind is calibrated if and only if {777, } # (. We
will cover these concepts in detail in Chapter 8 when we use them to develop

an inference algorithm for PDGs. Here, we merely point out that these data

structures are themselves PDGs.
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4.3.4 Causal Models

A structural equations model (SEM) [Pearl 2009] is a collection of equations that
explain how each “endogenous variable” gets its value, using a mechanism
that can depend on other variables in the model. In other words, a SEM is
a collection of (deterministic) functions, each taking as input joint settings of
variables, and outputting a single value. Since deterministic functions are special
cases of cpds, there is a natural way to regard a causal model as a PDG, and
moreover, the confidence weights do not impact the semantics when the cpd
is deterministic. Furthermore, the usual way of adding probability to a causal
model is no different from adding a probability distribution to the corresponding
PDG. The semantics of the resulting PDG exactly capture the behavior of causal

model in the absence of intervention.

We have not yet given an analogue of intervention for a general PDG, although
it’s straightforward to encode interventions by altering the functions in the usual
way (i.e., replacing the causal equations with constants). We will make all of this
precise in Section 5.3. More broadly, Chapter 5 develops a framework that allows
us to something much deeper about the relationship between causal models and
a concept called QIM-compatibility (the subject of Chapter 5), a notion closely

related to (and captured by) the qualitative information in a PDG.

4.3.5 Implicit Neural Representations

A more modern way to represent knowledge is implicitly, by means of the param-
eters of a neural network. But neural networks are often viewed as conditional

probability distributions, and hence can be directly included as the quantitative
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data for an arc of a PDG. So too can the other components of machine learning
systems such as data, priors, and observations. Indeed, as we will see in Chap-
ters 6 and 7, the PDG formalism has a great deal to say about modern neural

representations as well.

Visually, it is uncommon to use the notation of graphical models to describe the
architecture of neural networks; instead, the standard is to represent operations
and layers of a neural network as nodes, and their connections as edges—like
a circuit diagram. In many cases, the duals of these diagrams, appropriately

annotated with the network parameters, are literally PDGs.
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APPENDICES FOR CHAPTER 4

4.A Proofs

Proposition 4.1. If R = R(A4,...,A,) = R(X) is a relational constraint on the
variables X = {A,..., A,}, then, writing R for both the PDG My and the event
R C VX, we have:

LARY = {n(X,T) : Supppu € R x {t}} = {u(X,T) : p(R) = p(T=t) = 1},
2. Moreover, for all PDGs T with variables X O X,

(a) pe {Mm+ R} iff n(X) € {M} and n(R) = 1 (and also p(T=t) = 1).

(b) provided (M), < oo, [M + RJ consists entirely of u satisfying ju(R) = 1.

(c) for all v > 0, (M + R)., > (M)., with equality if and only if there exists
some pi € [M]} for which u(R) = 1.

Proof. 1. If n € {R }, then u(T=t) = 1, so if u(X=x) > 0, then u(T=t | X=x) =1
for all joint settings x € ¢/(X). But yu(T=t | X=x) = R(x), and thus R(x) = 1.
Conversely, if (X, T) = u(X)o(T=t) and p(R) = 1, then

u(T | X) = (u(X)5(T=t)) /u(X) = SR(T | X).

Thus 1 is consistent with all conditional probabilities in the widget 71y, and so

pe{me} ={R}.

2. (a) If p € {M + R}, then by definition ;(T=t) = 1. By the same reasoning
as in part 1, we also find that p(R) = 1. We also know that y satisfies the cpds of
m, so u(X) € {m}. Conversely, if u(X) € {M}, and p(T=t) = u(R) = 1, then,
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again by the logic in part 1, (T | X) = 6 R. Therefore p satisfies all cpds of M,
and all cpds of the widget M, and thus . € {M + R}.

(b) For all i1 € [M]%, we have

1(T)
1T = t]

(T | X)}

1
e SR T %)

> E | log
o

0o L[pu(T=t) =1+ o0 E [x ¢ R= pu(T=t|x)=0].

X~
Now, suppose that ;((R) < 1, meaning there is some mass on joint settings
x ¢ R. If u(T=t | x) # 0, then the score is infinite, by the second term. Yet if
p1(T=t | x) = 0 and there is some mass on x, then ;(T=t) < 1, and so again the

score is infinite, by the first term. Thus, if the score is finite, then p(R) = 1.

(c) The inequality is an instance of monotonicity (which we see in Lemma 6.1
and is the focus of Chapter 10). Suppose there is some p € [MM] with p(R) = 1.
Define ji(X,T) := p(X)d(T=t). By the same logic as in the proof of part 1 of the
proposition, x satisfies all of the cpds of the widget My; and thus [ + R] (i) =

[M]., (). Chaining together some inequalities, we find:
(M + R), < [M+ R](p) = [M], () = (M), < (M + R),
and thus all of these quantities are equal.

Conversely, suppose that (11 + R)., = (111),. If [M] = oo, then [M] consists
of all distributions, and so the statement is vacuous. On the other hand, select
some i € [N+ R]:. By applying part (b), we find that ji(R) = 1. And, because
(M + R)., = (M), and j1 is an optimal distribution for 71 + R, we find that its

marginal p(X) := (X)) is optimal for M:
(M, (u(X)) = (M + R), = (M), < [M],(u(X))
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Thus, we have constructed x € [M]7 satisfying u(R) = 1. O

Proposition 4.4. If M is a PDG, then pn € {M} with p(Y =y|X=x) = p if and only
if pextends (via s, s2) to i € {M + Pr(Y=y|X=z) =p}.

Proof. ( = .) Suppose p € {M} has p(y|r) = p, and let i be its extenson via
the functions s; and s, to the variables X, Y, and Y,,. s; ensures that X,Y, = «
precisely when X = z. By assumption, the probability (according to 1) that
Y=y when X=xz is p. But s, ensures that Y=y precisely when Y,=y. Thus,
pY,=y | X,Y,=2) = p(Y=y | X=x) = p. So [ satisfies the constraint given
by the first row of p in Figure 4.1. When X,Y, # z, on the other hand, then
s; and s, ensure that XY, = Y, =Y, thereby satisfying the other rows of the
cpd p. Thus, i satisfies all cpds of 1M1, in addition to sy, s2, and p, and therefore
pe{m+ Pr(Y=y|X=x)=p}.

( < .) Choose some i € {M+ Pr(Y=y|X=z)=p}, and let x be its
marginal on the variables of M. By the logic above, a(Y,=y | X,Y,=z) =
p(Y=y | X=xz). Since [ satisfies the cpd p, it follows that (Y,=y | X,Y,=2) =
u(Y=y | X=x) = p as desired. Since i also satisfies all the cpds of 771, we also
have u € {m}. O

Proposition 4.5. Suppose 1M is a PDG with variables X and 3 > 0. Then, for all
X,)YCX,zeVX,yeVY,pel0,1]and v > 0, we have that:

(m+ Pr(y=yix=0)=p) >(m),

with equality if and only if there exists i € [N such that u(Y =y|X=x) = p. (Note

that this condition is trivially satisfied when pu(X=x) = 0.)
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Proof. The inequality is immediate; it is an instance of monotonicity of inconsis-
tency Lemma 6.1, which we discuss further in Chapter 10. Intuitively: believing
more cannot make you any less inconsistent. We now prove that equality holds

iff there is a minimizer with the appropriate conditional probability.

( <= ). Suppose there is some ;. € [M]; with u(Y'=y|X=z) = p. Because
p € [M]z;, we know that [M], (1) = (M). Let /i be the extension of y to the
new variables “X=z|Y=y” and “Y'=y”, whose values are functions of X and Y’
according to s; and ss. Then,

<<m + Pr(Y=y|X=1) = p>>

< [m + Pr(Y=y|X=x) = p]]v(ﬂ)

= 1), )+ B frog B H )

ﬁ<Yy|Xny)
= [M], (1) + (X =2, Y =y)log W
pY #y|X=2)

o
+ (X =2, Y y)log P2 TE

=[M],(n) + m(X=z,Y=y)log(1) + u(X=z,Y #y) log(1)

The equality between the third and fourth lines is perhaps the trickiest to see,
but follows because for joint settings in which X#x, one can easily see that
(Y, X,Y,) equals 1 with probability 1, as does p(Y,|X,Y,). So, after dividing
one by the other and taking a logarithm, these cases contribute nothing to the
expectation. What remains are the two possibilities where X=x, which are
shown in the second line. To complete this direction of the proof, it suffices to
observe that we already knew the inequality held in the opposite direction (by

monotonicity), so the two terms are equal.
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(= ). Suppose the two inconsistencies are equal, i.e.,

<<m+ Pr(Y=y|X=x) :p>> —(m)..

v
This time, choose /i € [N + Pr(Y=y|X=x) = p];, and define y to be its marginal
on the variables of 71 (which contains the same information as i itself). Let

q := p(Y=y|X=z). Then,

(m), = (Mm+ Pr(y=y|X=r)=p)

— |[m + Pr(Y=y|X=z) = Pﬂv(ﬂ)

= [M],(n) + p(X=xz,Y=y)log W

u(Y £yl X =2)
1 _

(X =2, Y #y) log ;

= 1), 1)+ (X =) 1o ® + (1 = ) log

= [m], () + W(X=2)D(q || p)

> (M) + p(X=2)D(q | p)

Therefore 0 > u(X=x)D(q || p). But relative entropy is non-negative, by
Gibbs inequality. This shows p(X=z)D(q || p) = 0. So either p(X=z), or
p = (Y=y|X=x), and the first case is just a special case of the second one. In
addition, the algebra above shows that 1 € [M]?, as its score is (171).. Thus, we

have found p € [M]? such that ;(Y=y|X=r) = p, completing the proof. O

Theorem 4.7. If m is the mass function the belief function Bel and the plausibility

function Plaus, and MM := M., = M piays, then:

(a) A distribution pi € AQ) is the marginal of an extended distribution i € {M} C
A2 x Q) ifand only if Bel(U) < pu(U) < Plaus(U) forall U C (.
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5 cU

m
(b) Forall U C Q, <<_> 1 \{ W > — _log Plaus(U). That is, the

inconsistency of simultaneously having belief function M g.; and also that the event

U occurs, is the analogue of the information content but for plausibility.

Proof. (a) The forwards direction is easy. Fix some i € {M}, let p € AQ be
its marginal on W. Select an arbitrary U C (). Keep in mind that /i is a joint
distribution over pairs (A,w) that satisfy w € A C 2, whose marginal on A is
distributed according to m. For every such pair (A,w) € Supp ji, if A C U then
clearly w € U. Thus, Bel(U) = > ,cpy m(A) <>,y pf(W=w) = pu(U). Similarly,
if w € U, then it mustbe that AN U # (), so u(U) < 3_ 4 anprzp m(A) = Plaus(U).

The reverse direction is far more subtle than it appears; here we present a
relatively compact proof of it based on Hall’s Mariage Theorem [Hall 1935].
Suppose that . € AQ satisfies Bel(U) < u(U) < Plaus(U) for all U C Q. Assume
for simplicity that the possible outputs of m and p are rational numbers, and
let N be their common denominator. We now construct a bipartite graph G =
(L,R,€) with |L| = |R| = N vertices in each part. The left part L = U,cqL,
is partitioned to be in bijection with the elements of 2, with |L,| = p(w) - N.
Symmetrically, R = Liseq R4, where each R4 consists of |[R4| = m(A) - N vertices.
For notational convenience, for u € L, let w, be the element of {2 corresponding
to the partition containing u; symmetrically, let A, be the subset associated with
the partition of v € R. Finally, let £ := {(u,v) € L x R : w, € A,}. Observe
that a perfect matching £/ C £ in the graph G amounts to a coupling between
the marginal distributions p € AQ and m € A(2?), supported only on (w, A)
such that w € A. To be fully precise, that coupling would be a joint distribution

fip(w, A) == +|{(u,v) € E : w, € A,}| that is both an element of {1, } and an
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extension of y. What remains is only to show that there exists such a perfect

matching, for which we turn to Hall’s Mariage criterion.

Hall’s Mariage Theorem states that there exists a perfect matching for G if and
only if, |T'| < |0g(T)| forall T C L, where 0¢(T) ={ve R:JueT w, € A,}is
the set of vertices connected to 7" by an edge. We now prove that this is the case.
Choose any subset T' C L of vertices, and define Uy := {w € Q : TN L, # 0} to
be the elements of () represented by some vertex in 7. On one hand,

T < Lol = Y =unlUn).

ueTl wef
Lo,NT#0

On the other hand,

0c(T)={veR:FueT w, € A}

= > m(A)= > m(A) = Plaus(A).
ACQ ACQ
JueT. wy, €A UrNA=()

But recall that, by assumption, p(Ur) < Plaus(Ur). This allows us to chain
together the previous seven (in)equalities, thereby proving that |7'| < |0¢(T)|
as desired. By Hall’s criterion, this means there must exist a perfect matching,
and we have already seen this means p can be extended to some ;i € {1z, }, as

desired.

(b) LetP = {i € A% x Q) : (W € U) = (W € V) = 1} be the set
of all distributions satisfying the hard constraints of the PDG in question. Let
Ay = {ACQ: ANU # 0} be the collection of subsets of 2 with non-empty
intersection with (2. It is not not too difficult to see that the marginal projection of

P onto the variable V is the same as the set A Ay, of distributions supported on
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sets with non-empty intersection with U. With these facts in mind, we calculate

<<—>m vV~ W 5*5>=me<u<v> | m)
Y P
V<A)]

a ueA{Agig:AﬂU;é(Z)} A~v [ ©8 m(A)
since the objective on first line does not depend on the marginal on W, except
through the constraint. For those who are not yet used to the notation, recall that
the PDG in question is just 11, together with a constraint that the value of the

variable W lies in the given set U. In turn, this inconsistency is equal to

ZAEAU V(A)
ZAEAU m(A)’

it 3 vA)log 20 > (S, 1)) log

veAA
v AcA

by the log-sum inequality [Cover and Thomas 1991]. Moreover, the log-sum
inequality states that this holds with equality if and only if there is some constant
k so that v(A) = km(A) for all A € Ay. By definition, Suppr C Ay, and thus
> aca, V(A) = 1. Therefore the inconsistency we have been calculating is equal
to

—log Z m(A) = —log Plaus(U). O
AcAy
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CHAPTER 5
QUALITATIVE MECAHNISM INDEPENDENCE

In Section 3.3.1, we defined what it meant for a joint distribution p to be
quantitatively compatible with the information in a PDG—it must match all of the
cpds. But conspicuously absent is a qualitative analogue. What should it mean
for a distribution to be compatible with the qualitative structure of a PDG, i.e.,

with a hypergraph?

In this chapter, we define what it means for a joint probability distribution
to be compatible with a set of independent causal mechanisms, at a qualitative
level—or, more precisely, with a directed hypergraph 4, i.e., the qualitative
structure of a PDG. When A represents a qualitative Bayesian network (BN),
this notion of QIM-compatibility with A reduces to satisfying the appropriate
conditional independencies. But giving semantics to hypergraphs using QIM-
compatibility lets us do much more. For one thing, we can capture functional
dependencies. For another, we can capture important aspects of causality using
compatibility: we can use compatibility to understand cyclic causal graphs, and
to demonstrate structural compatibility, we must essentially produce a causal
model. Finally, compatibility has deep connections to Shannon information.
Applying compatibility to cyclic structures helps to clarify a longstanding con-
ceptual issue in information theory. Compatibility also has a close, but far from
obvious, relationship with the original scoring-function semantics for qualitative

PDGs, which underlies many of our results.
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5.1 Introduction

The structure of a probabilistic graphical model encodes a set of conditional
independencies among variables. This is useful because it enables a compact
description of probability distributions that have those independencies; it also
lets us use graphs as a visual language for describing important qualitative
properties of a probabilistic world. Yet these kinds of independencies are not the
only important qualitative aspects of a probability measure. In this paper, we
study a natural generalization of standard graphical model structures that can

describe far more than conditional independence.

For example, another qualitative aspect of a probability distribution is that of
functional dependence, which is also exploited across computer science to enable
compact representations and simplify probabilistic analysis. Acyclic causal mod-
els, for instance, specify a distribution via a probability over contexts (the values
of variables whose causes are viewed as outside the model), and a collection of
equations (i.e., functional dependencies) [Pearl 2000]. Deep learning is all about
learning functional dependencies between variables; to take just one example
normalizing flows [Tabak and Vanden-Eijnden 2010; Kobyzev et al. 2021] specify
a distribution by composing a fixed distribution over some latent space with a
function (i.e., a functional dependence) fit to observational data. Similarly, com-
plexity theorists often regard a probabilistic Turing machine as a deterministic
function that takes as input a uniformly random string [Sipser 2006]. Functional
dependence and independence are deeply related and interacting notions. For
instance, if B is a function of A (written A — B) and A is independent of C'

(written A Il C), then B and C are also independent (B 1L C).! Moreover,

!This well-known fact (Lemma 5.11) is formalized and proved in Section 5.A, where all proofs
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dependence can be written in terms of independence: Y is a function of X if
and only if Y is conditionally independent of itself given X (i.e., X — Y iff
Y 1L Y | X). Traditional graph-based languages such as Bayesian Networks
(BNs) and Markov Random Fields (MRFs) cannot capture these relationships.
Indeed, the graphoid axioms (which describe BNs and MRFs) [Pearl and Paz
1987] and axioms for conditional independence [Naumov and Nicholls 2013],
do not even consider statements like A 1L A to be syntactically valid. Yet such
statements are perfectly meaningful, and reflect a deep relationship between
independence, dependence, and generalizations of both notions (grounded in

information theory, a point we will soon revisit).

This chapter describes a simple yet expressive graphical language for describ-
ing qualitative structure such as dependence and independence in probability
distributions. The idea behind our approach is to specify the inputs and outputs
of a set of independent mechanisms. In slightly more detail, by “independent
mechanism”, we mean a process by which some (set of) the target variables 7" are
determined as a (possibly randomized) function of a (set of) source variables S.
So, at a qualitative level, the modeler specifies not a graph, but rather a directed

hypergraph—which, as we have already seen, is the structure of a PDG.

Although some qualitative aspects of PDGs were characterized using a scor-
ing function (Section 3.3.2), that scoring function does not obviously correspond
to an analogue of our set-of-distributions semantics {—} for quantitative infor-
mation (Section 3.3.1). Part of the problem is that it is not even clear what the
analogue of a BN’s independencies should be for a cyclic graph, let alone for

an arbitrary directed hypergraph. In this chapter, we develop precisely such a

can be found.
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notion. More precisely, we define what it means for a distribution to be QIM-
compatible (qualitatively independent-mechanism compatible, or just compatible
when unambiguous) with a directed hypergraph A. This definition allows us
to use directed hypergraphs as a language for specifying structure in probabil-
ity distributions, of which the semantics of qualitative BNs are a special case

(Theorem 5.1).

But QIM-compatibility can do much more than represent conditional inde-
pendencies in acyclic networks. For one thing, it can encode arbitrary functional
dependencies (Theorem 5.2); for another, it gives meaningful semantics to cyclic
models. Indeed, compatibility lets us go well beyond capturing dependence and
independence. The fact that Pearl [2000] also views causal models as representing
independent mechanisms suggests that there might be a connection between

causality and QIM-compatibility. In fact, there is.

A witness that a distribution p is compatible with a hypergraph A is an ex-
tended distribution z that is nearly equivalent to (and guarantees the existence
of) a causal model that explains ;1 with dependency structure A. As we shall
see, thinking in terms of witnesses and compatibility allows us to tie together

causality, dependence, and independence.

Perhaps surprisingly, compatibility also has deep connections with infor-
mation theory (Section 5.4). The conditional independencies of a BN can be
viewed as a very specific kind of information-theoretic constraint. Our notion of
compatibility with a hypergraph A turns out to imply a generalization of this
constraint (closely related to the qualitative PDG scoring function) that is mean-
ingful for all hypergraphs. Applied to cyclic models, it yields a causally inspired

notion of pairwise interaction that clarifies some important misunderstandings
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in information theory (Examples 5.5 and 5.6).

Saying that one approach to qualitative graphical modeling has connections
to so many different notions is a rather bold claim. We spend the rest of the

chapter justifying it.

5.2 Qualitative Independent-Mechanism (QIM) Compatibility

In this section, we present the central definition of the chapter: a way of making
precise Pearl’s notion of “independent mechanisms”, used to motivate Bayesian
Networks from a causal perspective. Pearl [2009, p.22] states that “each parent-
child relationship in a causal Bayesian network represents a stable and autonomous
physical mechanism.” But, technically speaking, a parent-child relationship only
partially describes the mechanism. Instead, the autonomous mechanism that
determines the child is really represented by that child’s joint relationship with
all its parents. So, the qualitative aspect of a mechanism is best represented as a

directed hyperarc that can have multiple sources.

Recall that a directed hypergraph (Definition 2.5) consists consists of a set
N of nodes and a set A of hyperarcs, each a € A of which is associated with a
set S, € N of source nodes and a set T, C N of target nodes. For the rest of
Chapter 5, we will call (N, A) = A simply a hypergraph, since all our hypergraphs

will be directed.

As before, we are interested in hypergraphs whose nodes represent variables,
so that each X € N will ultimately be associated with a set /X of possible values.
However, one should not think of ¢ as part of the information carried by the

hypergraph. (Indeed, ¢ and (N, A) are separate components of a PDG.) It makes
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perfect sense to say that X and Y are independent without specifying the possible
values of X and Y. Of course, when we talk concretely about a distribution x on
a set of variables X = (N, 1), those variables must have possible values—but
the qualitative properties of p, such as independence, can be expressed purely in

terms of N\, without reference to 1.

Intuitively, we expect a joint distribution ;(X’) to be qualitatively compatible
with a set of independent mechanisms (whose structure is given by a hypergraph
A) if there is a mechanistic explanation of how each target arises as a function
of the variable(s) on which it depends and independent random noise. This is

made precise by the following definition.

Definition 5.1 (QIM-compatibility). Let X and ) be (possibly identical) sets
of variables, and A = {5,717, }.,c4 be a hypergraph with nodes X. We say
a distribution ()) is qualitatively independent-mechanism compatible, or (QIM-
)compatible, with A (symbolically: 1 = O.A) iff there exists an extended distri-
bution (Y U X U Uy) of u(Y) to X and to Uy = {U, }aca, an additional set of

“noise” variables (one variable per hyperarc) according to which:

(a) the variables ) are distributed according to x (i.e., (YY) = p()),
(b) the variables U/, are mutually independent (e, i(Ua) = [Toea i(Ua) ),

(c) and the target variable(s) 7, of each hyperarc a € A

are determined by U, and the source variable(s) S, (i.e., Va € A.
fi | (S, Ua) = To).

We call such a distribution (X U Y U Uy) a witness to the fact that p is QIM-

compatible with A. O

While Definition 5.1 requires the noise variables {U, },c. to be independent
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of one another, note that they need not be independent of any variables in X In
particular, U, may not be independent of .5,, and so the situation can diverge
from what one would expect from a randomized algorithm, whose randomness
U is assumed to be independent of its input S. Furthermore, the variables in ¢/

may not be independent of one another conditional on the value of some X € X

Example 5.1. u(X,Y) is compatible with A = {g{X}, a5{Y }} (depicted in
PDG notation as — X Y <— ) iff X and Y are independent, i.e., u(X,Y) =
u(X)p(Y). For if U and U, are independent and respectively determine X and

Y, then X and Y must also be independent. A

This is a simple illustration of a more general phenomenon: when A de-
scribes the structure of a Bayesian Network (BN), then QIM-compatibility with
A coincides with satisfying the independencies of that BN (which are given,
equivalently, by the ordered Markov properties [Lauritzen et al. 1990], factoring as
a product of probability tables, or d-separation [Geiger et al. 1990]). To state the
general result (Theorem 5.1), we must first clarify how the graphs of standard

graphical and causal models give rise to directed hypergraph s.

Suppose that G = (V, E) is a graph, whose edges may be directed or undi-
rected. Given a vertex u € V, write Pag(u) := {v : (v,u) € E} for the set of
vertices that can “influence” u. There is a natural way to interpret the graph G as
giving rise to a set of mechanisms: one for each variable u, which determines the
value of u based the values of the variables on which u can depend. Formally, let

Ag = { Pag(u) * {u} },_,, be the hypergraph corresponding to the graph G.

Theorem 5.1. If G is a directed acyclic graph and Z(G) consists of the independencies
of its corresponding Bayesian network, then p = O Ag if and only if p satisfies Z(G).
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Theorem 5.1 shows, for hypergraphs that correspond to directed acyclic
graphs (dags), our definition of compatibility reduces exactly to the well-
understood independencies of BNs. This means that QIM-compatibility, a notion
based on the independence of causal mechanisms, and seemingly unrelated to
other notions of independence in BNs, gives us a completely different way of
characterizing these independencies—one that can be generalized to much larger
classes of graphical models, that includes, for example, cyclic variants [Baier
et al. 2022]. Moreover, QIM-compatibility can capture properties other than

independence. As the following example shows, it can capture determinism.

Example 5.2. If A = {5 X, 5 X} consists of just two hyperarcs pointing to a
single variable X, then a distribution y(X) is QIM-compatible with A iff ;i places

all mass on a single value z € V(X). A

Intuitively, if two independent coins always give the same answer (the value
of X), then neither coin can be random. This simple example shows that we
can capture determinism with multiple hyperarcs pointing to the same variable.
Such hypergraphs do not correspond to graphs; recall that in a BN, two arrows
pointing to X (e.g., Y — X and Z — X) represent a single mechanism by which
X is jointly determined (by Y and Z), rather than two distinct mechanisms. A
central thrust of our original argument for PDGs over BN is their ability to
describe two different probabilities describing a single variable, such as Pr(X|Y)
and Pr(X|Z). The qualitative analogue of that expressiveness is precisely what

allows us to capture functional dependence.

Given a hypergraph A = (N, A), X,Y C N, and a natural number n > 0,
let AL )(;:‘2/ denote the hypergraph that results from augmenting A with n

additional (distinct) hyperarcs from X to Y.
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Theorem 5.2. (a) = X—Y AOA ifand onlyif ¥n > 0. k= 0AU ™

P

(b) if A= Ag for adag G, then p |z X—Y A QA ifand only if p = QAU

(c) if 3a € A such that S, = @ and X € T,, then up = X—Y AN OQA iff u
<>.A|_|(+2)

X—=Y*

Based on the intuition given after Example 5.2, it may seem unnecessary to
ever add more than two parallel hyperarcs to ensure functional dependence in
part (a). However, this intuition implicitly assumes that the randomness U; and
U, of the two mechanisms is independent conditional on X, which may not be

the case. See Section 5.B.1 for counterexamples.

Finally, as alluded to above, QIM-compatibility gives meaning to cyclic struc-
tures, a topic that we will revisit often in Sections 5.3 and 5.4. We start with some

simple examples.

Example 5.3. Every ;(X,Y) is compatible with X 2V, because every distribu-
tion is compatible with —/ X =Y, and a mechanism with no inputs is a special

case of one that can depend on Y. A

The logic above is an instance of an important reasoning principle, which we
develop in Section 10.1.1. Although the 2-cycle in Example 5.3 is straightforward,

generalizing it even slightly to a 3-cycle raises a not-so-straightforward question.

Example 5.4. What ;(X,Y, Z) are compatible with the 3-cycle,

shown on the right? By the reasoning above, among them must be ™ X
A

Sl

all distributions consistent with a linear chain - X —Y —Z. Thus,
any distribution in which two variables are conditionally indepen-

dent given the third is compatible with the 3-cycle. Are there distributions that
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are not compatible with this hypergraph? It is not obvious. We return to this in

Section 5.4. A

Because QIM-compatibility applies to cyclic structures, one might wonder
if it also captures the independencies of undirected models. Our definition
of Ag, as is common, implicitly identifies a undirected edge A—B with the
pair {A— B, B—A} of directed edges; in this way, it naturally converts even an
undirected graph G to a (directed) hypergraph. Compatibility with A, however,
does not coincide with any of the standard Markov properties corresponding to
G [Koller and Friedman 2009]. This may appear to be a flaw in Definition 5.1,
but it is unavoidable (see Section 10.1.1) if we wish to also capture causality, as

we do in the next section.

5.3 QIM-Compatibility and Causality

Recall that in the definition of QIM-compatibility, each hyperarc represents
an independent mechanism. Equations in a causal model are also viewed as
representing independent mechanisms. This suggests a possible connection
between the two formalisms, which we now explore. We will show that QIM-
compatibility with A means exactly that a distribution can be generated by
a causal model with the corresponding dependency structure (Section 5.3.1).
Moreover, such causal models and QIM-compatibility witnesses are themselves
closely related (Section 5.3.2). In this section, we establish a causal grounding for

QIM-compatibility. To do so, we must first review some standard definitions.

Definition 5.2 (Pearl [2009]). A structural equations model (SEM) is a tuple M =
(U, vV, F), where
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* U is a set of exogenous variables;
* Vis a set of endogenous variables (disjoint from f);
e F = {fy}vyey associates to each endogenous variable Y an equation fy : V(U U

VYV —Y) — V(Y) that determines its value as a function of the other variables.

0

In a SEM M, a variable X € V does not dependonY € VUU if fx(...,y,...) =
fx(..,y,..) forall y,y € V(Y). Let the parents Pay, (X) of X be the set of
variables on which X depends. M is acyclic iff Pa)/(X) NV = Pag(X) for
some dag G with vertices V. In an acyclic SEM, it is easy to see that a setting
of the exogneous variables uniquely determines the values of the endogenous
variables (symbolically: M = U —» V). A probabilistic SEM (PSEM) M = (M, P)
is a SEM, together with a probability P over the exogenous variables. When
M = U —» V (such as when M is acyclic), the distribution P(U/) extends uniquely
to a distribution over ¥/(V UU). A cylic PSEM, however, may induce more than
one such distribution, or none at all. In general, a PSEM M induces a (possiby
empty) convex set of distributions over ¥/(i/ U V). This set is defined by two
(linear) constraints: the equations F must hold with probability 1, and, in the
case of a PSEM, the marginal probability over ¢/ must equal P. Formally, for a
PSEM M = (M, P), this means defining { M} :=

{VGAU(VU L{)' VY eVv. v(fy U, V-Y)=Y) =1, v(d) = PU) }

and defining {M } for an “ordinary” SEM M in the same way, except without
the constraint involving P. To unpack the other constraint, fy (U4,V —Y) is a
random variable on the outcome space V(V,Uf), and that it has the same value
as Y is an event which, according to the equation fy, must always occur. { M}

can be thought of as the set of distributions compatible wth M, and captures
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the behavior of the causal model M in the absence of intervention. It is worth
noting that {771} is also precisely the set-of-distribution semantics of M, when
regarded as a PDG; hence the notation. A joint distribution ;(X) over X C VUU

can arise from a (P)SEM M iff there is some v € { M } whose marginal on X is .

We now review the syntax of a language for describing causality. A basic
causal formula is one of the form [Y <—y]|y, where ¢ is a Boolean expression over
the endogenous variables V, Y C V is a subset of them, and y € ¢(Y). The
language then consists of all Boolean combinations of basic formulas. In a causal
model M and context u € V(U), a Boolean expression ¢ over V is true iff it
holds for all (u,x) € V(U,V) consistent with the equations of ). Basic causal
formulas are then given semantics by (M, u) = [Y<ylp iff (My.y,u) = o,
where My is the result of changing each fy, for Y € Y, to the constant function
s — y[Y], which returns (on all inputs s) the value of Y in the joint setting y.
From here, the truth relation can be extended to arbitrary causal formualas by
structural induction in the usual way.> The dual formula (Y+<y)¢ := =[Y+y]|-¢p
is equivalent to [Y «—y]¢ in SEMs where each context u induces a unique setting
of the endogenous variables [Halpern 2000]. A PSEM M = (M, P) assigns

probabilities to causal formulas according to Pra(¢) := P({u € V(U) : (M,u) =
v})-

Some authors assume that for each variable X, there is a special “independent
noise” exogenous variable Uy (often written ey in the literature) on which only
the equation fx can depend; we call a PSEM (M, P) randomized if it contains such
exogenous variables that are mutually independent according to P, and fully

randomized if all its exogenous variables are of this form. Randomized PSEMs

M =1 A o iff M =@y and M |=po; M = =g iff M .
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are clearly a special class of PSEMs—yet, at the same time, correspond precisely
to a “generalization” of PSEMs whose equations need not be deterministic.
Indeed, any PSEM can be converted to an equivalent randomized PSEM by
extending it with additional dummy variables {Ux} x¢y that can take only a
single value. Thus, we do not lose expressive power by using randomized
PSEMs. In fact, qualitatively, randomized PSEMs are more expressive: they can
encode independence. Based on their definitions, it should come as no surprise

that randomized PSEMs and QIM-compatibility are related.

5.3.1 The Equivalence Between QIM-Compatibility

and Arising from a Randomized PSEM

We are now equipped to formally describe the connection between QIM-
compatibility and causality. At a high level, this connection should be un-
surprising: witnesses and causal models both relate dependency structures
to distributions, but in “opposite directions”. QIM-compatibility starts with
distributions and asks what dependency structures they are compatible with.
Causal models, on the other hand, are explicit (quantitative) representations of
dependency structures that give rise to sets of distributions. We now show that
the existence of a causal model coincides with the existence of a witness. We
start by showing this for the hypergraphs generated by graphs (like Bayesian
networks, except possibly cyclic), which we show correspond to fully random-
ized causal models (Proposition 5.3). We then give a natural generalization
of a causal model that exactly captures QIM-compatibility with an arbitrary
hypergraph (Proposition 5.5). In both cases, the high-level result is the same:

p = QA iff there is a causal model that “has dependency structure A” that gives
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rise to p.

More precisely, we say that a randomized causal model M has dependency
structure A iff there is a 1-1 correspondence between a € A and the equations
of M, such that the equation f, produces a value of 7;, and depends only on
Sqe and U,. This definition emphasizes the hypergraph; here is a more concrete
alternative emphasizing the randomized PSEM: M is of dependency structure
A iff the targets of A are disjoint singletons (the elements of V), and Pa,(Y') C
Sy U{Uy} for all Y € V. We start by presenting the result in the case where A

corresponds to a directed graph.

Proposition 5.3. Given a graph G and a distribution u, p = O.Ac iff there exists a

fully randomized PSEM of dependency structure Aq from which p can arise.

Proposition 5.3 shows that, for those hypergraphs induced by graphs, QIM-
compatibility means arising from a fully randomized PSEM of the appropriate
dependency structure. Theorem 5.1 makes precise a phenomenon that seems to
be almost universally impilictly understood but, to the best of our knowledge,
has not been formalized before: every acyclic fully randomized SEM induces a
distribution with the independencies of the corresponding Bayesian Network—
and, conversely, every distribution with those independencies arises from such a

causal model.

What about causal models that are not fully randomized, and hypergraphs

that are not induced by graphs?

Proposition 5.4. If (N, A) is a hypergraph whose targets are distinct singletons, then

w = QA iff p can arise from a randomized PSEM of dependency structure A.
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This is just Proposition 5.3 for the graph of the PSEM’s “depends on” relation,
except for a small difference: since the exogenous variables ¢/ have no equations,

they are not associated with hyperarcs.

It is easy to extend this result to the dependency structures of all randomized
PSEMs. But what happens if A contains hyperarcs with overlapping targets?
Here the correspondence starts to break down for a simple reason: by definition,
there is at most one equation per variable in a (P)SEM; thus, no PSEM can have
dependency structure A. Nevertheless, the correspondence between witnesses
and causal models persists if we simply drop the (traditional) requirement that
F is indexed by V. This leads us to consider a natural generalization of a
(randomized) PSEM that has an arbitrary set of equations—not just one per

variable.

Definition 5.3. Let (\V,.A) be a hypergraph. A generalized randomized PSEM M =
(X,U, F, P) with structure A consists of sets of variables X and U = {U, }ac,
together with a set of functions F = {f, : V(S,) x V(U,) — V(1,)}aca, and a
probability P, over each independent noise variable U,. The meanings of {AM}

and can arise are the same as for a PSEM. O

Proposition 5.5. p = QA iff there exists a generalized randomized PSEM with struc-

ture A from which . can arise.

Generalized randomized PSEMs can capture functional dependencies, and
constraints. For instance, an equality (say X = Y) can be encoded in a general-
ized randomized PSEM with a second equation for X. Indeed, we believe that
generalized randomized PSEMs can capture a wide class of constraints, and are

closely related to causal models with constraints [Beckers et al. 2023], a discussion
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we defer to future work.

5.3.2 Interventions, and the Correspondence

between Witnesses and Causal Models

We have seen that QIM-compatibility with A (i.e., the existence of a witness )
coincides exactly with the existence of a causal model M from which a distri-
bution can arise. But which witnesses correspond to which causal models? The
answer to this question will be critical to extend the correspondence we have
given so that it can deal with interventions. Different causal models may give

rise to the same distribution, yet handle interventions differently.

There are two directions of the correspondence. Given a randomized PSEM
M, distributions arising from it are compatible with its dependency structure,
and the corresponding witnesses are exactly the distributions in { M} (see Sec-
tion 5.C). In particular, if M is acyclic, there is a unique witness. The converse is

more interesting: how can we turn a witness into a causal model?

Construction 5.4. Given a witness fi(X) to compatibility with a hypergraph
A with disjoint targets, construct a PSEM according to the following (non-
deterministic) procedure. Take V := Upe 4Ty, U := U4,U(X=V), and P(U) := (U).
For each X € V, there is a unique ay € A whose targets 7;, contain X. Since
f = (U, Say) = 1oy (this is just property (c) in Definition 5.1), X € 7,, must

also be a function of S,, and U,

«» take fx to be such a function. More precisely,

for each v € V (U, ) and s € V(S,,) for which ji(U,,=u, S,y=s) > 0, there is a
unique t € V(7,,) such that ji(u,s,t) > 0. In this case, set fx(u,s,...) :=t[X]. If

AUy =1, S;x=s) = 0, fx(u,s,...) can be an arbitrary function of v and s. Let
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PSEMsy (1) denote the set of PSEMs that can result. O

It’s clear from Construction 5.4 that PSEMs,(ji) is always nonempty, and
is a singleton iff fi(u,s) > 0 for all (a,u,s) € U,eaV(U,, S,). A witness with
this property exists when p is positive (i.e., u(X=x) > 0 for all x € (X)), in
which case the construction gives a unique causal model. Conversely, we have
seen that an acylic model M gives rise to a unique witness. So, in the simplest
cases, models M with structure A and witnesses fi to compatibility with A are

equivalent. But there are two important caveats.

1. A causal model M can contain more information than a witness /i if some
events have probability zero. For instance, i could be a point mass on a
single joint outcome w of all variables that satisfies the equations of M. But
M cannot be reconstructed uniquely from /i because there may be many

causal models for which w is a solution.

2. A witness i can contain more information than a causal model M if M
is cyclic. For example, suppose that M consists of two variables, X and
X', and equations fx(X’) = X’ and fx/(X) = X. In this case, ji cannot be
reconstructed from M, because M does not contain information about the

distribution of X.

These two caveats appear to be very different, but they fit together in a surpris-

ingly elegant way.

Proposition 5.6. If i(X,U4) is a witness for QIM-compatibility with A and M is a
PSEM with dependency structure A, then ji € { M} if and only if M € PSEMsa(f1).

Equivalently, this means that PSEMs4(f1), the possible outputs of Construc-
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tion 5.4, are precisely the randomized PSEMs of dependency structure A that
can give rise to ji. This is already substantial evidence that causal models
M € PSEMsyu(f) are closely related to the QIM-compatibility witness fi. But
everything we have seen so far describes only the correspondence in the absence
of intervention, a setting in which many causal models are indistinguishable. We
now show that the correspondence goes deeper, by extending it to interventions.

In any randomized PSEM M, we can define an event

where x[X] is the

(5.1)
value of X in x.

dO]\/[(X_:X> = m ﬂ fx(Ux,S) :X{X},

XeX seV(Pa(X))
This is intuitively the event in which the randomness is such that X = x re-
gardless of the values of the parent variables.’ As we now show, conditioning on

doys(X=x) has the effect of intervention.

Theorem 5.7. Suppose that [i is a witness to 1 = 0.A, M € PSEMsy (1), X C X and
x € V(X). If p(dop(X=x)) > 0, then:

(a) (X | dom(X=x)) can arise from Mx. x;

(b) for all events ¢ C V(X), Pry ([X¢x]p) < fi(¢|dom(X=x)) <

Pry ((X<—x)¢)

and all three are equal when M |= U —» X (such as when M is acyclic).

Theorem 5.7 shows that the relationship between witnesses and causal models
extends to interventions. Even when do,,;(X=x) has probability zero, it is always
possible to find a nearly equivalent setting where the bounds of the theorem

apply.* Intervention and conditioning are conceptually very different, so it may

3This is essentially the event in which, for each X € X, the response variable Ux =
As.fx(s,Ux), whose possible values ¢/(Uy) are functions from (Pay (X)) to V(X) [Rubin
1974; Balke and Pearl 1994], takes on the constant function Ap. z.

“More precisely, for all € > 0, there exists some M’ that differs from M on the probabilities all
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seem surprising that conditioning can have the effect of intervention (and also
that the Pearl’s do( - ) notation actually corresponds to an event [Hitchcock 2024]).
We emphasize that the conditioning (on do,(X=x)) is on the randomness Ux
and not X itself; intervening on X=x is indeed fundamentally different from

conditioning on X=x.

5.4 QIM-Compatibility and Information Theory

The fact that the dependency structure of a (causal) Bayesian network describes
the independencies of the distribution it induces is fundamental to both causality
and probability. It makes explicit the distributional consequences of BN struc-
ture. Yet, despite substantial interest [Baier et al. 2022], generalizing the BN case
to more complex (e.g., cyclic) dependency structures remains largely an open
problem. In Section 5.4.1, we generalize the BN case by providing an information-
theoretic constraint, capable of capturing conditional independence, functional
dependence, and more, on the distributions that can arise from an arbitrary de-
pendency structure. This connection between causality and information theory
has implications for both fields. It grounds the cyclic dependency structures
found in causality in concrete constraints on the distributions they represent. At
the same time, it allows us to resolve longstanding confusion about structure
in information theory, clarifying the meaning of the so-called “interaction infor-
mation”, and recasting a standard counterexample to substantiate the claim it

was intended to oppose. In Section 5.4.2, we strengthen this connection. Using

causal formulas by at most ¢, and a distribution i’ that is e-close to fi, such that i’ (do (X=x)) >
0. As a result, Theorem 5.7 places bounds on the conditional probabilities that are possible limits
of sequences of distributions (v )x>0 Where vy (doa (X=x)) > 0, i.e., the possible outcomes of
conditioning a non-standard probability measure [Halpern 2017] on this probability-zero event.
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Figure 5.1: A graphical illustration that I(X;Y; Z) = H(X,Y, Z) — H(X|Y) + H(Y|Z) +
H(Z|X), on an information diagram.

entropy to measure distance to (in)dependence, we develop a scoring function

to measure how far a distribution is from being QIM-compatible with a given

dependency structure. This function turns out to have an intimate relationship

with the qualitative PDG scoring function SDef, which we use to show that

our information-theoretic constraints degrade gracefully on “near-compatible”

distributions.

We now review a few critical information-theoretic concepts and their rela-
tionships to (in)dependence (see Section 2.6.1 for a full primer). Conditional
entropy H,(Y'|X) measures how far y is from satisfying the functional depen-
dency X — Y. Conditional mutual information I,(Y’; Z| X)) measures how far
is from satisfying the conditional independence Y Il Z | X. Linear combina-
tions of these quantities (for X,Y,Z C X) can be viewed as the inner product
between a coefficient vector v and a 21*! — 1 dimensional vector I,, that we will
call the information profile of . For three variables, the components of this vector
were illustrated in Figure 2.2; for the convenience, we give another illustration
of it here Figure 5.1, colored to illustrate an identity which will be important

momentarily. It is not hard to see that an arbitrary conjunction of (conditional)
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(in)dependencies can be expressed as a constraint I,,- v > 0, for some appropriate

vector v.

We now return to the qualitative PDG scoring function SDef, which interprets
a hypergraph structure A as a function of the form I, - v4. Recall that this

structural information deficiency, given by
SDef o(1) = Ly - va = = Hu(X) + Y HL(T, | S,), (5.2)

acA

is the difference between the number of bits needed to (independently) specify
the randomness in  along the hyperarcs of A, and the number of bits needed to
specify a sample of i according to its own structure (& — X). While we have
seen that SDef has some nice properties,” it can also behave unintuitively in some
cases; for instance, it can be negative. Clearly, it does not measure how close 1 is
to being structurally compatible with 4, in general. Nevertheless, there is still
a fundamental relationship between SDef and QIM-compatibility, as we now

show.

5.4.1 A Necessary Condition for QIM-Compatibility

What constraints does QIM-compatibility with .4 place on a distribution ;:? When
G is a dag, we have seen that if /1 = 0.A¢, then ; must satisfy the independencies
of the corresponding Bayesian network (Theorem 5.1); we have also seen that
additional hyperarcs impose functional dependencies (Theorem 5.2). But these
results apply only when A is of a very special form. More generally, p = O.A

implies that ;. can arise from some randomized causal model whose equations

>For instance, it captures BN independencies and the dependencies of Theorem 5.2, reduces to
maximum entropy for the empty hypergraph, and combines with the quantitative PDG scoring
function [Richardson and Halpern 2021] to capture factor graphs.
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have dependency structure A (Propositions 5.3 and 5.5). Still, unless A has a par-
ticularly special form, it is not obvious whether or not this says something about
. The primary result of this section is an information-theoretic bound (Theo-
rem 5.8) that generalizes most of the concrete consequences of QIM-compatibility
we have seen so far (Theorems 5.1 and 5.2). The result is a connection between
information theory and causality; it yields an information-theoretic test for com-
plex causal dependency structures, and enables causal notions of structure to

dispel misconceptions in information theory.
Theorem 5.8. If i1 = O.A, then SDef ,(11) < 0.

Theorem 5.8 applies to all hypergraphs, and subsumes every general-purpose
technique we know of for proving that 1 [~ 0.A. Indeed, the negative directions
of Theorems 5.1 and 5.2 are immediate consequences of it. To illustrate some of

its subtler implications, let’s return to the 3-cycle in Example 5.4.

Example 5.5. It is easy to see (e.g., by inspecting Figure 5.1) N

that SDef e (1) = Hu(Y1X)+Hu (21 )+ Hu(X|2)-H.(XYZ) = Aq1aa)
[NV )

\ /

\\\ N \\+/7/ ///

—1,(X;Y; Z). Theorem 5.8 therefore tells us that a distribution
w1 that is QIM-compatible with the 3-cycle cannot have negative
interaction information I,(X;Y; Z). What does this mean? Overall, conditioning
on one variable can only reduce the amount of remaining information in other
variables (in expectation). However, when I(X;Y’; Z) < 0, conditioning on one
variable causes the other two to share more information than they did before.
The most extreme instance is fi,,,, the distribution in which two variables are
independent and the third is their parity (illustrated on the right). It seems
intuitively clear that ji,,, cannot arise from the 3-cycle, a causal model with only

pairwise dependencies. This is difficult to prove directly, but is an immediate
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consequence of Theorem 5.8. A

For many, there is an intuition that I(X;Y; Z) < 0 should require a fundemen-
tally “3-way” interaction between the variables, and should not arise through
pairwise interactions alone [James 2018]. This has been a source of conflict
[Williams and Beer 2010; MacKay 2003; leonbloy 2015; Cover and Thomas 1991],
because traditional ways of making precise “pairwise interactions” (e.g., maxi-
mum entropy subject to pairwise marginal constraints and pairwise factorization)
do not ensure that I(X;Y; Z) > 0. But QIM-compatibility does. One can verify by
enumeration that the 3-cycle is the most expressive causal structure with no joint
dependencies, and we have already proven that QIM-compatibility with that
hypergraph implies non-negative interaction information. QIM-compatibility

has another even more noteworthy clarifying effect on information theory.

There is a school of thought that contends that all structural information in
p(X) is captured by its information profile I,. This position has fallen out of
favor in some communities due to standard counterexamples: distributions that
have intuitively different structures yet share an information profile [James and
Crutchfield 2017]. However, with “structure” explicated by compatibility, the
prototypical counterexample of this kind suddenly supports the very notion it
was meant to challenge, suggesting in an unexpected way that the information

profile may yet capture the essence of probabilistic structure.

Example 5.6. Let A, B, and C be variables with N

V(A),V(B),V(C) = {0,1}?. Using independent fair coin flips /\;1/ijf\\

[N

X;, X5, and X3, define two joint distributions, P and Q, over | |,/ J
NN

A, B, C as follows. Define P(A, B,C) by letting A := (X3, X>),
B = (X3, X3), and C = (X3, X;). Define @ by letting A = (X, X5),
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B :=(Xj,X3),and C := (X;, X5 @ X3). Structurally, P and () appear to be very
different. According to P, the first components of the three variables (4, B, C)
are independent, yet they are identical according to (). Moreover, P has only
simple pairwise interactions between the variables, while P has i, (a clear
3-way interaction) embedded within it. Yet P and () have identical information
profiles (see right): in both cases, each of { A, B, C'} is determined by the values
of the other two, each pair share one bit of information given the third, and

I(A; B; C) =0.

This example has been used to argue that multivariate Shannon information
does not take into account important structural differences between distributions
[James and Crutchfield 2017]. We are now in a position to give a novel and
far deeper response, by appealing to QIM-compatibility.® Unsurprisingly, P
is compatible with the 3-cycle; it is clearly consists of “2-way” interactions, as
each pair of variables shares a bit. But, counterintuitively, the distribution @
is also compatible with the 3-cycle! (The reader is encouraged to verify that
U = X3 ® Xy, Uy = Xy, and U;s = X serves as a witness.) To emphasize: this
is despite the fact that () is just ji,- (Which is certainly not compatible with
the 3-cycle) together with a seemingly irrelevant random bit X;. By the results
of Section 5.3, this means there is a causal model without joint dependence
giving rise to ()—so, despite appearances, () does not require a 3-way interaction.
Indeed, P and () are QIM-compatible with precisely the same hypergraphs over

{A, B, C}, suggesting that they don’t have a structural difference after all. A

In light of Example 5.6, one might reasonably conjecture that the converse of

®Note that P and @ no longer have the same profile if we split each variable into its two
components. Since the notion of “component” is based on the assignment ¢ of variables to
possible values, our view that ¢ is not structural information diffuses this counterexample by
assumption—but the present argument is much stronger.
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Theorem 5.8 holds. Unfortunately, it does not (see Section 5.B.2); the quantity
SDef 4(p) does not completely determine whether or not i = ¢.A. We now pursue
anew (entropy-based) scoring function that does. This will allow us to generalize

Theorem 5.8 to distributions that are only “near-compatible” with A.

5.4.2 A Scoring Function for QIM-Compatibility

Here is a function that measures how far a distribution 1 is from being QIM-

compatible with A.

QIMIne () := inf —H,@U) + S HU) 4+ H(TlS.Ul).  (5.3)
v(X)=p(X) acA acA

QIMInc is a direct translation of Definition 5.1 (a-c); it measures the (optimal)
quality of an extended distribution v as a witness. The infimum restricts the
search to v satisfying (a), the first two terms measure v’s discrepancy of with (b),

and the last term measures v’s discrepancy with (c). Therefore:
Proposition 5.9. QIMIncy (1) > 0, with equality iff p = O.A.

Although they seem to be very different, QIM/nc and SDef turn out to be
closely related. In fact, modulo the infimum, QIMInc 4 is a special case of SDef—
not for the hypergraph A, but rather for a transformed one A" that models the
noise variables explicitly. To construct A" from A, add new nodes U = {U, }ac4,
and replace each hyperarc .

So LT, with the pair of hyperarcs — Z‘;
o a1 Ta
Finally, add one additional hyperarc &/ — X. (Intuitively, this hyperarc creates

functional dependencies in the spirit of Theorem 5.2.) With these definitions
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in place, we can state a theorem that bounds QIMInc above and below with
information deficiencies. The lower bound generalizes Theorem 5.8 by giving
an upper limit on SDef 4(1+) even for distributions x that are not QIM-compatible
with A. The upper bound is tight in general, and shows that QIM/nc, can be

equivalently defined as a minimization over SDef 4;.

Theorem 5.10.  (a) If (X, .A) is a hypergraph, u(X) is a distribution, and v(X ,U)

is an extension of v to additional variables U = {U, }4c 4 indexed by A, then:

SDef 4(11) < QIMInc a(p) < SDef 41 (v).

(b) For all juand A, there is a choice of v that achieves the upper bound. That is,

QIMInca(p) = min{ SDef 4+ (v) : I;(Egg?‘i(jf(’i{)) }

5.5 Discussion

We have shown how directed hypergraph s can be used to represent structural
aspects of distributions. Moreover, they can do so in a way that generalizes
conditional independencies and functional dependencies and has deep connec-
tions to causality and information theory. Many open questions remain. A major
one is that of more precisely understanding QIM-compatibility in cyclic models.
We do not yet know, for example, whether the same set of distributions are
QIM-compatible with the clockwise and counter-clockwise 3-cycles. A related
problem is to find an efficient procedure that can determine whether a given
distribution is QIM-compatible with a hypergraph. We hope to explore all these

questions in future work.

162



APPENDICES FOR CHAPTER 5

5.A Proofs

We begin with a de-randomization construction, that will be useful for the proofs.

5.A.1 From CPDs to Distributions over Functions

Compare two objects:

* acpdp(Y|X), and

e a distribution ¢(Y*¥) over functions g : ¥.X — (Y.

The latter is significantly larger — if both [V X| = |[VY| = N, then g isa NV
dimensional object, while the dimension of p is only N?. A choice of distribution

q(Y™) corresponds to a unique choice cpd p(Y|X), according to

p(Y=y | X=x) :=q(Y*(z) =y).

Claim 1. 1. The definition above in fact yields a cpd, i.e., >, p(Y=y|X=z) = 1 for
all z € VX.
2. This definition of p(Y'|X) is the conditional marginal of any joint distribution
w(X, Y, YX) satisfying p(Y™X) = gand pn(Y = Y*(X)) = 1.

Both p and ¢ give probabilistic information about ¥ conditioned on X. But
q(Y™) contains strictly more information. Not only does it specify the distribu-

tion over Y given X=z, but it also contains counter-factual information about
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the distribution of Y if X were equal to 2/, conditioned on the fact that, in reality,

X=x.

Is there a natural construction that goes in the opposite direction, intuitively

making as many independence assumptions as possible? It turns out there is:
= ][ »(y=g(2) | X=0).
reVX

Think of Y as a collection of variables {Y” : x € VX} describing the value
of the function for each input, so that ¢ is a joint distribution over them. This
construction simply asks that these variables be independent. Specifying a distri-
bution with these independences amounts to a choice of “marginal” distribution
q(Y”) for each z € VX, and hence is essentially a funciton of type VX — AVY,

the same as p. In addition, if we apply the previous construction, we recover p,

since:
g(Y¥(z) =y) = .V);W gxp (Y=g(z') | X=2')
= .U;Wﬂ[g(x) = ylp(Y=g(z) | X=2) 1;[ p(Y=g(a') | X=a')
= p(Y=y | X=x) XZY l;lp (Y=g(a') | X=2')

=p(Y=y|X=2) > ]| p(V=9)|X=2)

g VX \{2}=>VY 2/eVX\{z}

=p(Y=y | X=x).

The final equality holds because the remainder of the terms can be viewed as
the probability of selecting any function from X \ {z} to Y, under an analogous

measure; thus, it equals 1. This will be a useful construction for us in general.

164



5.A.2 Results on (In)dependence

Lemma 5.11. Suppose X;, ..., X, are variables, Yi,...,Y,, are sets, and for each
i € {1,...n}, we have a function f; : V(X;) — Yi. Then if Xy, ..., X,, are mutually

independent (according to a joint distribution 1), then so are f1(X1), ..., fu(X,).

Proof. This is an intuitive fact, but we provide a proof for completeness. Ex-
plicitly, mutual independence of X, ..., X,, means that, for all joint settings
x = (z1,...2,), we have pu(X =x1,..., X,=x,) = [[}_, p(X;=xz;). So, for any

joint settingy = (y1,...,y,) € Y1 X --- x Y,,, we have

(A=, F(Xa)=pa) = pl{x: £x) = ¥})

= Z w(Xi=x1, ..., Xp=1x,)

($1 ..... xn)GU(Xl ..... Xn)

= > Y wX=, L Xe=ay)

z1€VX1 Tn VX,
fi(z1)=y1 frn(Tn)=yn

S SR S | s

1 €VX1 VX, i=1
fl (:E1)=y1 fn (xn):yn

:< 3 M(Xlle))---( > M(Y1:y1)>

r1€VX1 VX,
fi(z1)=p In(zn)=yn

= [ w(fi(X3) = ).
i=1
Lemma 5.12 (properties of determination).

1.IfvEA—»BandviEA— C, thenv E A — (B,C).

2 IfvEA—»Bandvi=B —» C, thenv = A —» C.

Proof. v = X — Y, means there exists a function f : V(A) — V(B) such that
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v(f(Y)=X)=1,1ie., theevent f(A) = B occurs with probability 1.

1. Let f : V(A) — V(B)and g : V(A) — V(C) be such that v(f(A) = B) =
1 =v(g(A) = C). Since both events happen with probability 1, so must the
event f(A) = BN g(A) = C. Thus the event (f(A),g(A)) = (B,C) occurs
with probability 1. Therefore, v = A — (B, C).

2. The same ideas, but faster: we have f : V(A) — ¢(B) as before, and
g : V(B) — V(C), such that the events f(A) = B and g(B) = C occur
with proability 1. By the same logic, it follows that their conjunction holds
with probability 1, and hence C' = f(g(A)) occurs with probability 1. So
viEA—»C. O

Theorem 5.1. If G is a directed acyclic graph and Z(G) consists of the independencies
of its corresponding Bayesian network, then p = O Ag if and only if p satisfies Z(G).

Proof. Label the vertics of G = (N, F) by natural numbers so that they are a
topological sort of G—that is, without loss of generality, suppose N' = [n] :=
{1,2,...,n},and ¢ < j whenever i — j € E. By the definition of A, the arcs
Ac = {5 2 i}7_, are also indexed by integers. Finally, write X = (X;,...,X,,)

for the variables X’ corresponding to A/ over which 4 is defined.

(==). Suppose i = 0.A¢. This means there is an extension of fi(X,U) of p(X)
to additional independent variables i/ = (U, ..., U,), such that i |= (S;,U;) —» i

foralli € [n].

First, we claim that if /i is such a witness, then i |= (Uy, ..., Ux) = (X1,..., Xk)
for all £ € [n], and so in particular, i = U — X. This follows from QIM-

compatibility’s condition (c) and the fact that G is acyclic, by induction. In more
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detail: The base case of £ = 0 holds vacuously. Suppose that i |= (X, ..., X}) for
some k < n. Now, conditon (c) of Definition 5.1 says fi = (Sg+1, Uk+1) = Xgt1-
Because the varaibles are sorted in topological order, the parent variables S, are
asubset of { X, ..., X, }, which are determined by ¢/ by the induction hypothesis;
at the same time clearly zi = (Uy, . .., Uyt+1) = Ug41 as well. So, by two instances
of Lemma 5.12, i = (Uy,...Uk+1) — Xi11. Combining with our inductive
hypothesis, we find that i = (U, ... Ugs1) = (Xi, ..., Xk41). So, by induction,
g k= (Uy,...,Up) = (X1,...,X}y) for k € [n], and in particular, i = U — X.

With this in mind, we now return to proving that p has the required in-
dependencies. It suffices to show that p(X) = [[_, u(X; | Si). We do so
by showing that, for all £ € [n], u(Xy,..., X)) = w( Xy, ..., Xpo1) (X | Sk).
By QIM-compatibility witness condition (c), we know that i = (S, Ux) —»
Xk, and so there exists a function f, : V(Sy) x V(Uy) — V(X)) for
which the event f;(S;,U;) = X, occurs with probability 1. Since i =
(Ui,...,Us—1) = (X4, ..., Xj21), and Uy, is independent of (Uy, ..., Ux_1), it fol-
lows from Lemma 5.11 that i |= (X1, ..., Xx—1) I Uy. Thus

p(Xe, o X, Xo) = > (X, X )(Ur = w) - 1[Xg = oSk, )]

ueV(Uy)

= (X1, Xia) Y Uk = u) - 1[Xy = fi( Sy, )]
uweV (Uy)

Observe that the quantity on the right, including the sum, is a function of X
and S, but no other variables; let (X}, S;) denote this quantity. Because ( is
a probability distribution, know that ¢ (X}, S;) must be the conditional proba-
bility of X, given X;, ..., X;_;, and it depends only on the variables S;. Thus

/J“(Xla B 7Xk?) = /“L(Xla s 7Xk—1>ﬂ’(Xk | Sk)

Therefore v(X') = ;(X') factors as required by the BN GG, meaning that . has
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the independencies specified by G (See Koller & Friedman Thm 3.2, for instance.)

( <= ). Suppose u satiesfies the independencies of (G, meaning that each
node is conditionally independent of its non-descendents given its parents.
We now repeatedly apply the construction Section 5.A.1 to construct a QIM-
compatibility witness. Specifically, for £ € {1,...,n}, let U, be a variable whose
values V(Uy,) := V(X)") are functions from values of X’s parents, to values
of Xj. Let U denote the joint variable (Uy,...,U,), and observe that a setting
g = (g1, .., 9n) of U uniquely picks out a value of X, by evaluating each function

in order. Let’s call this function f : V(U) — V(X).

To be more precise, we now construct f(g) inductively. The first component we
must produce is X;, but since X; has no parents, g; effectively describes a single
value of X, so we define the first component f(g)[X;] to be that value. More
generally, assuming that we have already defined the components X;,..., X, 4,
among which are the variables S, on which X; depends, we can determine the

value of X;; formally, this means defining

which, by our inductive assumption, is well-defined. Note that, for all g € V(i)

and x € V(X), the function f is characterized by the property
fley=x = Aaxs])=xX] (54)
i=1

To quickly verify this: if f(g) = x, then in particular, for ¢ € [n], then x[X;] =
f(g)[Xi] = ¢:(x][Si]) by the definition above. Conversely, if the right-hand side of

(5.4) holds, then we can prove f(g) = x by induction over our construction of f:

if f(g)[X;] = x[X;] forall j <, then f(g)[Xi] = g:(f(8)[S:]) = 9:(x[5i]) = x[Xi].

168



Next, we define an unconditional probability over each U according to
(U= g) = [ w(Xi=gs) | Si=s).
s€V(Sk)
which, as verified in Section 5.A.1, is indeed a conditional probability, and has
the property that 1;(U;(s) = ) = u(X; =z | S;=s) forall z € V(X;) and s €
V(5;). By taking an independent combination (tensor product) of each of these
unconditional distributions, we obtain a joint distribution (i) = [[._, @(U;).
Finally, we extend this distribution to a full joint distribution i(U/, X') via the
pushforward of (i) through the function f defined by induction above. In this

distribution, each X; is determined by U; and S;.

By construction, the variables ¢/ are mutually independent (for Defini-
tion 5.1(b)), and satisfy (S;,Ux) — X} for all & € [n] (Definition 5.1(c)). It
remains only to verify that the marginal of /i on the variables X is the origi-
nal distribution o (Definition 5.1(a)). Here is where we rely on the fact that

o satisfies the independencies of GG, which means that we can factor p(X) as
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w(X) = TTis, (X [ S))-

A(X=x)= >  [pU=g) if(x|g)

geV(U)
- Z 1 [X - f(gﬂ H 1(Ui=g;)
(g1,--9n)EVU) i=1
- Z 1 [/\g,(x[&]) = X[Xi]} H i(Ui=g;) by (5.4)]
(G150 sgn)EVU) =1 i1
=11 > 1lsx[s]) =x[Xi] - aUi = g)
=1 gev(Us)
x; = x| Xj),
= H ﬂ({g e V(U;) | g(si) = xz}) where - [[S]]

Therefore, when (. satisfies the independencies of a BN G, it is QIM-compatible
with Ag. ]

Before we move on to proving the other results in the chapter, we first illustrate
how this relatively substantial first half of the proof of Theorem 5.1 can be

dramatically simplified by relying on two information-theoretic arguments.

Alternate, information-based proof. ( = ). Let G be a dag. If n = OAg, then
by Theorem 5.8, SDef 4.(11) < 0. In the proof of Theorem 3.5, it is shown that
SDef 4. (1) > 0 with equality iff ;1 satisfies the BN’s independencies. Thus ;» must

satisfy the appropriate independencies. O
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Theorem 5.2.

@) pl= XY NOA ifandonlyif ¥n > 0. k= OAU ™

X—=Y °

(b) if A= Ag foradag G, then p |z X—Y A QA ifand only if p = QAU )

(c) if Ja € A such that S, = @ and X € T,, then p E X—»Y N QA iff p
<>A|_| (+2)

X—=Y*

Proof. (a). The forward direction is straightforward. Suppose that p = O.A
and 1 = X — Y. The former condition gives us a witness v(X’,/) in which
U = {U,}uea are mutually independent variables indexed by A, that deter-
mine their respective edges. “Extend” v in the unique way to n additional
constant variables Uy, ..., U,, each of which can only take on one value. We
claim that this “extended” distribution /, which we conflate with v because it

is not meaningfully different, is a witness to x = ¢.A L Sincep =X —»Y

X—>Y
it must also be that v = X — Y, and it follows that v = (X,U;) — Y for all
i € {1,...,n}, demonstrating that the new requirements of »' imposed by Defini-
tion 5.1(c) hold. (The remainder of the requirements for condition (c), namely
that v/ = (S,,U,) — T, for a € A, still hold because ¢/ is an extension of v,
which we know has this property.) Finally, since ¢/ are mutually independent
and each Uj is a constant (and hence independent of everything), the variables

U = U U{U;}, are also mutually independent. Thus v (or, more precisely,

an isomorphic “extension” of it to additional trivial variables) is a witness of

1= <>"4|—|X—>Y

The reverse direction is difficult to prove directly, yet it is a straightforward

application of Theorem 5.8. Suppose that u = 0.AL ™ for all n > 0. By

X—>Y
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Theorem 5.8, we know that

0> SDef |, ) (1) = SDef 4(p) +nH,(Y]X).

X—=Y

Because SDef 4, (1) is bounded below (by —log [V(X)]), it cannot be the case
that H,(Y'|X) > 0; otherwise, the inequality above would not hold for large
n (specifically, for n > log|V(X)|/H,(Y|X)). By Gibbs inequailty, H, (Y |X) is
non-negative, and thus it must be the case that H,(Y|X) =0. Thus p = X — Y.
It is also true that ;1 = ¢.A by monotonicity (Theorem 10.2), which is itself a direct

application of Theorem 5.8

(b). Now A = Ag for some graph G. The forward direction of the equivalence
is strictly weaker than the one we already proved in part (a); we have shown
uwkE oAU )(;“_@ for all n > 0, and needed only to show it for n = 1. The reverse

direction is what’s interesting. As before, we will take a significant shortcut by

(+1)

+ 3 - In this case where A = Ag, we have

using Theorem 5.8. Suppose 11 = ¢.AU
already shown (in the proof of Theorem 3.5) that SDef ,(x) > 0. It follows that
(Theorem 5.8)

=" 8D 4, oy () = SDef () + Hu(Y]X) 2 0,

and thus H,(Y|X) = 0, meaning that ¢ = X — Y as promised. As before, we

also have p = 0.A by monotonicity.

(c). As in part (b), the forward direction is a special case of the forward
direction of part (a), and it remains only to prove the reverse direction. Equipped
with the additional information that A ~» {— {X}}, suppose that 1 = 0. AU )((fo)v

By monotonicity, this means ;. |= .4 and also that i = = X 3 Y . Let A’ denote

this hypergraph. Once again by appeal to Theorem 5.8, we have that

0> SDef 4 = — Hu(X,Y) + H(X) + 2H,(Y|X) = H,(Y|X) > 0.
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It follows that H,(Y'|X) = 0, and thus 1 = X — Y. As mentioned above, we

also know that i = 0.4, and thus ¢ = 0. A A X—»Y as promised. O

5.A.3 Causality Results of Section 5.3

Proposition 5.3. Given a graph G and a distribution u, i |= O.Ag iff there exists a

fully randomized PSEM of dependency structure Aq from which p can arise.

Proof. (=). Suppose p = Ag. Thus there exists some witness ji(X,U) to this
fact, satisfying conditions (a-c) of Definition 5.1. Because A is partitional, the
elements of PSEMs 4, (f1) are ordinary (i.e., not generalized) randomized PSEMs.
We claim that every M = (M, P) € PSEMs 4, (t) that is a randomized PSEM
from which y can arise, and also has the property that Pa,,(Y) C Pag(Y)U{Uy}
forallY € X.

* The hyperarcs of A correspond to the vertices of GG, which in turn cor-
respond to the variables in X; thus Y = {Ux}xex. By property (b) of
QIM-compatibility witnesses (Definition 5.1), these variables {Ux } xcx are
mutually independent according to fi. Furthermore, because M = (M, P) €
PSEMs 4.(f1), we know that i(U/) = P, and thus the variables in ¢/ must be
mutually independent according to P. By construction, in causal models
M € PSEMs 4, (fi) the equation fy can depend only on Sy = Pag(Y) C X

and Uy. So, in particular, fy does not depend on Uy for X # Y.

Altogether, we have shown that M contains exogenous variables {Ux } xcx
that are mutually independent according to P, and that f;- does not depend

on Uy when X # Y. Thus, M is a randomized PSEM.
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* By condition (a) on QIM-compatibility witnesses (Definition 5.1), we know
that i(X') = p. By Proposition 5.6(a), we know that © € { M }. Together, the

previous two sentences mean that ;. can arise from M.

¢ Finally, as mentioned in the first bullet item, the equation fy in M can
depend only on Sy = Pag(Y) and on Uy. Thus Pay (Y) C Pag(Y) U {Uy}
forallY € X.

Under the assumption that i = 0.Ag, we have now shown that there exists a
randomized causal model M from which p can arise, with the property that

Pay(Y) C Pag(Y)U{Uy} forall Y € X.

( <= ). Conversely, suppose there is a randomized PSEM M = (M =
(Y,U, F), P) with the property that Pa,,(Y) C Pag(Y) U {Uy} for all Y, from
which p can arise. The last clause means there exists some v € { M} such
that v(X) = p. We claim that this v is a witness to ¢ = 0.Ag. We already
know that condition (a) of being a QIM-compatibility witness is satisfied, since
v(X) = p. Condition (b) holds because of the assumption that {Ux } xcx are
mutually independent in the distribution P for a randomized PSEM (and the
fact that v(U) = P, since v € {M}). Finally, we must show that (c) for each
YeX,viEPag(Y)U{Uy} — Y. Since v € { M}, we know that M’s equation
holds with probability 1 in v, and so it must be the case that v = Pay (V) — Y.
Note that, in general, if A C Band A — C, then B — C. By assumption,
Pay (Y) C Pag(Y)U{Uy}, and thus v = Pag(Y)U {Uy} — Y.

Thus v satisfies all conditions (a-c) for a QIM-compatibility witness, and hence

= OAg. [

Proposition 5.5. ;o = QA iff there exists a generalized randomized PSEM with
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structure A from which p can arise.

Proof. ( = ). Suppose i = OA, meaning there exists a witness v(X,U)
with property Definition 5.1(c), meaning that, for all a € A, there is a func-
tional dependence (S,,U,) — T,. Thus, there is some set of functions F with
these types that holds with probability 1 according to . Meanwhile, by Def-
inition 5.1(b), v(U) are mutually independent, so defining P,(U,) = v(U,),
we have v(U) = [],c4 Pa(Us). Together, the previous two conditions (non-
deterministically) define a generalized randomized PSEM M of shape A for

which v € { M}. Finally, by Definition 5.1(a), we know that j can arise from M.

( < ). Conversely, suppose there is a generalized randomized SEM M
of shape A from which p(X) can arise. Thus, there is some v € { M} whose
marginal on X is ;. We claim that this v is also a witness that i = 0.A. The
marginal constraint from Definition 5.1(a) is clearly satisfied. Condition (b) is
immediate as well, because v(U/) = [ [, P.(U,). Finally, condition (c) is satisfied,
because the equations of M hold with probability 1, ensuring the appropriate

functional dependencies. O

Proposition 5.6. If fi(X,U) is a witness for QIM-compatibility with A and M is a
PSEM with dependency structure A, then p € { M} if and only if M € PSEMsq(f).

Proof. (a) is straightforward. Suppose M € PSEMs(v). By construction, the equa-
tions of M reflect functional dependencies in v, and hence hold with probability

1.7 Furthermore, the distribution P(i/) in all M € PSEMs(v) is equal to v(U).

"When the probability of some combination of source variables is zero, there is typically more
than one choice of functions that holds with probability 1; the choice of functions is essentially
the choice of M € PSEMs(v).
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These two facts, demonstrate that v satisfies the two constraints required for

membership in { M }.

(b). We do the two directions separately. First, suppose M € PSEMs(v). We
have already shown (in part (a)) that v € { M }. The construction of PSEMs(v)
depends on the hypergraph A (even if the dependence is not explicitly clear from
our notation) in such a way that fx does not depend on any variables beyond U,

and S, . Thus, Pay(X) C S, U{U, }.

Conversely, suppose M = (X,U,F) is a PSEM satisfying v € {M} and
Pay(X) C S, U{U. }. We would like to show that M € PSEMs(v). Because
v € { M}, we know that the distribution P (/) over the exogenous variables in
the PSEM M is equal to v(U{), matching the first part of our construction. What
remains is to show that the equations F are consistent with our transformation.
Choose any X € X. Because A is subpartitional, there is a unique ax € A such
that X € T,,. Now choose any values s € (S, ) and u € (U, ). If v(s,u) > 0,
then we know there is a unique value of x € ¢/(X) such that v(s, u,z) > 0. Since
M'’s equation for X, fx, depends only on s and u, and holds with probability 1,
we know that fx(s,u) = t, as required. On the other hand, if v(s, u) = 0, then any
choice of fx (s, u) is consistent with our procedure. Since this is true for all X, and
all possible inputs to the equation fx, we conclude that the equations F can arise

from the procedure described in the main text, and therefore M € PSEMs(v). [

Theorem 5.7. Suppose that i is a witness to p = O.A, M € PSEMsy (i), X C X and
x € V(X). If p(dop(X=x)) > 0, then:
(a) (X | dom(X=x)) can arise from Mx x;

(b) for all events ¢ C V(X), Pry ([Xexlp) < ple|doy(X=x)) <
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Pr ((X<—x><p)

and all three are equal when M |=U —» X (such as when M is acyclic).

Proof. (part a). Let (M, P) := M be the SEM and probability over exogenous
variable in the PSEM M, and F = { fy }ycx be its set of equations. Because we
have assumed v(doy (X=x)) > 0, the conditional distribution
v | doy(X=x) = v(U, X) - [ 1[¥s.fx(Ux,s) = x[X]] / v(doy(X=x))
Xex

is defined. By assumption, M € PSEMs(v) and v is a witness to i = O.A. Thus,
by Proposition 5.6, we know that v € { M }. So in particular, all equations of M
hold for all joint settings (u,w) € V(X UU) in the support of v. But the support
of the conditional distribution v | doy(X=x) is a subset of the support of v, so
all equations of M also hold in the conditioned distribution. Furthermore, the
event doy,(X=x) is the event in which, for all X € X, the variable Uy takes on
a value such that fx(...,Ux,...) = x[X]. Thus the equations corresponding to

X = x also hold with probability 1 in v | doy (X=x).

This shows that all equations of Mx.« hold with probability 1 in v |
doy (X=x). However, the marginal distribution v(/ | doy(X=x)) over U
will typically not be the distribution P(i/)—indeed, we have altered collapsed
distribution of the variables Ux = {Ux : X € X}. So, strictly speaking,
v | doy(X=x) ¢ {Mx.«}. Our objective, therefore, is to show that there is
a different distribution v/ € {Mx, «} such that /(X)) = v(X | doy(X=x)). Let
Z:=X\X,and Uz :={Uy : Z € Z}. We can define v’ according to

V/(X,UX,Uz) = V(X,Z/{Z | dO]w(X:X))P(uX).

This distribution satisfies three critical properties:
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1. Clearly v’ has the appropriate marginal v'(X) = v(X | doy(X=x)) on

exogenous variables X, by construction.

2. At the same time, the marginal on exogenous variables is

V/(U) = V/(UX,Uz)

_ /U Vst | dow (X)) PlUhx)

= P(UX)V(UZ | dOM(X:X))

= P(Ux)P(Uz | doy(X=x)) [ since doy(X=x) depends only on !/ ]

since doy (X=x) depends only
on Ux, while Ux and Uz are in-

= PlUx)P(Uz) dependent in v (by the witness
condition).
= P(Ux,Uz) | for the same reason as above |.

3. Finally, v/ satisfies all equations of Mx. . It satisfies the equations for
the variables X because X = x holds with probability 1. At the same
time, the equations in Mx. x corresponding to the variables Z hold with
probability 1, because the marginal v/ (Uz, X') is shared with the distribution
v | dop (X=x)—and that distribution satisfies these equations. (It suffices to
show that they share this particular marginal because the equations for Z

do not depend on Ux.)

Together, items 2 and 3 show that v/ € { Mx. «}, and item 1 shows that (X’ |

dojp (X=x)) can arise from Mx, x.

(part b). We will again make use of the distribution ' defined in part (a),

and its three critical properties listed above. Given a setting u € V(i) of the
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exogenous variables, let

VX € X, w[X]=x[X] }

./—"X<—x(u) = {w = V(X) VY € X \ X. W[Y] - fX(w[X \ Y]vu)

denote the set of joint settings of endogenous variables that are consistent with

the equations of Mx. .
If u € V(U) is such that

(M,u) |5 [Xex]p = (Mxex,u) =
— Yw € Fxix(u). weyp

— Fxex(u) C o,

then ¢ holds at all points that satisfy the equations of Mx. x. So, since v’ is
supported only on such points (property 3), it must be that 1/(¢) = 1. By

property 1, v/(¢) = v(p | doy(X=x)).

Furthermore, if /() > 0, then there must exist some w € Fx. x(u) satisfying
¢, and thus (M, u) = (X<x)¢. Putting both of these observations together, and
with a bit more care to the symbolic manipulation, we find that:

Pr(Xexlp) = P({u c V(U) : (M, u) |= [Xex]p})

= Y P)L[Fxex(u) C ¢]

uct(U)

< Y P(plu) =) =v(p|doy(X=x))
ueV(U)

< Z P(U)H[JT'.XHXGI) Ny 7£ (Z)}
ueV(U)

= P{ue VU) : (M,u) E (Xex)p})

= Pr((X<«x)¢p), as desired.
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Finally, if v = U — X, then Fx. «(u) is a singleton for all u, and hence ¢

holding for all w € Fx. x and for some w € Fx. x are equivalent. So, in this case,
(M, u) | [Xex]p = (M, u) = (Xx)¢,

and thus the probability of both formulas are the same—and it must also equal

v(p | dop(X=x)) which we have shown lies between them. O

5.A.4 Information Theoretic Results of Section 5.4
To prove Theorem 5.8 and Theorem 5.10(a), we will need the following Lemma.

Lemma 5.13. Consider a set of variables Y = {Yi,...,Y,}, and another (set of)

variable(s) X. Every joint distribution u(X,Y ) over the values of X and Y satisfies

zn:lu<X§ Vi) < L(X:;Y)+ zn:Hu(Yz) — H,(Y).

1=1 i=1

Proof. Since there is only one joint distribution in scope, we omit the subscript
, writing I(—) instead of I,,(—) and H(—) instead of H,(—), in the body of this
proof. The following fact, known as the chain rule for mutual information will also

be critical for our calculations:

I(A;B,C)=1(A;C)+ (A, B | C) (the MI chain rule). (5.5)

We prove this by induction on n. In the base case (n = 1), we must show that
I(X;Y) <I(X;Y)+ H(Y) — H(Y), which is an obvious tautology. Now, suppose

inductively that

STHXY) < IX; Yg) + > H(Y) — H(Y1) (IH)
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for some k < n, where Y., = (Y3, ..., Y)). We now prove that the analogue for

k 4+ 1 also holds. Some calculation reveals that

I(X5 Yiqa)

=I(X; Y1) = UX; Y | Viga) [ by MI chain rule (5.5) |
<X Yipen) [since (X Yo | Yigr) > 0]
=1(X; Y1 | Yiu) + 1Yk Yisr) [ by MI chain rule (5.5) |

) WX Y esn) FHYe) = H(Y ki) left: one more MI chain rule (5.5);
| (X Yo +H(Y 1) right: defn of mutual information |-

Observe: adding this inequality to our inductive hypothesis (IHj) yields

(IHk+1)! So, by induction, the lemma holds for all . O

Theorem 5.8. If i = O.A, then SDef ,(1v) < 0.

Proof. Suppose that i = 0.4, meaning that there is a witness v(X, /) that extends
i, and has properties (a-c) of Definition 5.1. For each hyperarc a, since v |=

(Su, Uy) = T, we have H, (T}, | S,,U,) = 0, and so

H,u(Ta ‘ Sa) = HZI(TCL ‘ Saa Ua) + Iu(Ta;Ua ’ Sa) = Iu<Ta; Ua | Sa)~
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Thus, we compute

STHA(T | 5)

acA

= L(UsT. | S,) by the above
acA

= 1,(Us; Tu, S) = 1,(Ua; Sa) by MI chain rule (5.5)
acA

< ZI (Ua; Ty, Sa) since I,(U,; S,) >0
acA

< ZI (Uy; X) since X — (S,,T,)
acA

<L(X;U)+ ) H,(U,) - H,U) by Lemma 5.13

acA

_1,(XU) since U are independent

S (per condition (b) of Definition 5.1)

<H,(X)=H,(X). by condition (a) of Definition 5.1

Thus, SDef ,(p) < 0. O

Proposition 5.9. QIMInca(n) > 0, with equality iff p = Q.A.

Proof. The first term in the definition of QIMInc be written as

< —l—ZH > [log%]

acA

and is therefore the relative entropy between (/) and the independent prod-
uct distribution [] . , ¥(U,). Thus, it is non-negative. The remaining terms of
QIMInc 4(p), are all conditional entropies, and hence non-negative as well. Thus

QIMInc 4(p) > 0.

Now, suppose 1 is s2-comaptible with A, i.e., there exists some v (U, X') such
that (a) v(X) = p(X), (b) H,(1,|S,,U,) = 0, and (d) {U,}4ca are mutually in-

dependent. Then clearly v satisfies the condition under the infemum, every
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H,(T,|S,, U,) is zero. It is also immediate that the final term is zero as well,
because it equals D(v(U) || [[,v(U,)), and v(U) =[], v(U,), per the definition

of mutual independence. Thus, v witnesses that QIMInc 4 ») = 0.

Conversely, suppose QIMInc 4,y = 0. Because the feasible set is closed and
bounded, as is the function, the infemum is achieved by some joint distribu-
tion v(X, A) with marginal ;(X). In this distribution v, we know that every
H,(T,|S:,Us) = 0and D(v(U) || 11,7 (U,)) = 0— because if any of these terms
were positive, then the result would be positive as well. So v satisfies (a) and (b)
by definition. And, because relative entropy is zero iff its arguments are identical
we have v(U) =[], v(U,), so the U,’s are mutually independent, and v satisfies

(d) as well. ]

Theorem 5.10.

(a) If (X, A) is a hypergraph, (X)) is a distribution, and v(X ,U) is an extension of
v to additional variables U = {U, },c 4 indexed by A, then:

SDefa(p) < QIMInca(pn) < SDef 41 (v).

(b) For all juand A, there is a choice of v that achieves the upper bound. That is,

veAV(X,U) }

QIMInc 4(p) = min { SDefar (V) ) = ()

Proof. Part (a). The left-hand side of the theorem (SDef ,4(v) < QIMInc4()) is a
strengthening of the argument used to prove Theorem 5.8. Specifically, letting v/*

be a minimizer of the optimization problem defining QIMInc,
QIMInc4(p) — SDef 4 (1)

= (Z Hy (T | Say Ua) = Hoe (U) + ) H,,*(Ua)) - (Z H,(T, | S,) — Hu()()>

acA acA acA
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= 37 (Hor (T 80,U0) = Hor (T2 | 5)) 4+ Hul¥) = Hor U) + 3 Hon(02)
acA acA

== Leo(TiU,|S)  +H(X) = He )+ He(U,).
acA acA

The argument given in the first five lines of the proof of Theorem 5.8, gives us a
particularly convenient bound for the first group of terms on the left:

S LU To | S0) < Lo (X5U) + Y Hoe(U,) — Hy-(U).
acA acA

Substituting this into our previous expression, we have:

QIMInc4(p) — SDef 4(1)

> —<I,,*(X;Z/{) + ;HV*(UG) _H,. (Lt)) FHL(X) — Hye (U) + ;HV*(UG)

= H,(X) — L-(X;U)

> 0.

The final inequality holds because of our assumption that the marginal v*(X’)

equals p(X). Thus, QIMInca(p) > SDef 4(it), as proimised.

We now turn to the right-hand inequality, and part (b) of the theorem. Recall
that * is defined to be a minimizer of the optimization problem defining QIMInc.

For the right inequality (QIMInc 4 (1) < SDef 4+ (v)) of part (a), observe that

SDef a1 (v) = = Hy(X,U) + > H,(Ua) + > Hy(Ta]Se, Ua) + Ho (X [ U)

acA acA
= (— @)+ Y HU)) + Y (TS, U)
acA acA

> (= o (U) + Y e (U0)) + 3 Hor (T[S0, Ua)
acA acA
= QIMInc(u).

This proves the right-hand side of the inequality of part (a). Moreover, because
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the one inequality holds with equality when v = v* is a minimizer of this quantity

(subject to having marginal ;(X)) we have shown part (b) as well. O

5.B Constructions and Counterexamples

5.B.1 Parallel Arcs without Functional Dependency

We now give a counterexample to a simpler previously conjectured strengthening
of Theorem 5.2, in which part (a) is an if-and-only-if. In the unconditional case,
it is true that, two arcs {X, %X} precisely encode that X is a constant, as
illustrated by Example 5.2. The following, slightly more general result, is an

immediate correlary of Theorem 5.2(c).

Proposition 5.14. p = QAU {—=X, 5 X} ifand only if u = QA and = @ — X.

One can be forgiven for imagining that the conditional case would be
analogous—that QIM-compatibility with a hypergraph that has two parallel
arcs from X to Y would imply that Y is a function of X. But this is not the
case. Furthermore, our counterexample also shows that neither of the two prop-
erties we consider in the main text (requiring that A is partitional, or that the
QIM-compatibility with p is even) are enough to ensure this. That is, there are

partitional graphs A such that ;1 = Abut p £ OAU{X Y, X 5V}

Example 5.7. We will construct a witness of SIM-compatibility for the hypergraph



in which Y is not a function of X, which for n = 3 will disprove the analogue of

Theorem 5.2 for the partitional context A’ equal to the 2-cycle.

LetU = (Up, Uy, ..., U,) be a vector of n mutually independent random coins,
and A is one more independent random coin. For notational convenience, define
the random vector U := (U, ..., U,) consisting of all variables U; except for Uj.

Then, define variables X and Y according to:

X =AaU,..., AU, Uy U, Uy @ U,,...,Us @ U,)
=AU, Uy U)

Y = (A7U0@U):(Aa U0®U1aUO@U27"'7UO@Un)a

where and the operation Z @ V is element-wise xor (or addition in F3), after
implicitly converting the scalar Z to a vector by taking n copies of it. Call the

resulting distribution v(X,Y,U).
It we now show that v witnesses that its marginal on X, Y is QIM-compatible

with 4, which is straightforward.

(b) U are mutually independent by assumption;

(c.0) Y = (A,B) and U, determine X according to:

9(A,B,Uy) = (A U, © B, B)
=AelUye Uy U, Uy® U) since B=U,® U

(c.1-n) fori € {1,...,n}, U; and X = (V, B) together determine Y according to

fi(V,BU;) = (V;oU, B)=(AeU;oU;, Uy®U) =Y.
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In addition, this distribution v(U, X, Y’) satisfies condition

(d) v(X,Y | U) = S1[g(Y,Up) = XTI, L[f:(X,U;) = Y], since, for all joint
settings of U/, there are two possible values of (X, Y’), corresponding to the

two values of 4, and both happen with probability 1.

Thus, we have constructed a distribution that witnessing the fact that
w(X,Y) E A. But observe that X alone does not determine Y in this distri-
bution, because X alone is not enough to determine A (without also knowing

some U;).

For completeness, note that the bound of Theorem 5.8 tells that we must

satisfy

0> SDef (1) = — Hu(X,Y) + nH,(Y | X) + H,(X | V)

= —L(X5Y) + (n = 1) H(Y [ X)
Indeed, this distribution has information profile
H(X | Y) = 1bit, I(X;Y) = nhbits, H(Y | X) = 1bit,

and so SDef 4(1) = —1bit. Intuitively, this one missing bit corresponds to the

value of A that is not determined by the structure of A. A

5.B.2 Counter-Examples to the Converse of Theorem 5.8

In light of Example 5.6 and its connections to SDef through Theorem 5.8, one
might hope this criterion is not just a bound, but a precise characterization of the
distributions that are QIM-compatible with the 3-cycle. Unfortunately, it does

not, and the converse of Theorem 5.8 is false.
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Example 5.8. Suppose p(X,Y,Z) = Unif(X, Z2)6id(Y|X) and A = {— X, —
Y}, where all variables are binary. Then SDef ,(x) =0, but X and Y are not

independent. A

Here is another counter-example, of a very different kind.

Example 5.9. Suppose A, B, C are binary variables. It can be shown by enumera-
tion (see appendix) that no distribution supported on seven of the eight possible
joint settings of of V(A, B, C') can be QIM-compatible with the 3-cycle Aj;,. Yet
it is easy to find examples of such distributions ;. that have positive interaction

information I(A; B; C), and thus SDef ,(As.) < 0 for such distributions. A

5.C From Causal Models to Witnesses

We now return to the “easy” direction of the correspondence between QIM-
compatibility witnesses and causal models, mentioned at the beginning of Sec-
tion 5.3.2. Given a (generalized) randomized PSEM M, we now show that
distributions v € { M} are witnesses to the QIM-compatibility of the marginals

of v with the hypergraph A,,. More formally:

Proposition 5.15. If M = (U, V, F, P) is a randomized PSEM, then every v € { M}
witnesses the QIM-compatibility of its marginal on its exogenous variables, with the

dependency structure of M. That is, forallv € {M}and Y CUUV, v(Y) E OAm.

The proof is straightforward: by definition, if v € { M}, then it must satisfy
the equations, and so automatically fulfills condition (c). Condition (a) is also

satisfied trivially, by assumption: the distribution we’re considering is defined to
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be a marginal of v. Finally, (b) is also satisfied by construction: we assumed that

U = {U,}uea are independent.
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Part 11

A Universal Objective
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THE MEANING OF UNIVERSALITY

The thesis of Part II is that minimizing inconsistency is a universal objective.
It may seem plausible that this is a good idea, but what justifies calling it “uni-
versal”? Upon close examination, our usage of the word universal can be read
in several different ways. Yet these different readings are closely related and
reinforce one another; we argue that they are different aspects of a single coherent

concept.

1. From the very beginning (Sections 1.1 and 3.1), we have argued that inconsis-
tency is worth representing, and less problematic than had been previously
thought. But that is a long way from an endorsement of holding inconsistent
beliefs. It seems everyone agrees that conflicting beliefs is worthy of deri-
sion, a position which has also been argued by scholars from many different
angles [Descartes 1637; Vineberg 2022; Finocchiaro 1981; Sugden 1985]. This
is the first and most important sense in which minimizing inconsistency is
a universal objective. As we shall soon see, this shared (“universally held”)

scorn for inconsistency makes the concept particularly useful.

2. We saw in Part I that PDGs capture an enormous variety of epistemic
representations in use. It follows that our formal definition of inconsistency
Equation (3.6) also applies in a wide variety of contexts (making the notion

“universally applicable”).

3. The technical results in the coming part (Part II) demonstrate that many stan-
dard measures of discrepancy, loss, and conflict, can be viewed as measuring
the inconsistency of the appropriate PDG (Chapter 6), effectively positioning
inconsistency as a “universal loss function”. Furthermore, many computa-

tions of interest—especially those that form the basis of decision making and
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modern machine learning and Al systems—can be viewed as approaches
to inconsistency minimization (Chapter 7), revealing inconsistency to be a

“universal objective” underlying key algorithms in AL

These three notions of universality, while separable in principle, are in this case
entangled aspects of a single overarching concept. The fact that inconsistency
is so broadly applicable (sense 2) is precisely why it is possible for it to be so
widely reviled (sense 1), and for it to explain so many different popular learning
and inference procedures used in practice (sense 3). The fact that inconsistency is
so widely reviled (sense 1) explains why it is so often used in practice (sense 3);
conversely, the fact that so many minimization objectives in Al can be fruitfully
represented as inconsistencies (sense 3) can be taken as as an empirical argument
bolstering the case that, in practice, everyone wants to minimize inconsistency

(sense 1).

We now turn to the primary task of Part II: establishing that inconsistency
is universal in the third sense: that the overwhelmingly agreed-upon practices
of developing and working with artificial intelligence can be fruitfully cast as
inconsistency resolution. In doing so, we will start to see how inconsistency also
provides a principled way of choosing an objective (universal in sense 1) in any
context (sense 2). Ultimately, minimizing inconsistency emerges as a universally
appropriate, applicable, useful, and natural objective—or, for short, simply a

universal one.
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CHAPTER 6
LOSS AS THE INCONSISTENCY OF A PDG: CHOOSE YOUR MODEL,
NOT YOUR LOSS

In a world blessed with a great diversity of loss functions, we argue that that
choice between them is not a matter of taste or pragmatics, but of model. Recall
that there is a natural way to measure the degree of a PDG’s inconsistency. In this
chapter, we prove that many standard loss functions arise as the inconsistency of
a natural PDG describing the appropriate scenario, and use the same approach
to justify a well-known connection between regularizers and priors. We also
show that the PDG inconsistency captures a large class of statistical divergences,
and detail benefits of thinking of them in this way, including an intuitive visual
language for deriving inequalities between them. In variational inference, we
find that the ELBO, a somewhat opaque objective for latent variable models, and
variants of it arise for free out of uncontroversial modeling assumptions—as
do simple graphical proofs of their corresponding bounds. Finally, we observe
that inconsistency becomes the log partition function (free energy) in the setting

where PDGs are factor graphs.

6.1 Introduction

Many tasks in artificial intelligence have been fruitfully cast as optimization
problems, but often the choice of objective is not unique. For instance, a key
component of a machine learning system is a loss function which the system
must minimize, and a wide variety of losses are used in practice. Each implicitly
represents different values and results in different behavior, so the choice between

them can be quite important [Wang et al. 2020; Jadon 2020]. Yet, because it’s
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unclear how to choose a “good” loss function, the choice is usually made by
empirics, tradition, and an instinctive calculus acquired through the practice—
not by explicitly laying out beliefs. Furthermore, there is something to be gained
by fiddling with these loss functions: one can add regularization terms, to
(dis)incentivize (un)desirable behavior. But the process of tinkering with the
objective until it works is often unsatisfying. It can be a tedious game without
clear rules or meaning, while results so obtained are arguably overfitted and

difficult to motivate.

By contrast, a choice of model admits more principled discussion, in part
because models are testable; it makes sense to ask if a model is accurate. This
observation motivates our proposal: instead of specifying a loss function directly,
one articulates a situation that gives rise to it, in the (more interpretable) lan-
guage of probabilistic beliefs and certainties. Concretely, we use the machinery
of Probabilistic Dependency Graphs (PDGs), a particularly expressive class of
graphical models that can incorporate arbitrary (even inconsistent) probabilis-
tic information in a natural way, and comes equipped with a well-motivated

measure of inconsistency [Richardson and Halpern 2021].

A primary goal of this paper is to show that PDGs and their associated incon-
sistency measure can provide a “universal” model-based loss function. Towards
this end, we show that many standard objective functions—cross entropy, square
error, many statistical distances, the ELBO, regularizers, and the log partition
function—arise naturally by measuring the inconsistency of the appropriate
underlying PDG. This is somewhat surprising, since PDGs were not designed
with the goal of capturing loss functions at all. Specifying a loss function indi-
rectly like this is in some ways more restrictive, but it is also more intuitive (it

no technical familiarity with losses, for instance), and admits more grounded
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defense and criticism.

For a particularly powerful demonstration, consider the variational autoen-
coder (VAE), an enormously successful class of generative model that has enabled
breakthroughs in image generation, semantic interpolation, and unsupervised
tfeature learning [Kingma and Welling 2014]. Structurally, a VAE for a space
X consists of a (smaller) latent space Z, a prior distribution p(Z), a decoder
d(X|Z), and an encoder e¢(Z|X). A VAE is not considered a “graphical model”
for two reasons. The first is that the encoder e¢(Z|X') has the same target variable
as p(Z), so something like a Bayesian Network cannot simultaneously incor-
porate them both (besides, they could be inconsistent with one another). The
second reason: it is not a VAE’s structure, but rather its loss function that makes
it tick. A VAE is typically trained by maximizing the “ELBO”, a somewhat
difficult-to-motivate function of a sample z, originating in variational calculus.
We show that —ELBO(z) is also precisely the inconsistency of a PDG containing
x and the probabilistic information of the autoencoder (p,d, and e). We can
form such a PDG precisely because PDGs allow for inconsistency. Thus, PDG
semantics simultaneously legitimize the strange structure of the VAE, and also
justify its loss function, which can be thought of as a property of the model itself
(its inconsistency), rather than some mysterious construction borrowed from

physics.

Representing objectives as model inconsistencies, in addition to providing a
principled way of selecting an objective, also has beneficial pedagogical side ef-
fects, because of the structural relationships between the underlying models. For
instance, these relationships will allow us to derive simple and intuitive visual
proofs of technical results, such as the variational inequalities that traditionally

motivate the ELBO, and the monotonicity of Rényi divergence.
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In the remainder of this chapter, we show in more detail how this concept
of inconsistency, beyond simply providing a permissive and intuitive model-
ing framework, reduces exactly to many standard objectives used in machine
learning and to measures of statistical distance. We demonstrate that this frame-
work clarifies the relationships between them, by providing clear derivations of

otherwise opaque inequalities.

Preliminaries. This chapter focuses on primarily on quantitative aspects of
PDGs—after all, the idea behind modern machine learning is to always defer to
data and empirics. So, unless we say otherwise, we will take the inconsistency
of a PDG refer to the purely observational inconsistency (7 = 0), dropping the

subscript and writing (171) := inf,, Olncm ().

Intuitively, believing more things can’t make you any less inconsistent.
Lemma 6.1 captures this formally: adding cpds or increasing confidences cannot

decrease a PDG’s inconsistency.

Lemma 6.1 (Monotonicity of Inconsistency ). Suppose PDGs 1 and T’ differ only
in their edges (resp. A and A') and confidences (resp. 3 and 3'). If A C A’ and 3, < 3,
forall a € A, then (M)., < (M')., for all v.!

As we will see, this tool is sufficient to derive many interesting relationships

between loss functions.

LAll proofs can be found in Section 6.C.
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6.2 Standard Metrics as Inconsistencies

6.2.1 Three Dimensions of Log-Likelihood

Suppose that you believe that X is distributed according to p(XX'), and also that
it (certainly) equals some value x. These beliefs are consistent if p(X=1x) =1
but become less so as p(X=x) decreases. In fact, this inconsistency is equal to
the information content I,[ X = z] := —log p(X = x), or surprisal [Tribus 1961],
of the event X = z, according to p.? In machine learning, I, is usually called
“negative log likelihood”, and is the de-facto standard training objective for

training generative models [Grover and Ermon 2018; Myung 2003].

Proposition 6.2. Consider a distribution p(X). The inconsistency of the PDG compris-

ing p and X=ux equals the surprisal 1,[ X=x]. That is,

[X=1] = <<£> X« >>

(Recall that (1) is the inconsistency of the PDG M1.)

In some ways, this result is entirely unsurprising, given that (3.1) is a flexible
formula built out of information-theoretic primitives. Even so, note that the
inconsistency of believing both a distribution and an event happens to be the
standard measure of discrepancy between the two—and is even named after

“surprise”, a particular expression of epistemic conflict.

Still, we have a ways to go before this amounts to any more than a curiosity.

One concern is that this picture is incomplete; we train probabilistic models with

2This construction requires the event X = z to be measurable, and is only useful if it has
nonzero probability. One can get similar, but subtler, results for probability densities; see
Section 6.A.
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more than one sample. What if we replace = with an empirical distribution over

many samples?

Proposition 6.3. If p(X) is a probabilistic model of X, and D = {z;}, is a dataset

with empirical distribution Prp, then

m

CrossEntropy (Prp, p) := %ZIP[X:%] = <<£) X (£7>> + H(Prp).

i=1 o
Remark. As usual, H(Prp) is a constant depending only on the data, so is irrele-

vant for the purposes of optimizing p.

Essentially the only choices we’ve made in specifying the PDG of Proposi-
tion 6.3 are the confidences. But CrossEntropy (Prp, p) is the expected code length
per sample from Prp, when using codes optimized for the (incorrect) distribution
p. So implicitly, a modeler using cross-entropy has already articulated a belief
the data distribution Prp is the “true one”. To get the same effect from a PDG,
the modeler must make this belief explicit by placing infinite confidence in the

data distribution Prp.

Now consider an orthogonal generalization of Proposition 6.2, in which the

sample z is only a partial observation of (z, z) from a joint model p(X, Z).

Proposition 6.4. If p(X, Z) is a joint distribution, then the information content of the

partial observation X = x is given by

I[X=x] = << Z MX o > (6.1)

Intuitively, the inconsistency of the PDG on the right hand side side of Equa-
tion (6.1) is localized to the variable X, where the observation = conflicts with

p(X). In other words, the only relevant aspect of the distribution p(X, Z) is its
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marginal on X. Propositions 6.3 and 6.4 extend the surprisal result (Proposi-
tion 6.2) in two orthogonal directions: to settings with multiple observations, and
with partial observation. The multi-sample partial-observation generalization

also holds; see Section 6.B.3. We now introduce a third axis.

So far we have considered models of an unconditional distribution p(X).
Because they are unconditional, such models must describe how to generate a
complete sample X without input, and so are called generative; the process of
training them is called unsupervised learning [Hastie et al. 2009]. In the (more
common) supervised setting, we train discriminative models to predict Y from X,
via labeled samples {(z;,y;) };- There, cross entropy loss is perhaps even more
dominant—and it is essentially the inconsistency of a PDG consisting of the

predictor h(Y'|X) together with high-confidence data.

Proposition 6.5 (Cross Entropy, Supervised). The inconsistency of the PDG com-
prising a probabilistic predictor h(Y|X), and a high-confidence empirical distribution
Prp of a dataset D = {(x;,v:)}7, equals the cross-entropy loss (minus the empirical

uncertainty in Y given X, a constant depending only on D). That is,

PI"D‘\‘ m

1 1
X\ — Y =E;10gﬁ — Hpy, (V] X).

Proposition 6.5 describes the multi-sample conditional instantiation of log-
likelihood, which in practice is the most common setting for machine learning
altogether. Analogous results hold for all combinations of the three axes we have
described:

unconditional conditional single- multi-sample » full  partialinfo |
(generative), (discriminative) sample’ (full dataset) info, (latent variable) [’

See figure Figure 6.1 for an illustration.
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Figure 6.1: Variants of log-probability based losses, across three orthogonal dimensions:
conditional vs unconditional, multi-sample vs single-sample, and latent-
variable vs full-information

6.2.2 Accuracy and Square Loss

Simple evaluation metrics, such as the accuracy of a classifier, and the mean

squared error of a regressor, also arise naturally as inconsistencies.

Proposition 6.6 (Log Accuracy as Inconsistency). Consider functions f,h: X =Y
from inputs to labels, where h is a predictor and f generates the true labels. The
inconsistency of believing f and h (with any confidences), and a distribution D(X) with

confidence [3, is [ times the log accuracy of h. That is,

hy = —flog Pr(f(x)=h(z
<% > Y>> 3 log Pr (f(x) =h(x) o
e =B Ip[f =hl.

One often speaks of the accuracy of a hypothesis £, leaving the true labels

f and empirical distribution D implicit. Yet Proposition 6.6 suggests that there
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is a sense in which D(X) plays the primary role: the inconsistency in (6.2) is
scaled by the confidence in D, and does not depend on the confidences in % or
f. Why should this be this the case? Expressing (z,y) such that y # f(z) with
codes optimized for f is not just inefficient, but impossible. The same is true for
h, so we can only consider x such that p(f =h)=1. In other words, the only way
to form a joint distribution at all compatible with both the predictor i and the
labels f, is to throw out samples that the predictor gets wrong—and the cost of
throwing out samples scales with your confidence in D, not in h. This illustrates
why accuracy gives no gradient information for training h. It is worth noting
that this is precisely the opposite of what happened in Proposition 6.5: there we
were unwilling to budge on the input distribution, and the inconsistency scaled

with the confidence in h.

Observe how even properties of these simple metrics—relationships with one

another and features of gradients—can be clarified by an underlying model.

When Y = R”, an estimator h(Y'|X) is referred to as a regressor instead of
a classifier. In this setting, most answers are incorrect, but some more so than
others. A common way of measuring incorrectness is with mean squared error
(MSE): E |f(X) — Y|?. MSE is also the inconsistency of believing that the labels
and predictor have Gaussian noise—often a reasonable assumption because of

the central limit theorem.

Proposition 6.7 (MSE as Inconsistency).

f kp M 1

— ZEp| f(X) = h(X)|?
%X/F’ >Y 5 D|f( ) (X)]
h\Sl Hh _/\/'1 = MSED(f, h) s

where N1(Y| 1) is a unit Gaussian on 'Y with mean p.
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In the appendix, we treat general univariate Gaussian predictors, with arbi-

trary variances and confidences.

6.3 Regularizers and Priors as Inconsistencies

Regularizers are extra terms added to loss functions, which provide a source
of inductive bias towards simple model parameters. There is a well-known
correspondence between using a regularizer and doing maximum a posteriori in-
ference with a prior (see Section 6.A), in which L2 regularization corresponds to a
Gaussian prior [Rennie 2003], while L1 regularization corresponds to a Laplacian
prior [Williams 1995]. Note that the ability to make principled modeling choices
about regularizers is a primary benefit of this correspondence. Our approach

provides a new justification of it.

Proposition 6.8. Suppose you have a parameterized model p(Y'|©), a prior ¢(©), and

a trusted distribution D(Y). The inconsistency of also believing © = 0 is the cross

entropy loss, plus the regularizer: log ﬁ times your confidence in q. That is,

4 p B 1 1
<<E o 2D¥\>_yLEDIOg pwle) " aE) (6.3)
’ ~H(D)

If our prior is ¢(f) =1 exp(—316?), a (discretized) unit gaussian, then the right

hand side of (6.3) becomes

- R 10)
500 ogk — ,

p(Y'[0) 2 {

Cross entropy loss L2 regularizer

(data-fit costof )  (complexity cost of )

Ep log

TV
constant in p and 6

which is the L2 regularized version of Proposition 6.3. Moreover, the regular-

ization strength corresponds exactly to the confidence 3. What about other
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Figure 6.1: A map of the inconsistency of the PDG comprising p(X) and ¢(X), as we
vary their respective confidences 3, and /3,. Solid circles indicate well-known
named measures, semicircles indicate limiting values, and the heavily dashed
lines are well-established classes.

priors? It is not difficult to see that if we use a (discretized) unit Laplacian prior,

q(0) o< exp(—|0]), the second term instead becomes 3|6,|, which is L1 regular-

ization. More generally, to consider a complexity measure U(¢), we need only

include the Gibbs distribution Pr;(f) o exp(—U(f)) into our PDG. We remark

that nothing here is specific to cross entropy; any of the objectives we describe

can be regularized in this way.

6.4 Statistical Distances as Inconsistencies

Suppose you are concerned with a single variable X. One friend has told you
that it is distributed according to p(X); another has told you that it follows ¢(X).
You adopt both beliefs. Your mental state will be inconsistent if (and only if)

p # ¢, with more inconsistency the more p and ¢ differ. Thus the inconsistency
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of a PDG comprising p and ¢ is a measure of divergence. Recall that a PDG also
allows us to specify the confidences 3, and /3, of each cpd, so we can form a PDG

D

divergence D} (pl|q) for every setting (r, s) of (,, ;). It turns out that a large

class of statistical divergences arise in this way. We start with a familiar one.

Proposition 6.9 (KL Divergence as Inconsistency). The inconsistency of believing
p with complete certainty, and also q with some finite certainty 3, is /5 times the KL

Divergence (or relative entropy) of q with respect to p. That is,

<<p—> X %>>=6D(p!| q)-

This result gives us an(other) intuitive interpretation of the asymmetry of
relative entropy (i.e., KL divergence), and a prescription for when it makes sense
to use it. D(p || ¢) is the inconsistency of a mental state containing both p and ¢,
when absolutely certain of p (and not willing to budge on it). This concords with
the standard intuition that D(p || ¢) reflects the amount of information required
to change ¢ into p, which is why it is usually called the relative entropy “from
q to p”. We now consider the general case of a PDG comprising p(X) and ¢(X)
with arbitrary confidences.

PDG
(r,8)

Lemma 6.10. The inconsistency D" (p||q) of a PDG comprising p(X) with confidence

r and q(X') with confidence s is given in closed form by

D5 (plla) = <<%> X %> — —(r+5) 1Og; (W)rq(x)s)rg

Of the many generalizations of KL divergence, Rényi divergences, first char-
acterized by Alfréd Rényi 1961 are perhaps the most significant, as few others

have found either application or an interpretation in terms of coding theory
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[Van Erven and Harremos 2014]. The Rényi divergence of order a between two
distributions p(X) and ¢(X) is given by

1
1l —«

Du(p | q) := log > plx)*q(x) (6.4)

2V (X)

Rényi introduced this measure in the same paper as the more general class of
f-divergences, but directs his attention towards those of the form (6.4), because
they satisfy a natural weakening of standard postulates for Shannon entropy
due to Fadeev [1957]. Concretely, every symmetric, continuous measure that
additively separates over independent events, and with a certain “mean-value
property”, up to scaling, is of the form (6.4) for some « [Rényi 1961]. It follows
from Lemma 6.10 that every Rényi divergence is a PDG divergence, and every

(non-limiting) PDG divergence is a (scaled) Rényi divergence.

Corollary 6.10.1 (Rényi Divergences). For all r,s € R, with r + s > 0, and all
a € [0, 0ol, we have that

(o X 5)=sDowla)  and  Dapllo= (=X )

r+s (: ﬁ ,)

However, the two classes are not identical, because the PDG divergences have
extra limit points. One big difference is that the reverse KL divergence D(q || p)
is not a Rényi divergence D, (p || ¢) for any value (or limit) of .. This lack of
symmetry has led others [e.g., Cichocki and Amari 2010] to work instead with
a symmetric variant called a-divergence, rescaled by an additional factor of +.

The relationships between these quantities can be seen in Figure 6.1.

The Chernoff divergence measures the tightest possible exponential bound on
probability of error [Nielsen 2011] in Bayesian hypothesis testing. It also happens
to be the smallest possible inconsistency of simultaneously believing p and ¢,

with confidences whose sum equals one.
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Corollary 6.10.2. The Chernoff Divergence between p and q equals

inf <<‘p—> X %>>
B€(0,1) ‘

One significant consequence of representing divergences as inconsistencies is
that we can use Lemma 6.1 to derive relationships between them. The following

facts follow directly from Figure 6.1, by inspection.

Corollary 6.10.3. 1. Rényi entropy is monotonic in its parameter c.

2. D(p|l q) > 2Dg(p,q) < D(q | p).
3. Ifq(p > 0) < 1(ie., q &L p), then D(q || p) = oc.

These divergences correspond to PDGs with only two edges and one variable.

What about more complex graphs? For a start, conditional divergences

xr~Tr

DES(pr1) [[ari)

r(X)) i= EDPS(p(Y]2)||a(¥]2))

can be represented straightforwardly as

Do
r —
DG g 11) — <<T> X7 Y>>.

q\\:

Other structures are useful intermediates. Lemma 6.1, plus some structural
manipulation, gives visual proofs of many divergence properties; Figure 6.2
features such a proof of the data-processing inequality. And in general, PDG
inconsistency can be viewed as a vast generalization of divergences to arbitrary

structured objects.
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Figure 6.2: A visual, monotonicity-based proof of the data-processing inequality for
all PDG divergences: DG (p H q) > pDFPPG (f op H fo q). In words: the
cpd f(Y|X) can always be satisfied, so adds no inconsistency. It is then
equivalent to split f and the variable X into X; and X, with edges enforcing
X1 = Xs. But removing such edges can only decrease inconsistency. Finally,
compose the remaining cpds to give the result. See the Section 6.C.1 for a
full justification.

6.5 Variational Objectives and Bounds

The fact that the incompatibility of 7 with a specific joint distribution 4 is an
upper bound on the inconsistency is not a deep one, but it is of a variational
tflavor. Here, we focus on the more surprising converse: PDG semantics capture
general aspects of variational inference. Moreover, PDGs provide the basis of an

intuitive graphical proof language for variational bounds.

6.5.1 PDGs and Variational Approximations

We begin by recounting the standard development of the ‘Evidence Lower
BOund’ (ELBO), a standard objective for training latent variable models [Blei
et al. 2017, §2.2]. Suppose we have a model p(X, Z), but only have access to
observations of z. In service of adjusting p(X, Z) to make our observations more
likely, we would like to maximize log p(X = z), the “evidence” of = (Proposi-

tion 6.4). Unfortunately, computing p(X) = > _p(X, Z= z) requires summing
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over all of Z, which can be intractable. The variational approach is as follows: fix
a family of distributions Q that is easy to sample from, choose some ¢(Z) € Q,
and define ELBO, ,(z) := E.., log ’%. This is something we can estimate, since

we can sample from ¢. By Jensen’s inequality,

p(x, Z

EI;]?O(.T) :IEEIOgM < log [E >)} = log p(x),

q(Z2) = “la g2
with equality if ¢(Z) = p(Z). So to find p maximizing p(z), it suffices to adjust p

and ¢ to maximize ELBO, ,(z),® provided Q is expressive enough.

The formula for the ELBO is somewhat difficult to make sense of.* Neverthe-

less, it arises naturally as the inconsistency of the appropriate PDG.

Proposition 6.11. The negative ELBO of x is the inconsistency of the PDG containing

p,q, and X=x, with high confidence in q. That is,

p
—EI;E)O(x):<<f1_> ZA‘X «3c>>

Owing to its structure, a PDG is often more intuitive and easier to work with
than the formula for its inconsistency. To illustrate, we now give a simple and
visually intuitive proof of the bound traditionally used to motivate the ELBO,

via Lemma 6.1:

log]%z << Z%g >> < <q\,2%3 >> :—EI;E)O(:L‘).

The first and last equalities are Propositions 6.4 and 6.11 respectively. Now to
reap some pedagogical benefits. The second PDG has more edges so it is clearly

at least as inconsistent. Furthermore, it’s easy to see that equality holds when

Jor for many iid samples: max, ; > . ELBO, 4().
“Especially if p, ¢ are densities. See Section 6.A.
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q(Z)=p(Z): the best distribution for the left PDG has marginal p(Z) anyway, so

insisting on it incurs no further cost.

6.5.2 Variational Auto-Encoders and PDGs

An autoencoder is a probabilistic model intended to compress a variable X (e.g.,
an image) to a compact latent representation Z. Its structure is given by two
conditional distributions: an encoder ¢(Z|X), and a decoder d(X|Z). Of course,
not all pairs of cpds fill this role equally well. One important consideration is the
reconstruction error (6.5): when we decode an encoded image, we would like it to

resemble the original.

Rec(x) :?NE]J(?JZW Lax|) (@) = Z e(z|x)log (6.5)
S z

( additional bits required to )
decode x from its encoding z

1
d(x|2)

There are other desiderata as well. Perhaps good latent representations Z
have uncorrelated components, and are normally distributed. We encode such

wishful thinking as a belief p(Z), known as a variational prior.

The data of a Variational Auto-Encoder [Kingma and Welling 2014; Rezende
et al. 2014], or VAE, consists of e(Z|X), d(X|Z), and p(Z). The encoder e(Z|X)
can be used as a variational approximation of Z, differing from ¢(Z) of Sec-
tion 6.5.1 only in that it can depend on X. VAEs are trained with the analogous
form of the ELBO:

ELBO, q4(z) == E {log

zr~e(Z|x)

p(2)d(z | 2)}

e(z | x)

= — Rec(z) — D(e(Z]) || p).
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This gives us the following analog of Proposition 6.11.

Proposition 6.12. The VAE loss of a sample x is the inconsistency of the PDG compris-

ing the encoder e (with high confidence, as it defines the encoding), decoder d, prior p,

I —~ .
—ELBO,q4(z) =( =7 X & ).
&

We now give a visual proof of the analogous variational bound. Let

and x. That is,

Pr,4(X,Z) := p(Z)d(X|Z) be the distribution that arises from decoding the

prior. Then:

logpl _<<¥)/Ci‘:gé>>§<<¥?/d\@>>——ELBO(x).
Pr@) Z (X AL pred

The first and last equalities are Propositions 6.4 and 6.12, and the inequality

is Lemma 6.1. See the appendix for multi-sample analogs of the bound and

Proposition 6.12.

6.5.3 The 3-VAE Objective

The ELBO is not the only objective that has been used to train networks with a
VAE structure. In the most common variant, due to Higgins et al. [2016], one
weights the reconstruction error (6.5) and the ‘KL term” differently, resulting in a

loss function of the form
B-ELBO, . a(z) := —Rec(z) — BD(e(Z]x) || p),

which, when 5=1, is the ELBO as before. The authors view / as a regularization

strength, and argue that it sometimes helps to have a stronger prior. Sure enough:
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Proposition 6.13. —3-ELBO,, . 4(x) is the inconsistency of the same PDG, but with

confidence [3 in p(Z).

6.6 Free Energy as Factor-Graph Inconsistency

A weighted factor graph ¥ = (¢, 0,) ;e 7, where each 6, is a real-valued weight,
J is associated with a subset of variables X, and ¢, : V(X ;) — R, determines a
distribution by 1
Pry(x) = 70 1T 656

JeJ

Zy is the constant Y~ [T, ; ¢s(x,)? required to normalize the distribution, and
is known as the partition function. Computing log Zy is intimately related to
probabilistic inference in factor graphs [Ma et al. 2013]. We will revisit this point
in Chapter 9. Following Richardson and Halpern [2021], let 771y be the PDG
with edges {4X ), cpds ps (X)) x ¢;(X,), and weights o, 3; := 6,. There,
it is shown that Pry is the unique minimizer of [y],. But what about the

corresponding inconsistency, (Mg );?

If the factors are normalized and all variables are edge targets, then Zy <1,
so log % > 0 measures how far the product of factors is from being a probability

distribution. So in a sense, it measures V’s inconsistency.
Proposition 6.14. For all weighted factor graphs V, we have that (Mg ), = — log Zy.

The exponential families generated by weighted factor graphs are a corner-
stone of statistical mechanics, where — log Zy is known as the (Heimholz) free
energy. It is also an especially natural quantity to minimize: the principle of free-

energy minimization has been enormously successful in describing of not only

211



chemical and biological systems [Chipot and Pohorille 2007], but also cognitive

ones [Friston 2009].

6.7 Beyond Standard Losses: A Concrete Example

In contexts where a loss function is standard, it is usually for good reason—which
is why we have focused on recovering standard losses. But most situations are
non-standard, and even if they have standard sub-components, those compo-
nents may interact with one another in more than one way. Correspondingly,
there is generally more than one way to cobble standard loss functions together.
How should you choose between them? By giving a principled model of the

situation.

Suppose we want to train a predictor network h(Y'|X) from two sources of
information: partially corrupted data with distribution d(X,Y"), and a simulation
with distribution s(X,Y"). If the simulation is excellent and the data unsalvage-
able, we would have high confidence in s and low confidence in d, in which
case we would train with cross entropy with respect to s, L, :=E;[log 1/n(v|x)].
Conversely, if the simulation were bad and the data mostly intact, we would use

L., the cross entropy with respect to d. What if we’re not so confident in either?

One approach a practitioner might find attractive is to make a dataset from
samples of both s and d, or equivalently, train with a convex combination of the
two previous losses, £ := AsLgin + AaLax for some Ag, Ay > 0 with A\s + Ay =
1. This amounts to training h with cross entropy with respect to the mixture
Ass 4+ Aqd (Claim 6.7.1 in the appendix). Doing so treats d and s as completely

unrelated, and so redundancy is not used to correct errors—a fact on display
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when we present the modeling choices in PDG form, such as

dat — d

A Z sim+— s X
Li=\ —| 5o —= ),
Y

in which a switch variable Z with possible values {sim, dat } controls whether

samples come from s or d, and is distributed according to A\(Z =sim) = A..

Our practitioner now tries a different approach: draw data samples (z,y) ~ d
but discount h’s surprisal when the simulator finds the point unlikely, via loss
Lo = E4[s(X)Y)log/n(v|x)]. This is the cross entropy with respect to the (un-
normalized) product density ds, which in many ways is appropriate. However,
by this metric, the optimal predictor is 2*(Y'|x) o d(Y |x)s(Y |z), which is uncal-
ibrated [Dawid 1982]. If the data and simulator agree (d = s), then we would
want h(Y|z) = s(Y|z) for all z, but instead we get h*(Y|z) o s(Y|z)?. So h* is
overconfident. What went wrong? £, cannot be written as the (ordinary v=0)
inconsistency of a PDG containing only s, h, and d, but for a large fixed v, it is

essentially the y-inconsistency

< X > d

s

Lo~ C N hl N + const,
G,) 2@ C) o/,

where ('is the constant required to normalize the joint density sd, and const does
not depend on & (Claim 6.7.2). However, the values of « in this PDG indicate an
over-determination of XY (it is determined in two different ways), and so h* is

more deterministic than intended. By contrast,

< X > d

S

‘CS = (As) hl (Aq) )
Y

does not have this issue: the optimal predictor h* according to L3 is proportional

to the A-weighted geometric mean of s and d (Claim 6.7.3). It seems that our
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approach, in addition to providing a unified view of standard loss functions, can

also suggest more appropriate loss functions in practical situations.

6.8 Reverse-Engineering a Loss Function?

Given an arbitrary loss function, can we find a PDG that gives rise to it? The
answer, as we discovered in Section 4.2.2, appears to be yes—although not
without making unsavory modeling choices. Without affecting its semantics,
one may add the variable T that takes values {t, f}, and the event T=t, to any
PDG. Now, given a cost function ¢ : V(X) — Ry, define the cpd ¢(T|X) by
¢(t|r) := e~ By investing belief in the falsehood f with probability dependent

on the cost of X, the cpd ¢ links the value of X directly to an inconsistency.

r~p

Proposition 6.15. <<£> XS (T «E>> =E [c¢(z)].

Setting confidence /3, := co may not be realistic since we're still training the
model p, but doing so is necessary to recover an inconsistency equal to E,[c].”
Any mechanism that generates inconsistency based on the value of X (such as
this one) also works in reverse: the PDG “squirms”, contorting the probability of
X to disperse the inconsistency. One cannot cannot simply “emit loss” without
affecting the rest of the model, as one does with utility in an Influence Diagram
[Howard 1983]. Even setting every 3 := oo may not be enough to prevent the
squirming. To illustrate, consider a model & of the supervised learning setting
(predict Y from X), with labeled data D, model h, and a loss function ¢ on pairs

of output labels.

°If B, were instead equal to 1, we would have obtained — log E, exp(—c(X)), with optimal
distribution p(X) #p(X) (Claim 6.8.1 in the appendix).
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Concretely, define:

§=DLr, Y (T and L= E [{y,y)].
\VK' W){Tt (w,y)NPrEJ }

y'~p(Y'| )

Given Proposition 6.15, one might imagine () = £, but this is not so. In
some ways, (&) is actually preferable. The optimal 2(Y’|X') according to L is a
degenerate cpd that places all mass on the label(s) y% minimizing expected loss,
while the optimal h(Y’|X) according to (&) is Prp(Y|X), which means that it
is calibrated, unlike ¢. If, in addition, we set a,, ap,,, := 1 and strictly enforce
the qualitative picture, finally no more squirming is possible, as we arrive at

lim (&), = £ (Claim 6.8.2).

y—+00

In the process, we have given up our ability to tolerate inconsistency by setting
all probabilistic modeling choices in stone. What’s more, we’ve dragged in the
global parameter v, further handicapping our ability to compose this model with
others. To summarize: while model inconsistency readily generates appropriate
loss functions, the converse does not work as well. Reverse-engineering a loss
may require making questionable modeling choices with absolute certainty,
resulting in brittle models with limited potential for composition. In the end,
we must confront our modeling choices; good loss functions come from good

models.

6.9 Conclusions

We seen that that PDG semantics not only capture Bayesian Networks and
Factor Graphs [Richardson and Halpern 2021], but also generate many standard

loss functions, including some non-trivial ones. In each case, the appropriate
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loss arises simply by articulating modeling assumptions, and then measuring
inconsistency. Viewing loss functions in this way also has beneficial side effects,
including an intuitive visual proof language for reasoning about the relationships

between them.

This “universal loss”, which provides a principled way of choosing an opti-
mization objective, may be of particular interest to the Al alignment community.

We return to this point when we conclude in Chapter 11.

216



APPENDICES FOR CHAPTER 6

6.A Notes

The Fine Print for Probability Densities. Several of our results (Proposi-
tions 6.2 to 6.5, 6.11, 6.12, 6.17, 6.19, and 6.20) technically require the distribution
to be represented with a mass function (as opposed to a probability density func-
tion, or pdf). A PDG containing both pdf and a finitely supported distribution
on the same variable will typically have infinite inconsistency—but this is not

just a quirk of the PDG formalism.

Probability density is not dimensionless (like probability mass), but rather has
inverse X-units (e.g., probability per meter), so depends on an arbitrary choice
of scale (the pdf for probability per meter and per centimeter will yield different
numbers). In places where the objective does not have units that cancel before
we take a logarithm, the use of a probability density p(X) becomes sensitive to
this arbitrary choice of parameterization. For instance, the analog of surprisal,
—log p(z) for a pdf p, or its expectation, called differential entropy, both depend

on an underlying scheme of measurement (an implicit base measure).

On the other hand, this choice of scale ultimately amounts to an additive
constant. Moreover, beyond a certain point, decreasing the discretization size k&
of a discretized approximation p,(.X) also contributes a constant that depends
only on k. But such constants are irrelevant for optimization, and so, even though
such quantities are ill-defined and arguably meaningless in the continuous limit,

the use of the continuous analogs as loss functions is still justified.

The bottom line is that all our results hold in a uniform way for every dis-
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cretization size — yet in the limit as the discretization becomes smaller, an
inconsistency may diverge to infinity. However, this divergence stems from an
additive constant that depends only on the discretization size, which is irrelevant
to its employment as a loss function. As a result, using one of these “unbal-
anced” functions involving densities where the units do not work out properly,
results in a morally equivalent loss function, except without a diverging constant.
This is a direct analogue of our discussion of entropy for continuous variables

(Section 2.6.1).

Maximum A Posteriori (MAP) updating, Priors, and Regularization. The
usual telling of the correspondence between regularizers and priors is something
like the following. Suppose you have a parameterized family of distributions
Pr(X|0) and have observed evidence X, but do not know the parameter ©. The

maximum-likelihood estimate of © is then
MLE o _
(X)) = arg max Pr(X | 0) = arg max log Pr(X | 0).

The logarithm is a monotonic transformation, so it does not change the argmax,
but it has nicer properties, so that function is generally used instead. (Many of

the loss functions in main body of the paper are log-likelihoods also.)

In some sense, better than estimating the maximum likelihood, is to perform
a Bayesian update with the new information, to get a distribution over ©. If that’s
too expensive, we could simply take the estimate with the highest posterior
probability, which is called the Maximum A Posteriori (MAP) estimate. For any

given 0, the Bayesian reading of Bayes rule states that

likelihood Pr(X|O) - prior Pr(©)
evidence Pr(X) =Y, Pr(X|¢') Pr(0')

posterior Pr(©|X) =
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So taking a logarithm,

log-posterior log-likelihood n log-prior ~ log-evidence
logPr(0|X) logPr(X|O) log Pr(0©) log Pr(X)

The final term does not depend on 6, so it is not relevant for finding the optimal

¢ by this metric. Swapping the signs so that we are taking a minimum rather

than a maximum, the MAP estimate is then given by

1
MAP o -
0V (X) = arg min {log Br(X[0)

+ log

)
Pr(6) )
Note that if negative log likelihood (or surprisal, — log Pr(X'|6)) was our original
loss function, we have now added an arbitrary extra term, as a function of
©, to our loss function. It is in this sense that priors classically correspond to

regularizers.

6.B Further Results and Generalizations

6.B.1 Full Characterization of Gaussian Predictors

The inconsistency of a PDG containing two univariate Gaussian regressors of
with arbitrary parameters and confidences, is most cleanly articulated in terms

of the geometric and quadratic means.

Definition 6.1 (Weighted Power Mean). The weighted power mean M} (r) of
the collection of real numbers r = r4, ..., r, with respect to the convex weights

w = w,...,w,satisfying » . w; = 1, is given by

MY (1) = (Z wi(ri)p> v
i=1
We omit the superscript as a shorthand for the uniform weighting w; = /v. O
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Name P Formula

Harmonic (p=—1): HM,(r) = 1/(Zn ’“’i/n-)

( ) Hz 1 z
Arithmetic  (p=1):  AM,(r) = > wr;
(r) =

Yoy w;r?

Table 6.B.1: special cases of the p-power mean M/ (r)

Geometric (limp — 0):  GM,(r

Quadratic (p=2): (T

Many standard means, such as those in Table 6.B.1, are special cases. It is well
known that M}(r) is increasing in p, and strictly so if not all elements of r are
identical. In particular, QM (a,b) > GM,(a, b) for all a # b and positive weights

w. We now present the result.
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Proposition 6.16. Consider a PDG containing two (distinct) conditional Gaussian
distributions on a variable Y, whose parameters can both depend on a variable X. Its

inconsistency takes the form

f’» M1 (1)
/8* \N
Nt

- (01, 02) 1 Bife H1— H2 2
_ [DE <51+ﬁ2) log (017 Uz) 9 By + Bo (QMB(UI’ UQ)) (6.6)

2
1 B B13 ( z) > 51 + B2 log Bas(x)? + Pit(x)? —P2logs(x)

2e~D | 2 [as(x)2+ Br+ B —f log t(x)

3 (_B2 B ; ;
where § = (5775, 575, represents the normalized and reversed vector of confidences

B = (B, B2) for the two distributions, and 1 = f(X), po = g(X), 01 = s(X),

o9 = t(X) are random variables over X.

The PDG on the left is semantically equivalent to (and in particular has the

same inconsistency as) the PDG

N(f(z),s(x))
D >
o0 ) X Y
\ \_2

N (h(z), t(x))
This illustrates an orthogonal point: that PDGs handle composition of functions
as one would expect, so that it is equivalent to model an entire process as a single
arrow, or to break it into stages, ascribing an arrow to each stage, with one step

of randomization.

As a bonus, Proposition 6.16 also gives a proof of the inequality of the

weighted geometric and quadratic means.
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Corollary 6.16.1. For all o, and oy, and all weight vectors 3, QMB(al,o—Q) >
GMB(O’l,Ug).

6.B.2 Full-Dataset ELBO and Bounds

We now present the promised multi-sample analogs from Section 6.5.1.

Proposition 6.17. The following analog of Proposition 6.12 for a whole dataset D holds:

d
P — Prp
— E ELBOpy&d(X) =( > 7 X — +H(Prp).
Prp %

Propositions 6.3 and 6.17 then give us an analog of the visual bounds in the
body of the main paper (Section 6.5.1) for many i.i.d. data points at once, with

only a single application of the inequality:

~1ogPr(D) = ~ log ] | (Pr(x)) =~ > log Pr(a?) =
=1 =1

d
d 7™ Py
—H(PID)+<<£> 7 x fﬁ?>>§<£> z X <—\D>>+H(Prp)
1&6/
= — E ELBO(X)
Prp p.ed

We also have the following formal statement of Proposition 6.13.

Proposition 6.18. The negative 3-ELBO objective for a prior p(X), encoder e(Z | X),

decoder d(X | Z), at a sample x, is equal to the inconsistency of the corresponding PDG,
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where the prior has confidence equal to /3. That is,

d

D o x

—ﬁ—ELBOp’e,d(SL’) = W A4 X &
e

As a specific case (i.e., effectively by setting 3, := 0), we get the reconstruction

error as the inconsistency of an autoencoder (without a variational prior):

Corollary 6.18.1 (reconstruction error as inconsistency).

d
X T
—Recega(®) = B lyxpz)(z) = 7 X «
zre(Z|x) (),
€

6.B.3 More Variants of Log Likelihood Results

First, we show that our cross entropy results hold for all v, in the sense that y

contributes only a constant.

Proposition 6.19. Given a model determining a probability distribution with mass
function p(X), and samples D = {x;}I" |, determining an empirical distribution Prp,

the following are equal, for all v > 0:

1. The average negative log likelihood ((p; D) = —= """ log p(;)

2. The cross entropy of p relative to Prp

3. [p]y(Prp) + (1 +~)H(Prp)

1 (L) e HE)

(o0)
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As promised, we now give the simultaneous generalization of the surprisal
result (Proposition 6.2) to both multiple samples (like in Proposition 6.3) and

partial observations (as in Proposition 6.4).

Proposition 6.20. The average marginal negative log likelihood ((p;z) :=
—ﬁ Y seplogd . p(x, z) is the inconsistency of the PDG containing p and the data

distribution Prp, plus the entropy of the data distribution (which is constant in p). That

U(p; D) = << 7 ’A’pX f_f? >>+H(Prp).

s,

6.C Proofs

Lemma 6.1.  Suppose PDGs M and N differ only in their edges (resp. A and
A') and confidences (resp. B and 3'). If A C A and 8, < p. for all a € A, then

(my. < (m'y., for all ~.

Proof. For every ji, adding more edges only adds non-negative terms to (3.1),
while increasing /3 results in larger coefficients on the existing (non-negative)
terms of (3.1). So for every fixed distribution x, we have [11]., (1) < [1V'],(1). So

it must also be the case that the infimum over y, so we find that (177) < (n?’). O

Proposition 6.2.  Consider a distribution p(X). The inconsistency of the PDG

comprising p and X=x equals the surprisal 1,[X=x|. That is,

I[X=21] = <<£> X« >>

(Recall that (M) is the inconsistency of the PDG M1.)
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Proof. Any distribution p(X) that places mass on some 2’ # x will have infinite
KL divergence from the point mass on z. Thus, the only possibility for a finite

consistency arises when p = ¢,, and so

<<£>X «33>>= |[£>X «—“’7}](51):0(596 Hp)zlog]ﬁ:lp(x)-

Proposition 6.19 is a generalization of Proposition 6.3, so we prove them at

the same time.

Proposition 6.3. If p(X) is a probabilistic model of X, and D = {x;}", is a dataset

with empirical distribution Prp, then

m

CrossEntropy (Prp, p) := %ZIP[X::UZ-] = <<£> X (—FD>> + H(Prp).

(c0)
=1

Proposition 6.19. Given a model determining a probability distribution with mass
function p(X), and samples D = {x;}I" | determining an empirical distribution Prp,

the following are equal, for all v > 0:

1. The average negative log likelihood ((p; D) = —= 3" log p(x;)

2. The cross entropy of p relative to Prp

3. [ply(Prp) —+ (1 +7) H(Prp)

4, <<£, 572 Py >>7 + (1 + ) H(Prp)

(o0)

Proof. The equality of 1 and 2 is standard. The equality of 3 and 4 can be seen by

the fact that in the limit of infinite confidence on Prp, the optimal distribution
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must also equal Prp, so the least inconsistency is attained at this value. Finally it

remains to show that the first two and last two are equal:

[2],(Prp) + (1 +~)H(Prp) = D(Prp || p) — v H(Prp) + (1 + ) H(Prp)

= D(PI‘D H p) + H(PID)

PI‘D 1 1
= Ep,, [log— + log — | = Ep,, |log—|,
Prp |108 D + 0g PI‘D:| Prp |:0g p:|

which is the cross entropy, as desired. O

Proposition 6.4. If p(X, Z) is a joint distribution, then the information content of the

partial observation X = x is given by

L[X=1] = << Z MX o >> (6.1)

Proof. As before, all mass of ; must be on z for it to have a finite score. Thus it

suffices to consider joint distributions of the form ;(X, Z) = §,(X)u(Z). We have

<< Z APX & >> :i?zf)|lz APX «3;]] <5f(X)“(Z)>

= inf D(6.(X)u(2) || (X, 2))

w(Z)

~—

= inf E log =) = inf E log ) p(_a:
wzyz~e o plx,z) w2y e~n o p(x,z) pa

1
= inf E {log =) + log —]

~—

w2z |7 p(z | @) p(z)
. 1
= inf [D(u(2) | (2 | 2))] +1og s
= log ]ﬁ =I,(x) [Gibbs Inequality]

Proposition 6.20. The average marginal negative log likelihood ((p;x) :=

—ﬁ Y weplogd . p(x, z) is the inconsistency of the PDG containing p and the data
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distribution Prp, plus the entropy of the data distribution (which is constant in p). That

s,

Proof. The same idea as in Proposition 6.4, but a little more complicated.

< 7 ngQX & > = %) |l Z lAPX iy ]l (PID(X)“(Z | X)>

= i D (PrD(X)u(Z | X) H p(X, Z))

wZ|X
P
= inf E 10g,u(z|a:) 'p(7)
w(Z|X) I;NP/I;D p(z, 2)
1 P
_b E logu(z|9f;) rp(z) p(z)
DI u(21%) £ z~n(Zle) p(z,z)  plz)

1. p(z | x)} 1 }
= — inf E |lo +log — — log ———
|waxugiwu[gpur@ *pe) P Prp(a)

1 _ p(z | x)} 1 1 }
:—g inf E |lo +log—— —lo
D| ‘ [u(le) 2 [ & p(z | x) gp(m) & Prp(z)

1 1
= D Z;)log @) H(Prp)
- 5 L ba) ~H(Pro)
( =D p) ) =

Proposition 6.5. The inconsistency of the PDG comprising a probabilistic predictor
h(Y'|X), and a high-confidence empirical distribution Prp of a dataset D = {(x;, vi) }1%,y
equals the cross-entropy loss (minus the empirical uncertainty in'Y given X, a constant

depending only on D). That is,

PI‘D (o0) 1

1 m
} = — log
2 h 4 m ; h(y: | ;)

— Hp,, (YV]X).
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Proof. Prp has high confidence, it is the only joint distribution ;. with finite score.

Since f is the only other edge, the inconsistency is therefore

B (et 10 500 10) = fles 2212

1 1
= E log——log—]
xwml flylz) " Proly| o)

1 1
"1, 2, [ ) e 100

(z,y)€D

Proposition 6.6. Consider functions f,h : X =Y from inputs to labels, where h is a
predictor and f generates the true labels. The inconsistency of believing f and h (with
any confidences), and a distribution D(X') with confidence 3, is 3 times the log accuracy

of h. That is,

<D g >:—M%Puﬂw=mm
— X Y e~D (6.2)
(B) ~—1

e =B Ip|f = hl.

Proof. Because f is deterministic, for every x in the support of a joint distribution
p with finite score, we must have (Y | x) = ¢y, since if ;1 were to place any
non-zero mass /i(x,y) = € > 0 on a pont (z,y) with y # f(x) results in an infinite
contribution to the KL divergence

py | ) p(z,y) ¢
D(p(Y ) = E log—— > log ———————— =€log - = o0.
W o) [ 0r) = I Tog @ M08 L Srmly) 0

The same holds for h. Therefore, for any p with a finite score, and = with p(z) > 0,
we have d;(,) = u(Y | #) = o), meaning that we need only consider ; whose
support is a subset of those points on which f and h agree. On all such points,
the contribution to the score from the edges associated to f and h will be zero,
since 1 matches the conditional marginals exactly, and the total incompatibility
of such a distribution y is equal to the relative entropy D(u || D), scaled by the

confidence /3 of the empirical distribution D.
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So, among those distributions p(X) supported on an event £ C ¢(X), which
minimizes is the relative entropy of D(u || D)? It is well known that the condi-
tional distribution D | E « 6g(X)D(X) = ﬁé £(X)D(X) satisfies this property
uniquely (see, for instance, Halpern [2017]). Let f = h denote the event that f
and h agree. Then we calculate

(8) h

<<2> X :: Y > = inf 5D<M(X) H D(X))
f Supp uC|[f=h]
=6D(D|[f=H] H D)
B o
=8B s 5 e the cemactatiom |
— _BlogD(f = h) [ since D(f = h) is a constant ]
— _Blog <accuracyf7D(h)>
=3 Ip[f = hl. -

Proposition 6.16. Consider a PDG containing two (distinct) conditional Gaussian
distributions on a variable Y, whose parameters can both depend on a variable X. Its

inconsistency takes the form

D
— X - Y
\t\» 72 J\/
hss Lo | 7(52)
B QM;(01,02) 1 B1fs H1 — 2 i
=E [(51+ﬁ2)log M, (o1, 7) t 25, 1 5 (QMB(%UZ)) (6.6)

1 515 (f(x) — =) Bi+ Do Bas(x)? + Pit(x)® —F2log s(z)
=5 E + log
2exD | 2 Bslaf ¥ bit(w)® 2 Bt B _pglogt(a)
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where 3 = ( Bﬁfﬁz’ 61%52) represents the normalized and reversed vector of confidences
B = (B1,Pa) for the two distributions, and py, = f(X), p2 = g(X), 01 = s(X),

oy = t(X) are random variables over X.

Proof. Let 11 denote the PDG in question. Since D has high confidence, we know

any joint distribution x with a finite score must have p(X) = D(X). Thus,

(Mm)=inf E E |Blo wly | =) + B2 lo o)
T ey | N T (), s(@) T Ny | (), H(x)

T x

—inf E |8 log ply | ) — 4+ Bylog wy | ) :

] e e

y~u s(x)v2r 2\ s(x) H@)vam P 2\ Tt
i 2 2
B (y=f(=x) B2 (y=h(=x)
() ()

= inf ED log u(y | )P+ 2 =) 2\ i . (6.7)

il +01 log(s(z)v2m) 4052 log(t(z)v2m)

At this point, we would like make use of the fact that the sum of two parabolas is
itself a parabola, so as to combine the two terms on the top right of the previous
equation. Concretely, we claim (Claim 2, whose proof is at the end of the present

one), that if we define

AR ¢ Bas@Ph) L sie)
gle) = pit(x)? + Bos(x)? and &(z) : \/ﬂlt(x)z +ﬁ28($)2’
then
A 2 Ba a2 (Y4 ’ 5152 2
=17+ it = 0= (550 + s

Applying this to (6.7) leaves us with:

log p(y | )"+ + 5z (y — g(x))” +B1 log(s(a)v/27)
(M) =inf E E

p x~D y~ple

+%,31t(a:)g}|—/8,3225(1’)2 (f(z) - h([L’))2 52 log(t(x)\/%)
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Pulling the term on the bottom left (which does not depend on y), out of the
expectation, and folding the rest of the terms back inside the logarithm (which in
particular means first replacing the top middle term ¢ by —log(exp(—¢))), we
obtain (M) =

inf E
u(Y) y~p

E o8 M<y)ﬁl+52 s (\/%ﬂﬁmsl(x)ﬁlt(x)& P { N % (y ;(i()x) ) 2})]

b 1 B152 2
+ §Blt(x)2 + Bas(x)? (f(a:) B h(x))

To simplify the presentation, let ¢ be the term on the top right, and & be the term

on the bottom. More explicitly, define

— g(z)\?
o) =y e 5 ()

Bit(z )25:_52628(33)2 (f(l’) - h(x))Q,

which lets us write the previous expression for (771) as

and ¢&(x) =

iy = B |t B osn()* ~loguto)] + 60| 69
z~D | p(Y) y~p
Also, let 51 =5 + B , and 62 61 i 5 For reasons that will soon become clear, we

are actually interested in 1) 71452 7, which we compute as

W y) 7 = (27)3 s(z) (k) p(o) (5rEs) exp{ (y ; g(x)> }w

.%'

)
- L { -! }
B V2 s(xz)Pit ()P P 2(81 + 52
Recall that the Gaussian density NV (y| g(z), 6(x)v/51 + 62) an
ance 7 (x)?(81 + () is given by

N (v]gta). o(0)v/B +52) = max)lm o {2<ﬁ1_+1 il 5é§ ) }

which is quite similar, and has an identical dependence on y. To facilitate con-

g(x) and vari-

verting one to the other, we explicitly compute the ratio:

1/1(1’ y)m

N (y|g(z), 6(zx)\/Bi + Ba)
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2 (61 + B2)

:< s(a)t(a) ) VBB
s(a)i(a)

— () B ()P B+ B2
= s(@) ) \/51 t(z)? 4 P2 s(x)?

[expand defn of 7(z)]

. . 1 P
= s(z)1 P t(x)1 P \/ TR [defn of B, o]

[since 51 + Bg =1]

Now, picking up from where we left off in (6.8), we have

(my= E {mf E [1ogu(y)51+52—log¢(x,y)]+§<w)]

z~D | p(Y) y~p
i M(y)ﬁl“!‘ﬂ?

B1+52

Y(x,y) 175

= E |inf E |log
e~ D p(Y) y~p

+&(x)

A [(ﬁlJrﬁz)logN(yg() = \/% | mtﬁ?ﬁlﬂ;p]%(@]
- B, | inf B, G on
Gy iog V1 1( )ﬁ;(ﬂfs +s<x>]

but now the entire first term is the infimum of a relative entropy, which is non-

negative and equal to zero iff u(y) = N (y|g(x), 5 (x)v/B1+ B2). So the infimum on

the left is equal to zero.

\/51 2+ 52 s(z
(m) = [51‘1‘52 log o )52 () +§($)] (6.9)
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:x@D -<51 +32) log \/51 2 4 By s(2)2 — (B1+/) log (s(:v)BQ t(ac)31> + g(x)]
— By log s(x
~ E | (Bi+8)log /B (o) + Bu o) i | gt; )) +e)
—p11logi(x
e | But(x)? + By s(x)? —Palogs(z)
=E _(51 +52) log\/ B+ Ba _ B log (x)
1 P13z 2
- 2 A1t ()2 + Bas(x)? <f(x) B h<x)> ] (6.10)

Whew! Pulling the square root of the logarithm proves complex second half of

the proposition. Now, we massage it into into a (slightly) more readable form.

To start, write o, (the random variable) in place of s(z) and o3 in place of #(x).

Let  without the subscript denote the vector (Bo, 1) = ( ,81%62 , 515, ), which we

will use for weighted means. The 3-weighted arithmetic, geometric (p = 0), and

quadratic (p = 2) means of ¢, and o, are:

GM;(01,02) = (01)2(02)"  and  QMj(o1,02) = \/ fao? + Sr03.

So, now we can write £(z) as

1 P15 21 B B1 + B2 2 - hlx 2
SR s e @) M) = 55 ey e (@) — k@)

1 Bipe 1 i ) — bl 2
N 251+ﬁ2 (QMB(01’02)> (f< ) h< )>

:1 B132 M1 — 2 2.
281+ B2 \ QMp(0o1,09) )

in the last step, we have replaced f(z) and g(x) with their respective random

variables p; and po. As a result, (6.9) can be written as

B QMg(o1,02) 1 B1f, f1 — 2 i
(m) =B | (B1+02) log M, (71, 72) + 25, + 5 (QMB(01,02)> ]
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..which is perhaps more comprehensible, and proves the first half of our propo-

sition. n
Claim 2. The sum of two functions that are unshifted parabolas as functions of y (i.e.,
both functions are of of the form k(y — a)?), is itself a (possibly shifted) parabola of y
(and of the form k'(y — a’) + b'). More concretely, and adapted to our usage above, the
following algebraic relation holds:

o 52 (Y —4g ? B132
B0+ B = (U)ot

01 0'2 o
where
oy f + Baoih - (DB, P i B 01079
= 5 s and o= |—=+— = : .
brog + ooy 91 02 V B1o; + B0y

Proof. Expand terms and complete the square. Starting from the left hand side,

we have
B 52
(7 ( f) O'% (y - h)2

—%(y—z F @< b )

(e B) oo (B ) (B )

01 03 01 02 01 0y

b Bf B Buf?  Bah? Buba(f — h)?

= (Gro) 2 (502w (O o - S s
Blﬁz(f h)?
TRttt GV

In the last step, we added and removed the same term (equal to the “completion
of the square”, although at this point it may be unclear that this the right quantity).
The third parenthesized quantity needs the most work. Isolating it and getting a

common denominator gives us:

B f? LB h® BiBa(f — h)?

o} o3 B105 + Pro}
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_ B f2 (503 + Baoi)as  BahP(Brol + Baoi)a? B B1Ba(f* = 2fh + h?)(0703)

0} (B105 + Bao?)os 03(f105 + Ba07 )0t (Bro3 + P207)(0703)

_ Bogf? + BiBeeol 7 + Bibectosh® + Bioth® — BiBsetod |7 + 261 Ba0108 fh
(8103 + Bo0?)(0%03)
BiBaoto3h?

(Bro3 + Ba0?)(0i03)

_ Biogf?+ B3oih? 4 261 Ba0%05 fh
(8105 + Ba0)(0f03) .

Substituting this expression into the third term of (6.11), while simultaneously

computing common denominators for the first and second terms, yields the

expression
(ﬂlag + 520%) 2 (ﬁlagf + Bzafh) N B205f* + Bioth? + 261 Ba0ios fh
o3 )? o3 )’ (6103 + B20%) (0303)
B1Ba(f — h)?
+ a2 p 2
Bios + Baoi
for the left hand side On the other hand, using the definitions of g and 7, we

(6.12)

compute:

y—g\°
(5°)
(5103 + Boo? Bio2f + Bao?h )
a < o103 ) (y— Br03 + Bao? >
B (ﬂm% + ﬁga%) ( s o 108 + Baoth | BRodf + Boih? + 261 Bro30} fh)
U a3 VB0 1 By (5102 + B202)?
_ <510§ + 520%) 9 (ﬁlagf + Bzafh) y+ Bioyf? + B3o1h® + 281 By0i0t fh

103 103 (8103 + Ba0t)(0f03)

010 0102
...which is precisely the first 3 terms of (6.12). Putting it all together, we have

shown that
B, e P, e (Y—y ’ B1Ba(f — h)? i
p (y—f)+ p (y—h)" = P + 5,02 1 oo as desired. O
Proposition 6.7.
f g M 1
Do N\ = 5 Eolf(X) - X[
— X Y
h " Hn N =: MSEp(f, h),
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where N1(Y| ) is a unit Gaussian on 'Y with mean p.

Proof. An immediate corollary of Proposition 6.16; simply set s(z) = t(z) = 51 =
ﬁg = 1 D

Lemma 6.10. The inconsistency D™ (p||q) of a PDG comprising p(X) with confidence

r and q(X') with confidence s is given in closed form by

DIS(olo) = { FH X)) == log 3 (perater) ™.

Proof.
P q r+s
<< Gy X >> = inf]ElogM
ST ) TR ey gty
Z
= (r+s)infE |log () - =
vl (pla)g(e)) 2

1 »r
= inf(r—l—s)D(u H Zprﬁqrﬂ) —(r+s)logZ

m

where 7 := (), p(x)rq(x)s)fis is the constant required to normalize the denom-
inator as a distribution. The first term is now a relative entropy, and the only
usage of u. D(p || ---) achieves its minimum of zero when p is the second
distribution, so our formula becomes

=—(r+s)logZ

1

= —(r+s)log Z (p(x)Tq(x)S> " as promised. [

Proposition 6.8. Suppose you have a parameterized model p(Y'|©), a prior ¢(©), and

a trusted distribution D(Y'). The inconsistency of also believing © = 0 is the cross
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entropy loss, plus the regularizer: log g5 times your confidence in q. That is,

d p _ 1 1
<<“'E o /}DET/\ >_yiED g Su1e) T8 e 6.3)
’ (D)

Proof. This is another case where there’s only one joint distribution ;(©,Y) that
gets a finite score. We must have p(Y') = D(Y') since D has infinite confidence,
which uniquely extends to the distribution ;(0,Y) = D(Y)dy(O) for which

deterministically sets © = 0.

The cpds corresponding to the edges labeled ¢ and D, then, are satisfied by this
1 and contribute nothing to the score. So the two relevant edges that contribute
incompatibility with this distribution are p and ¢. Letting 771 denote the PDG in

question, we compute:

LT avle) . u(e)
Wy =1 {bg p(vie) T m]

= [0g PO e L
=5 _1 & p(y10) + Al gf](e)]
+ﬂlogwle) + log D(y)}

1 1
= E |log———| + Blog — — H(D as desired. O]
i gp(yWJ g & q00) (D)

1
= E |log
v~D | p(ylo)

Proposition 6.11. The negative ELBO of x is the inconsistency of the PDG containing

p,q, and X=x, with high confidence in q. That is,

p
—EI;EO(:K):<<£1_> ZJNX «g:>>

Proof. Every distribution that does marginalize to ¢(Z) or places any mass on

x' # x will have infinite score. Thus the only distribution that could have a finite
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score is (X, Z). Thus,

<<%> ZMX «E>:iﬂf|lq lAPX «f]l(“>

4Lz
Ly ]] (5.(X)a(2))

| o
- E 1ong—?(’(Z) _ g P2 o, (e).0
o B p ) s a(e)

We prove both Proposition 6.12 and Proposition 6.17 at the same time.

Proposition 6.12.  The VAE loss of a sample x is the inconsistency of the PDG
comprising the encoder e (with high confidence, as it defines the encoding), decoder d,

prior p, and x. That is,

I — .
_ELBOp,e,d(m) - — 7 X « .
=&

Proposition 6.17. The following analog of Proposition 6.12 for a whole dataset D holds:

~ X

p Prp
—P]E ELBO, 4(X)={( — Z X — + H(Prp).

Proof. The two proofs are similar. For Proposition 6.12, the optimal distribution
must be 0,(X)e(Z | X), and for Proposition 6.17, it must be Prp(X)e(Z | X),
because e and the data both have infinite confidence, so any other distribution
gets an infinite score. At the same time, d and p define a joint distribution, so the

inconsistency in question becomes

D<5$(X)e(Z | X) H p(Z2)d(X | Z)> - E {log YM} — ELBO, . 4(x)

zrvelx 6<Z | .%')
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in the first, case, and

D<PrD( JelZ | X) H P2)dX | 2) > 2] Zz~e|z {log ezj<]xx’)2) +log Pr;(:ﬂ)

= ELBO, . 4(z) — H(Prp)

in the second. [

Now, we formally state and prove the more general result for 5-VAEs.

Proposition 6.18. The negative 3-ELBO objective for a prior p(X), encoder e(Z | X),
decoder d(X | Z), at a sample x, is equal to the inconsistency of the corresponding PDG,

where the prior has confidence equal to (3. That is,

d
P - T
—B-ELBO,ca(z) = { —Z (X «
e
Proof.
A, A,
p
<<W’ Z) (x <+x>>—1nfw(%> 7)) (x (-(;Q:]I(/L)
~ ~
u(2) u(X, 2) }
=inf E lo +lo
e >[5 802) T D)X | 2)

As before, the only candidate for a joint distribution with finite score is 0, (X )e(Z |
X). Note that the marginal on Z for this distribution is itself, since [ d,(X)e(Z |

X) dz = e(Z | z). Thus, our equation becomes

B e(Z]a) | 0(X)e(Z]|X)
= b [ﬁ B0 TRz ><x\Z>]
B e(Z | z) 1

_e(zm [ﬁlog p(Z) leOgd(ﬂf!Z)}

= D(e(Z]2) || p) + Recea(x)
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= —[(-ELBO, . 4(2).

Proposition 6.14. For all weighted factor graphs W, we have that (My ), = —log Zy.

Proof. In the main text, we defined 771y to be the PDG with edges {4X ),
cpds ps(X,;) x ¢,;(X;), and weights a;, 5; := 0;. Let the be a function that

extracts the unique element singleton set, so that the({z}) = . It was shown by

Richardson and Halpern [2021] (Corollary 4.4.1) that

the[[m\p]]i = PI’QQ(X) == ZL\I, H ¢J(X])6‘].
J

Recall the statement of Prop 4.6 from Richardson and Halpern [2021]:

WL

- p(w)

[mj,(n) = E {
X—Y
(6.13)

1 1 1
Balog o s (Y — fa) log } —7log —— ¢,
> [/l gy 100 =408
where 2% and y" are the respective values of the variables X and Y in the world
w. Note that if v = 1, and «, 8 are both equal to # in My, the middle term (in

purple) is zero. So in our case, since the edges are {i> X,tand Py(X ;) = ¢5(Xy),

(6.13) reduces to the standard variational free energy

VFE =E 0,1 —H 6.14
w(1) ;7 slog o | = Hln) (6.14)
= IE‘, (¢, 0>j — H(p), where ¢,;(X;) := log m

By construction, Pry uniquely minimizes VFE. The 1-inconsistency, (y) is the

minimum value attained. We calculate:
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1 1
= E 0;log —| —1 by (6.14
xNH{ Jeg 7108 ¢J(XJ):| 08 PI‘@}@(X) } [ y ( ) ]
1 Zy .
= E O;log—| —lo definition of Pr
XNN{ =" ¢ ¢J(XJ)} “Ies ¢J(XJ)9J} [ ‘P]
1 1
= E 0;log — | — 0;log — | —log Z
XN#{ XJ: { e @(xﬁ} ; { s be(XJ)} % \1,}
= E [~log Zy]
X[
= —log Zy [ Zy 1s constaritlin x

Proposition 6.15. <<%> X ST <-<£>> =E [c¢(x)].

TP
Proof. Since p has high confidence, and T is always equal to t, the only joint
distribution on (X, T) with finite score is p(X,T) = p(X)d;(T). We compute its

score directly:

p e t #(XvT) 1 1
S X 5T« )=El =kl = Blog T ex)
<\ X >> WOR X)) T R X) T b exp(—e(X)

= Iglogexp(c(X)) = IE,C(X) = E ¢(x). O

6.C.1 Additional Proofs for Inline Claims
Details on the Data Processing Inequality Proof

We now provide more details on the proof of the Data Processing Equality that
appeared in Figure 6.2 of the main text. We repeat that visual proof here for
convenience, augmented with labels for the PDGs (M, .. ., 1M;) and numbered

(in)equalities.
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We now enumerate the (in)equalities to prove them.

1. Let (X)) denote the (unique) optimal distribution for 777;. Now, the joint
distribution p(X,Y) := u(X) f(Y|X) has incompatibility with 771, equal to

Olncm, (1(X,Y))
= BD(u(X) || (X)) + ¢D(u(X) [ ¢(X)) + (B+¢) E [D(u(Ylz) || f(Y]2))]

= Olnem, (1(X)) + (B+¢) E D(u(Ylz) || f(¥]x)

[ as u(Y|x) = f(Y|x) wherever u(x) > 0, ]
and p(X) minimizes Olncp, '

= (M)

So u(X,Y) witnesses the fact that (171,) < Olncem, (u(X,Y)) = (M,). Further-
more, every joint distribution v(X,Y) must have at least this incompatibility,
as it must have some marginal v(X), which, even by itself, already gives rise
to incompatibility of magnitude Olncm, (v(X)) > Olnem, (u(X)) = (M). And
since this is true for all v(X,Y’), we have that (1,) > (M1,). So (N,) = (M,).

2. The equals sign in M; may be equivalently interpreted as a cpd
eq(X1|X2) = 29 > 6,,(X1), acpd eq' (X2|X7) := 21 — d;,(X2), or both at once; in
each case, the effect is that a joint distribution ;¢ with support on an outcome for
which X; # X, gets an infinite penalty, so a minimizer ;(X;, X, Y") of OInci;

must be isomorphic to a distribution /(X Y).
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Furthermore, it is easy to verify that Olncm, (1/(X,Y)) = Olnem, (11(X, X, Y)).

More formally, we have:

Blog 4
m;) = inf [E
<< 3>> w(X1,X2,Y) p w(Y|

Xo
HClog G| u(XilXa)

)
[X1) w(Y|X5) eq( X1, X
+Alog fvray <108 vy 1)

but if X; always equals X, (which we call simply X), as it must for the optimal

distribution y, this becomes

. WO 0 VX))
= i Nex) {@ o o0y Telor ) TOE pv ) s v
e, 8 nx) (Y1)
- <x5>E[ﬁlg p(x) "ol gy T TO e Fa

= inf OI
inf Olncem, (1)

(

= (m,).

3. Eliminating the edge or edges enforcing the equality (X; = X,) cannot

increase inconsistency, by Lemma 6.1.

4. Although this final step of composing the edges with shared confidences
looks intuitively like it should be true (and it is!), its proof may not be obvious.

We now provide a rigorous proof of this equality.

To ameliorate subscript pains, we henceforth write X for X;, and Z for X,.

We now compute:

(m,) = inf E {ﬂ log

W(X,2Y) 1

= f E|S]
u()lfnZ Y) n {5 o8

by applying Bayes Rule in each numerator. By the chain rule, every distribution
u(X, Z,Y) may be specified as p(Y)u(X|Y)u(Z|X,Y), so we can rewrite the

formula above as (M,) =

inf inf if E K E [BIOg MY ElY) ey u(y)u(ZIy)}’
w(Y) p(X|Y) u(ZY,X) y~p(Y) avp(X|y) zop(Z]y,x) p( y | q NE
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where ;(Z|Y) is the defined in terms of the primitives (X |Y) and pu(Z]X,Y)
as u(Z|Y) =y = E,opuxiy) M(Zly, ), and is a valid cpd, since it is a mixture
distribution. Since the first term (with ) does not depend on z, we can take it
out of the expectation, so (M1,)is in fact equal to
wf it wmf B E | glog MA@ g W) iz ]Y)
q z

w(Y) u(X|Y) w(Z1Y,X) yop(Y) 2~p(X [y) p(x) f(y|x
zop(Zly,x)

we can split up E, (x|, by linearity of expectation, to get the expression

o Zly,o)

Note that the quantity inside the second expectation does not depend on z.
Therefore, the second expectation is just an explicit way of sampling z from the
mixture distribution E, x|y #(Z|x,y), which is the definition of x(Z]y). Once
we make this replacement, it becomes clear that the only feature of u(Z|Y, X)
that matters is the mixture p(Z]Y"). Simplifying the second expectation in this
way, and replacing the infimum over ;(Z|X,Y’) with one over ;(Z|Y) yields:

(Mm,) = inf inf inf Ey) B E |log W] +( E [log W] .

p(Y) p(XIY) 1(Z]Y) gl p(x) fly|x (2) f(y|2)
z~u(Xy) zop(Zly)

Now, a cpd u(X|Y) is just® a (possibly different) distribution v, (X) for every
value of Y. Observe that, inside the expectation over u(Y), the cpds (X |Y) and
u(Z|Y') are used only for the present value of y, and do not reference, say, 1(X|y')
for y' # y. Because there is no interaction between the choice of cpd ;(X|y) and
wu(X|y'), it is not necessary to jointly optimize over entire cpds 1(X|Y') all at once.
Rather, it is equivalent to to take the infimum over v(X), separately for each y.

Symmetrically, we may as well take the infimum over \(Z) separately for each

®modulo measurability concerns that do not affect the infimum; see Section 6.A
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y, rather than jointly finding the optimal ;(Z|Y) all at once. Operationally, this
means we can pull the infima inside the expectation over Y. And since the first

term doesn’t depend on Z and the second doesn’t depend on X, we get:

o . w0 7, ey N2)
(M) = inf E [ 05 B [los o o)+ CE) lgq(Z)f(y\Z)H

p(Y) y~p(Y) [ V(X)) v(X)
Next, we pull the same trick we’ve used over and over: find constants so that
we can regard the dependence as a relative entropy with respect to the quantity
being optimized. Grouping the quantities apart from v(X) on the left term and

normalizing them (and analogously for A(Z) on the right), we find that

15} ian(X) D (V(X) H Cll(y)p(X) SJ(|X)) [ log 01( )

)

(m,) = inf E

KOV | L Cintaz) D(AZ) || aa(2) 185 — Clog Caly)

where

Cly) =Y p@ Y - Lg px)

n(y) — wy) (X)

and Co(y) = Zq(Z) 5@9 ,u(ly) E f(ylZ)

are the constants required to normalize the distributions. Both relative entropies
are minimized when their arguments match, at which point they contribute zero,

so we have

. 1 1
<<m4>> - ;g’f) y~IEY) [ﬁ e &) 01(y) T ¢log 02(y>1
. oMy L}
B ﬁ(rl% y~IEkY> {B tog Epx) f(y]X) oloe Eqz) f(yZ)

= inf E[8D(u || f op) + CDu | £ 24)]

= (Mms;).
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Details for Claims made in Section 6.7

(Claim 6.7.1) First, the fact that

dat — d

X
Z s
)\ . sim+> S
[,1 = )\dﬁdat + )\sﬁsim = (T? @ —TQ »J/h ’
Y

where \(Z = sim) = \; and A\(Z = dat) = A4 is immediate. The two cpds with
infinite confidence ensure that the only joint distribution with a finite score is

Ass 4+ Aqd, and the inconsistency with £ is its surprisal, so the inconsistency of

this PDG is

|
E [1og h(Y’XJ = — . Eflog h(Y[X)] = As Edllog h(Y|X)
- Adﬁdat + )\S'Csim

= /L,, aspromised.

(Claim 6.7.2) The second correspondence is the least straightforward. Let
c: [, (xy) s - d be the normalization constant required to normalize the joint

density s - d. We claim that, for large fixed v, we have

< X > d

S

£2 ~ C a:l h/l a:l + COTLSt,
<,i:7) Y ('J:ﬁ) 2l

where const does not depend on h. To see this, let 771, be the PDG above, and

compute

. Olne(u) .

. p(XY) p(XY) p(Y]X)

(Ma)y = inf E {Vlog SXY) d(xXY) T8 hvX)

SDef (u)
+ vlog ! L v log L 1
S(XY) d(XY) L(XY)

- PO UXY) 11 p(xY) (YIX)
= b E {7 o8 (XV) dxXV) n(XV) p(xy) 1 o8 h(Y|X)}
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: p(XY) n(Y1X)
— inf E|ylog—200
ALy {7 %8 SXYV)AXY) T B RV X)
: wXY)C n(Y1X)
— inf E|ylog 22200 log A1)
ey {7 08 xy)a(xyy el o
- 1 u(Y]X)
= M(I)I(IE/)’)/D (,u H Csd) —HE; {log h(Y|X) ~vlog C'

D is (ym)-strongly convex in a region around its minimizer for some m > 0 that
depends only on s and d. Together with our assumption that £ is positive, we
tind that when  becomes large, the first term dominates, and the optimizing p
quickly approaches the normalized density v := £s - d. Plugging in v, we find

that the value of the infimum approaches

(m,) ~ Iltj: [log h(Y;]X)} —H,(Y|X)—~logC
1 1
= T log WS(X, Y)d(X,Y) —H,(Y|X)—~vlogC

1 1
E {d(X, Y)log —} —H,(Y|X) —~logC

T O WY ]X)
1
= 552 — H,(Y|X) —~logC,

and therefore Lo=C{My)+CH,(Y|X)—~ClogC

= C'(My) + const.

(Claim 6.7.3) Finally, we turn to

N d
S
Ly = T<hl >T -
Y

To see the why the optimal distribution p*(XY") is the A-weighted geometric
mean of s and d, let us first consider the same PDG, except without h. From
Lemma 6.10, we have this loss without / in closed form, and from the proof of

Lemma 6.10, we see that the optimizing distribution in this case is the A-weighted
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geometric distribution p* oc s(XY)*d(XY)*. Now (Lemma 6.1), including h

cannot make the PDG any less inconsistent. In particular, by choosing
W(YIX) = i (YV]X) o (VX)) d(Y]X)™,

to be already compatible with this joint distribution, the inconsistency does not
change, while choosing a different » would cause the inconsistency to increase.
Thus, the optimal classifier 2* by this metric is indeed as we claim. Finally, it is
easy to see that this loss is calibrated: if s = d, then the optimal joint distribution
is equal to s and to d, and the optimal classifier is h(Y|X) = s(Y|X) = d(Y|X).

So L3 is calibrated.

Details for Claims made in Section 6.8

Distortion Due to Inconsistency (Claim 6.8.1). In the footnote on Page 214,
we claimed that if the model confidence /3, were 1 rather than oo, we would
have obtained an inconsistency of —log E,., exp(—c(z)), and that the optimal

distribution would not have been p(X).

(B5me) = B e e 5]
()

= inf E |log + log

1
p) @~ | p(x) et fv)]
pu() Z }

= inf E |lo -
w3y [ 8 pla) exp(—e(x) 7

where Z := )" p(z) exp(—c(z)) = Ey[exp(—c(X))] is

the constant required to normalize the distribution

= g(an)D<u H %p(X) eXp(—C(X))> —logZ

=—logZ
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= —log E exp(—c(z))

x~p
as promised. Note also that in the proof, we showed that the optimal distribution
is proportional to p(X) exp(—c(X)) which means that it equals p(X) if and only

if ¢(X) is constant in X.

Enforcing the Qualitative Picture (Claim 6.8.2). We also claimed in Sec-

tion 6.8 that, if o, = ap,, = 1, then

Prp (Y| ([T
lim Yh 7){ Tt - E [E(y,y/)}
TN (X Sy (z:y)~Prp
- Y y'~p(Y'| )

Why is this? For such a setting of a, which intuitively articulates a causal
picture where XY is generated from Prp, and Y’ generated by h(Y'|X), the

information deficiency SDef ¢(u(X,Y,Y")) of a distribution f is

SDef (u(X,Y,Y")) = —H,(X,Y,Y") + H(X,Y) + H(Y'|X)
= H,(Y'|X) - H.(Y'|X,Y)

= 1,(Y;Y'|X).

Both equalities of the derivation above standard information-theoretic identi-
ties [See, for instance, MacKay 2003], and the final quantity I,(Y;Y’|X) is the
conditional mutual information between Y and Y’ given X, and is a non-negative
number that equals zero if and only if Y and Y’ are conditionally independent

given X.

As a result, as v — oo any distribution that for which Y’ and Y are not
independent given X will incur infinite cost. Since the confidences in h and Prp
are also infinite, so will a violation of either cpd. There is only one distribution

that has both cpds and also this independence; that distribution is p(X,Y,Y”) :=
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Prp(X,Y)h(Y'|X). Now the argument of Proposition 6.15 applies: all other cpds
must be matched, and the inconsistency is the expected incompatibility of I,

which equals

1 1
Elog— = Elg— L
(z,y)~Prp g(t |y7 y/) (z,y)~Prp eXp<_€(y7 y/))
y' ~p(Y'|x) y'~p(Y'| z)
= E [logexp(l(y,y))] = E [ty,y)] = L.
(z,y)~Prp (z,y)~Prp
y' ~p(Y'|x) y'~p(Y'| z)

250



CHAPTER 7
THE LOCAL INCONSISTENCY RESOLUTION (LIR) ALGORITHM

In this chapter, we present a generic algorithm for learning and approximate
inference across a broad class of statistical models, that unifies many approaches
in the literature. Our algorithm, called local inconsistency resolution (LIR), has
an intuitive epistemic interpretation. It is based on the theory of probabilistic
dependency graphs (PDGs), an expressive class of graphical models rooted in

information theory, which can capture inconsistent beliefs.

7.1 Introduction

What causes a person to change their mind? According to some, it is a response
to internal conflict: the result of discovering new information that contradicts
our beliefs, or becoming aware of discrepancies between beliefs we already hold
[Festinger 1962]. Inconsistencies can be difficult to detect, however [Selman
et al. 1996], and indeed can only be resolved once we are aware of them. Some
things are also beyond our control; for example, we might receive conflicting
information from two trusted sources and be unable to resolve their disagreement.
So in practice, we resolve inconsistencies locally—little by little, and looking at

only a small part of the picture at a time.

This can have externalities; fixing one inconsistency can easily create others
out of view. Furthermore, some inconsistencies are not local in nature, and
can only be seen when considering many components at once. Yet despite
its imperfections, this process of locally resolving inconsistency can be quite
useful. As we shall soon see, it is a powerful recipe for learning and approximate

inference. We formalize the process in the language of probability and convex
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optimization, and show that many popular techniques in the literature arise

naturally as instances of it.

Our approach leans heavily on the theory of PDGs (Chapter 3). As we have
seen, there is a natural way to measure how inconsistent a PDG is; we saw in
Chapter 6 that many standard loss functions can be viewed as measuring the
inconsistency of a PDG that describes the appropriate situation. We introduce an
algorithm to operationalize the process of adjusting parameters to resolve this

inconsistency.

In general, even just calculating a PDG’s degree of inconsistency is intractable.
Much of variational inference can be understood as adopting extra beliefs to
minimize an overapproximation of it that is easier to calculate [Richardson 2022].
Our approach can capture this, but also enables the opposite: focusing on small
parts of the graph at a time to address tractable underapproximations of the
global inconsistency. This makes it more suitable for distributed settings, and
more amenable to parallelization. The algorithm, which we call local inconsistency
resolution (LIR), is quite expressive, and naturally reduces to a wide variety of
learning and inference algorithms in the literature. This observation suggests a

generic approach to learning and inference in models with arbitrary structure.

7.2 Parametric PDGs

The main tool of this chapter is an alternate parametric version of a PDG. Just
as a neural network can be thought of as a flexible functions (or even cpds) that
can be adjusted with internal parameters, so too would we like to model PDGs

whose cpds are parametric. For this reason, we will require a parameter space
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O, for each (hyper)arc a € A. For simplicity, assume that each 6, is a convex
subset of R" (not necessarily of the same dimension). This allows us to formally

define a parametric variant of a PDG, as promised in Section 3.2.1.

Definition 7.1. A Parametric Probabilistic Dependency Graph (PPDG) M(©) =
(X, A,0,P, a,pB) is a directed hypergraph (&, A) whose nodes correspond to

variables, each arc a € A of which is associated with:

* a parameter space O, C R", with a default value #™.

e amapP,: ©, x VS, — AVT, that gives a cpd P/(T,|S,) over a’s targets given
its sources, for every 6 € O,,

* confidences ¢, € R in the functional dependence of T, on S, expressed by a,

and S, € [0, o] in the cpd P, .

A PDG is the object obtained by fixing the parameters; thus, a choice of § € © :=
[1,c4 ©a yields a PDG 1M = M(0). O

Clearly, a PDG is the special case of a PPDG in which every O, = {#™} is a
singleton. Conversely, a PPDG may be viewed as a PDG by adding each ©, as a

variable, as depicted in Figure 7.1.

As argued in Chapter 6, PDG inconsistency is a “universal” loss function, and
specializes to standard loss functions in a wide variety of standard situations.
It follows that, at an abstract level, much of machine learning can be viewed
as inconsistency resolution. We take this idea a few steps further, by (1) opera-
tionalizing the resolution process with parametric PDGs, and (2) allowing for a

heuristic approach that only resolves inconsistencies locally.
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7.3 Local Inconsistency Resolution (LIR)

Geometric Preliminaries To describe how those parameters evolve over time,
we will need some additional geometric concepts. A vector field over O is a
differentiable map X assigning to each ¢ € © a vector X, € R". The gradient of
a twice differentiable map f : © — R, which we write Vg f(0), is a vector field.
Given a vector field X and an initial point , € ©, there is a unique trajectory y(¢)

that solves the ODE

d
T (t) = Xy, y(0) = bo.

We adopt the notation exp, (X) := y(1), standard in differential geometry, for a
compact description of this trajectory [Lee 2012]. At first glance, exp only gives
us access to y(1), but it is easily verified that exp, (tX) = y(¢). So altogether,
the map t — expy(tVe f(©)) is the smooth path beginning at ¢ that follows the
gradient of f. It is commonly known as gradient flow. Our algorithm will be a
version of gradient flow to reduce inconsistency, but modulated by two kinds of

locality: attention, and control.

Attention and Control. There are two distinct senses in which inconsistency
resolution can be local: we can restrict what we can see, or what we can do about
it. Correspondingly, there are two “focus” knobs for our algorithm: one that
restricts our attention to the inconsistency of a subset of arcs A C A, and another
that restricts our control to (only) the parameters of arcs C' C A as we resolve that
inconsistency. The former makes for an underestimate of the inconsistency that
is easier to calculate, while the latter makes for an easier optimization problem.
These locality restrictions are not just about making calculations easier, however:

they are also appropriate modeling assumptions for actors that cannot see and
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control everything at once.

Attention and control need not be black or white. A more general approach
is to choose an attention mask ¢ € R4 and a control mask x € [0, 00]4; Large
¢(a) makes a salient, while ¢(a) = 0 keeps it out of the picture. Similarly, large
x(a) gives significant freedom to change a’s parameters, small x(a) affords only
minor adjustments, and x(a) =0 prevents change altogether. Either mask can
then be applied to a tensor that has an axis corresponding to A, via pointwise

multiplication (©).

The Algorithm. LIR modifies the parameters 6 of a PPDG 1(O) so as to make
it more consistent with its context. It proceeds as follows. First, receive context in
the form of a PDG Ctx, and initialize mutable memory 771(0). In each iteration,
choose v (which can be viewed as attention to structure), an attention mask ¢
over the arcs of M(©)+Ctx, and a control mask x over the arcs of 171(0). Calculate
(e © (M(0) + Ctx))., the inconsistency of the combined context and memory,
weighted by attention. (For discrete PDGs, this can be done with the methods of
Chapter 8.) Then mitigate this local inconsistency by updating mutable memory
¢ via (an approximation to) gradient flow, changing a’s parameters in proporition

to control x(a). The procedure is fully formalized in Algorithm 1.

Algorithm 1 Local Inconsistency Resolution (LIR)

Input: context Ctxr, mutable memory 11(0).

Initialze () « ginit;

fort=0,1,2,...do
Ctxr <+ REFRESH(Ctr); //optional
©, X,  REFOCUS();
60+ < expy {—X ©) V@<<g0 ®(Ctx + m(®))>ﬁ};
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In order to execute this procedure, we must say something about how the
choice of (¢, x,7v) is made. Thus, we must supply an additional procedure
REFOCUS to select attention and control masks. We focus mostly on the case
where 7 is fixed, and REFOCUS chooses non-deterministically from a fixed set
of attention/control mask pairs (¢, x) € F, which we call foci. Algorithm 1 also
allows us to a select a second procedure, REFRESH, which makes it easier to

model receiving new information in online settings.

The ODE on the last line of Algorithm 1, which is an instance of gradient
flow, may be approximated with an inner loop running an iterative gradient-
based optimization algorithm. But it also does something interesting at the
two extremes. At on extreme, if REFOCUS produces small x then it is well-
approximated by a single gradient descent step of size x; thus, when control
values are small, LIR performs local gradient-based search. At the opposite
extreme, if x is infinite in every component, then the final line reduces to solving

an optimization problem
(t+1) .
0 +— arg m91n<<g0 © (Ctx + 772(6))}7 ,

at least in a many cases of interest, because of the following result:

Proposition 7.1. If M(©) is a PPDG whose parameterizations P are either con-
stant or unconditional and log-concave, then for small enough ~, the map 0 —

(v © (Ctx +M(0))), is convex.

In the remaining sections, we give a sample of some historically important

algorithms that are instances of LIR.
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7.4 Learning, Inference, and the Pursuit of Consistency

In Chapter 6, we found that standard loss functions can be viewed as the in-
consistency of a PDG. This observation is suggestive, but doesn’t say anything
about what should be do once you calculate the degree of inconsistency. The
primary motivation for the LIR algorithm has been to operationalize learning
algorithms—which are the typical use case for loss functions in machine learning.
Unsurprisingly, LIR does indeed operationalize standard learning algorithms.
What may be more surprising is that other tasks in AI and machine learning—
such as inference and forming adversarial examples—are also captured by local

inconsistency resolution.

7.4.1 LIR in the Classification Setting

Consider a parametric classifier py(Y|X'), perhaps arising from a neural network
whose final layer is a softmax. Suppose 1Y is a finite set of classes. If VX is
itself a manifold (such as the space of images), we can regard a value v € VX
as parameterizing a deterministic cpd, written £33 X . Together with a labeled
sample (z,y), we geta PPDG M (0) := Ly ﬁ) v 1«2 whose observational
inconsistency is (M), = — log py(y|x), the standard training objective for such a

classifier [Richardson 2022]. Each cpd plays major role in this inconsistency.

What happens when we resolve this inconsistency by modifying the parame-

ters associated to different arcs?

* Adjusting # amounts to training the network in the standard way—that is,

changing the parameters little by little to minimize cross entropy. In this
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Figure 7.1: Two illustrations of adversarial training. Left: the PPDG obtained by in-
cluding a perturbed input 2’ and target ¢’ to the classification setting. Right:
the PDG obtained by making the parameters for p explicit, together with
a Gaussian prior ©, ~ N (0, 1) over them. Both are colored with two foci:
the blue focus trains the network, and the green one creates adversarial
examples. Dashes indicate control.

case, the value x of the control mask corresponds roughly to the product of

the learning rate and the number of optimization iterations.

¢ Adjusting y is like a forward pass, in that it changes the label y to match the

distribution py(Y|z). that the model predicts over labels, given the input x.

¢ Adjusting x creates an adversarial example. That is, it makes incremental

changes to the input x until the (fixed) network assigns it label y.

Stochastic Gradient Descent (SGD). Take the mutable state to be the classifier
p as before. Define REFRESH so that it draws a batch of samples {(xz;, v;)}7,, and
returns a PDG with a single arc describing their emperical distribution d(X,Y);
let REFOCUS be such that ¢(d) = oo (reflecting high confidence in the data). If

n = x(p)¢(p) is small, then LIR is SGD with batch size m and learning rate 7.

Adversarial training. Suppose we want to slightly alter « to obtain 2’ that is
classified as 3 instead of y. By adding arcs corresponding to 2" and y’ to 771, and
relaxing the cpd I, associated with z to be a Gaussian centered x rather than a
point mass, we get the PPDG on the left of Figure 7.1. An iteration of LIR whose
focus is the edges marked in green (with control over the dashed green edge) is

then an adversarial attack with Euclidean distance [Biggio et al. 2013]. The blue
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focus, by contrast, “patches” the adversarial example by adjusting the model
parameters to again classify it correctly. Thus, LIR that alternates between the
two foci, in which REFRESH selects a fresh (z,y,2’ = x) from the dataset and
target label ¢/, is adversarial training, a standard defense against adversarial

attacks [Goodfellow et al. 2014].

The ML community’s focus on adversarial examples may appear to be a
cultural phenomenon, but mathematically, it is no accident. At this level of
abstraction, there is no difference between model parameters and inputs. Indeed,
if we make the parameterization of p explicit and add L2 regularization (i.e., a
Gaussian prior over 0,), the symmetry becomes striking (Figure 7.1, right). This
may help explain why, even outside of adversarial contexts, it can be just as

sensible to train an input, as a model [Kishore et al. 2021].

7.4.2 The EM Algorithm as LIR

Suppose we have a generative model p(Z, X|0) describing the probability over
an observable variable X and a latent one Z. Given an observation X =z, the
standard approach for trying to learn the parameters despite the missing data is

called the EM algorithm. It iteratively computes

1
oY = arg maxBE_ o [logp(z, 2|0)].

l)\
Proposition 7.2. LIR x—» , , in which REFOCUS ﬁ'xes @ = 1
| Y < X X 7 ({ )

and alternates between full control of p and q, implements EM, in that 9,(;]34 = 9&? .

This result is closely related to one due to Neal and Hinton [1998], who view

it as an intuitive explanation of why the EM algorithm works. Indeed, it is
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obvious in this form that every adjustment reduces the overall inconsistency.
The result can also be readily adapted to an entire dataset by replacing = with a
high confidence empirical distribution, or batched with the same technique in

Section 7.4.1. It also captures fractional EM when x < oo.

This form of the EM algorithm is closely related to variational inference.
Indeed, analogous choices applied to the other PDGs analyzed in Section 6.5.1

yields the usual training algorithm for variational autoencoders (VAEs).

7.4.3 Generative Adversarial (Actor-Critic) Training as LIR

LIR also subsumes more complex training procedures such as the one used to
train generative adversarial networks (GANSs) [Goodfellow et al. 2020]. The goal
is to train a network G to generate images that cannot be distinguished from
real ones. More precisely, represent the generator network with a distribution
G(Xtake) over fake images, and suppose we have training data in the form of
an empirical distribution pgaea(Xieal) Over real images. Define X to be either an
image Xk ~ G or from a dataset X,ca ~ Paata, based on the outcome a fair coin
flip C. The key component in the architecture is a second network, called the
discriminator, which aims to classify an image as either real or fake—or, in other
words, predicts the coin flip C' from the X. Thus, we model it as a conditional
distribution D(C' | X). Finally, the generator aims to fool the discriminator,
so that it can do no better than chance. Thus, the generator would like to be
consistent with a distribution e(C|.X) indicating that the coin is equally likely to

be heads as tails even knowing the value of the image X. This state of affairs is
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summarized as the PPDG

a 50,50

E— Xfake @ <—\‘
me):- A
Pdata "D
—— Xreal X

in which “50/50” is the label of the cpd describing the fair coin flip, and ©

consists of joint settings of the parameters of the two networks (G and D).

Traditionally, the GAN training objective is written as a 2-player minimax

game ming minp LSN(G, D), where

£GAN<G’ D):= E [logD(z)]+ E [log(l1— D(z'))],

Z ~ Pdata ' ~G
and D(z) stands for the conditional probability D(C=1 | X=x). The standard
theoretical justification of this loss function is based on the following observations

[Goodfellow et al. 2020]:

G(z)

1. For fixed G, the optimal discriminator predicts D*(z) = gy, —oy

2. For the optimal generator, L5*N becomes equivalent to the Jesnen-Shanon
divergence [Menéndez et al. 1997] between pgat, and G.

3. There is a unique global Nash Equilibrium, in which G(X') = pgat.(X) and
D(C|X) = e(ClX).

Note that this equilibrium is the one place where the PDG above has zero incon-
sistency. We now turn to describe the modeling process in terms of LIR, which
involves alternating between two focuses: one for the generator (shown above
in blue, plus the black context), and one for the discriminator (shown above in

green, plus the black context).

The Discriminator’s Focus. While the focus is on discrimination, we have

control over D, and attend to everything but e. That inconsistency of this PDG is

261



what might be called the discriminator’s objective: the expected KL divergence
from D to the optimal discriminator. Unfortunately, this may not be easy to
calculate directly. If D also disbelieves that any image is equally likely to be fake
as real (by choosing ¢(e) = —1), then the inconsistency becomes —£AN, which

is easier to calculate.

The Generator’s Focus. When the focus is on generation, we have control over
G. If we ignore D attends only to e, then inconsistency is the Jensen-Shannon
Divergence between G and pyaya, coinciding with a standard argument for GANs.
However, this is difficult to calculate directly. If the generator also disbelieves
the discriminator D (i.e., (D) = —1), then the inconsistency becomes +LEAN

which, again, is easier to calculate.

Standard practice is to use small x(G) and large x (D), so that the discrimina-
tor is well-adapted to the generator, a strategy which is provably more stable
[Heusel et al. 2017]. Intuitively, we should the discriminator should be more
maneuverable than the generator; the training signal for G comes entirely from
D, so it is not helpful for G to updates faster than D. In our language, this means
selecting a focus in which the discriminator’s focus entails a higher degree of

control over D than the generator’s focus has over G.

7.5 Message Passing Algorithms as LIR

At a quantitative level, traditional graphical models (i.e., the subject of Koller
and Friedman [2009]) can all be represented as factor graphs. Moreover, they all
admit the same (approximate) inference procedure, known variously as (loopy)

belief propagation [Koller and Friedman 2009], the generalized distributive law
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[Aji and McEliece 2000], and the sum-product algorithm [Kschischang et al. 2001].
This procedure turns out to be a special case of LIR in which all PDGs involved

represent factor graphs (i.e., have o = 3,7 = 1, as shown in Section 3.4.2).

Recall (from Section 2.5.2) that a factor graph over a set of variables X is a set
of factors ® = {¢, : X, = Rx¢}eea, where each X, C X is called the scope of
a. Conversely, for X € X, let 0X = {a € A: X € X,} be the set of factors
whose scopes contain the variable X. As we have seen, ® specifies a distribution

Pre(X) o< [], ¢a(X,), and corresponds to a PDG

X
mq) = {(u_ fizslaJ Xa }GE.A

that specifies the same joint distribution Prs, when observation and structure

are weighted equally (i.e., v =1).

Sum-product belief propagation [Kschischang et al. 2001] aims to approximate
marginals of Prg with only local computations: messages sent between factors
and the variables they have in scope. The state of the algorithm is a collection
of “messages” {mx.q, Max } xex,acox, two for each pair (a, X) of factor a and
variable X in the scope of X. Each message is an (unnormalized) distribution
over the corresponding variable (X). Together, the messages form a PDG
which we will denote Msg, in the same way as the original factor graph. After

initializing with uniform messages, belief propagation repeatedly recomputes:

Mx.a(T) 10 H Mipx () (7.1)
bedX\a
maaX(x) ‘X Z ¢a(x7y) H mYm(Y(y))? (72)
yev(X,\X) YeX,\X

where Y (y) is the value of Y in the joint setting y. Finally, variable marginals
{bx }xecx, which we regard as another PDG, B, are computed from the mes-

sages according to bx (z) o< [[,cox Max(x). Observe that every calculation is a
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Figure 7.1: a schematic depiction of belief propogation as LIR. At the center are a variable
X, and a variable X that corresponds to a factor a which depends on X.
The blue arcs correspond to a focus that computes the message from a to X,
while the green arcs correspond a focus that computes the message from X
to a. The faint gray double lines are deterministic cpds that enforce equality
between the variables they connect.

(marginal of) a product of factors, and thus amounts to inference in some “local”
factor graph. The traditional depiction of messages moving between variables
and factors [See Kschischang et al. 2001, Fig. 6], intended to illustrate equations
(7.1) and (7.2), looks something like the following:

In this schematic representation, the dotted message m x.,(x), for instance, is
calculated as a product of incoming messages to X from other factors (7.1). While
this diagram is only a schematic, the corresponding PDG 1sg, which represents
the intermediate state of the algorithm, can be made to look similar to it. Adding
a variable X for every pair (X, a) with X € X, along with edges asserting that
X® = X, we obtain an equivalent PDG, shown in Figure 7.1, that does not look

so different.

Indeed, it can be shown that equations (7.1) and (7.2) minimize the inconsis-
tency of the dotted components in their appropriate contexts (shown in green

and blue above).
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This means that LIR with the appropriate views computes belief propagation.
To show this formally, we need a few definitions. Equation (7.1) adjusts the
parameters of Cy,, := {mx.,} so as to minimize 1l-inconsistency in context
Axsa = {Mmpx treox\a U {mx.q}, while (7.2) adjusts Co.x = {ma.x} so as to
minimize the 1-inconsistency in context A..x = {¢a,Mex} U {Mysatyex,\x-

Simply put, this means looking at either the blue or the green sub-PDG of

The only wrinkle is that we do not want to attend to the structural aspect of
a message e that we are updating—that is, we must select ¢ so as to ignore its
causal weight a.. Intuitively: when we are updating some message e, we are
interested in summarizing information in the other messages (both observational

and causal information), purely with an observation.

More precisely, the foci

F = {(@jan) 1 J € U {a—)X, X—)a,X},}
XEK,

are indexed by messages and variables, and defined as follows. The attention
mask ¢; for focus j is given by:
G) ifa € Aj \ Cj
pila):=q () ifecC;
(J) otherwise
where (i;) scales 3, by ¢ and «a, by ¢,. Finally, full control over C; means

defining x;(a) := oo - 1[a € C}]. With these choices in place, it’s not hard to show

that Algorithm 1 amounts to belief propagation.

Proposition 7.3. If REFOCUS selects a focus non-deterministically from {a » X, X »
a, X } xexacox, then the possible runs of LIR(Mg, Nsg + B) are precisely those of

belief propagation for different message schedules.
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There are many variants of the belief propagation algorithm. Some of them are
generated by clustering factors together—in the language of Koller and Friedman
[2009], this amounts to selecting a cluster graph other than the “Bethe cluster
graph” (§11.3.5.2, ibid) as the basis for the message passing algorithm. Our

analysis immediately applies to these other cluster graphs as well.

Minka [2005] offers a different perspective, in which a broader class of message
passing algorithms can be viewed as iteratively adjusting some local context
to minimize an a-divergence. We suspect that LIR generalizes this procedure
as well—not only because it is similar in spirit, but also because because these
divergences can be viewed as the degree of inconsistency of a PDG containing

two distributions (Section 6.4).

7.6 Decision Making with LIR

In this section, we show how a few standard decision rules can be viewed as
inconsistency minimization. In Sections 4.2.2 and 6.8 it was established that
PDGs can represent expected cost, albeit by articulating some questionable
probabilistic beliefs. For the moment, let us entertain the possibility that these
strange probabilistic beliefs are in fact an appropriate way to encode preferences.
A natural question then emerges: what does it mean to make decisions to as to
minimize inconsistency in this context? In this section, we show that the standard
picture of rational decision making—that is, expected utility maximization—can

be viewed as the pursuit of consistency in this probabilistic model.

Suppose we are trying to choose an action (i.e., control a variable A). To do so

reasonably, we need to model some context. Let S be a variable represnting the
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current state of the world, and O represent the outcome after taking our action.

To complete the standard picture, let’s further assume that we have

1. some understanding of how our action A and the state S determine the
outcome O, say in the form of a cpd 7(O | S, A),
2. abelief p(S) about the current state of the world, and

3. a utility function v : YO — R on possible outcomes.

It is easy to encode this information in a PDG:

2(5)(0) % 0)

What’s missing is a way to encode the idea that higher utilities are “better”
than lower ones. For this, we can add a “soft constraint” (see Section 4.2.1) that
is violated less at higher utilities than lower ones. At a technical level, recall
that this means (1) including the variable T that can technically take on values
VT = {f, t}, yet happens to always on the value t, and (2) adding a cpd (T | U)

encoding a constraint violation that is more serious the lower the value of U. Let

m, ;.. represent the PDG above, augmented with such a soft constraint b.

Intuitively, imagine that there is a part of you that you cannot control, which
we will call “Faith”. Faith engages in wishful thinking: she disbelieves outcomes
that are undesirable, creating epistemic conflict if she sees outcomes of low utility.
(Technically, Faith refers to the sub-PDG consisting of u, b, and T=t.) If you have
no control over Faith, but still have confidence and pay attention to her, then it
turns out that selecting actions to minimize your combined inconsistency is a

decision rule that interpolates between
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(a) maximizing expected utility (when 3, > ), and

(b) maximizing maximum utility (when 3, < 3;),

where (3, is your confidence in your prior probabilistic belief p(S), and 3, is the

confidence of the soft constraint b (i.e., your “degree of faith”).

Proposition 7.4. Suppose b(T=t | U=u) = k - exp(u) for some constant k.

1. If B, = oo and B, < oo, then the action(s) a € VA that minimize the inconsistency

are those that maximize expected utility. Formally, for all v > 0,

[u(o)}.

argm1n<<mpTub + A= a>> =argmax E

S
o~Tl|s,a

2. If B, < oo and [, = oo, then the action(s) a € VA that minimize overall inconsis-

tency are those that can lead to the best possible outcome, i.e.,

arg m1n<<m (prup) + A= a>> = arger&ax max ONITE|;S a[u(o)].

We suspect that it may also be possible to implement other decision rules such
as minimax or maximin. Like the GAN objective however, these decision rules
look like two-player games, and so will likely require two different focuses of
LIR, rather than just one. We leave a careful exploration of this avenue to future

work.

We conclude our discussion of decision theory with a high-level observation.
One’s preferences, beliefs, and actions can be jointly modeled with a PDG. When
that PDG is inconsistent (i.e., there is a conflict between your preferences, be-
liefs, and actions), there are, in principle, three possible resolutions. You can
resolve the inconsistency by changing your action, which amounts to maximizing

expected utility (Proposition 7.4.1); this is thought of as the rational approach.
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Alternatively, you can change your preferences so as to become content with your
current situation, which is perhaps a more zen perspective. Observe that these
two resolutions to the internal conflict are two halves of the famous Serenity

Prayer [Niebuhr 1933]:

Oh, God, give us the courage to change what must be altered, serenity to

accept what can not be helped, and insight to know the one from the other.

Finally, the third way to resolve the inconsistency involves changing your
beliefs about what state you are in, i.e., wishful thinking. Unfortunately, this
kind of self delusion typically only leads to more inconsistency in the future,
and is seldom a good idea. It also illustrates how, in the process of resolving
inconsistency, restricting control to a small set of parameters can be appropriate

(and not just a computational shortcut).

7.7 Discussion and Future Work

These examples are only the beginning. Our initial investigations suggest that
opinion dynamics models, the training process for diffusion models, and much
more, are all naturally captured by LIR. The surprising generality of LIR begs
some theoretical questions. What assumptions are needed to prove that it reduces
overall inconsistency, as is often the case? What are the most natural choices we
could make to produce an efficient algorithm that is not already widely used?

Might that algorithm itself prove useful?

It also suggests a novel approach to structured generative modeling: assemble

an enormous PDG by merging together many variables, existing models, priors,
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constraints, and data of all shapes and sizes. Then train new models to predict
variables from one another, using LIR (with random refocusing on small tractable

parts, say). Is this effective? We are excited to find out!
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APPENDICES FOR CHAPTER 7
7.A Proofs

First, some extra details for Proposition 7.1. The parametrizations [P are log-

concave iff for every a € A, and (s,t) € V(S,,T,), the function

0 —logP! (T, =t| S, =a) :0,— [0,00]

is convex (meaning that log P without the negation is concave). This is true for
many families of distributions of interest. For example, if S, T}, is discrete, and

the cpd is parameterized by stochastic matrices P = [p, ] € [0, 1]"%%), then
—1og PP (T, = t|S, = s) = — log(ps.)
which is clearly convex in P.

To take another example: if P, is linear Gaussian, i.e., P,(T|S) = N(T|As +

b,0?), parameterized by (A, b, 1/0?), then

2 1, 21 1 (t—As+b\°
“log PAY) (1]5) = -5 10g_72r +5 (—S+)
o o

which is convex in (A, b, %;). Now, for the proof.

Proposition 7.1. If M(©) is a PPDG whose parameterizations P are either con-
stant or unconditional and log-concave, then for small enough ~y, the map 6 +—

(p © (Ctx +M(0))), is convex.

Proof. By definition,
(0o (@ +me)) =it {Omeew(n) +7SDef i) +15Defm) (1) + Olnemio) () }.
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Only the final term actually depends on ¢, though—recall that SDef 5 depends
only on the structure of the hypergraph (and the weights «), and not the param-

eters of the cpds. Thus, we can write F'(u) for the first three terms.

For all of our examples, and indeed, if v is chosen small enough, we have seen

that the sum of the two terms is convex in p. Then we have

{0 (Ca+me)).
= inf (F(M) +E Z Fa log IF/%((TT@) )

i ' p(T|S)
— inf (F(,u) +E S;Tﬁa log TS

I

).

The second term is then entropy (relative to the base distribution), which is

AT|S)
E 1
+ 1 ‘5;1/6(1 Og Pg(T|S)

~
third term

/

convex in p. The first term, F'(u), is convex in p as well, and neither depend on 6.

The final term is linear in p. Since P is log-convex in §, we know that (log ]P,Ag(f tlfs)))

is convex in 0. It follows that the third term is a positive linear combination of
expectations that are all convex in ¢, and hence itself convex in 6. Because the
tirst two terms do not depend on # and are convex in i, they are jointly convex
in (u,0). And, as we have seen, the third term is linear in x and convex in 6, so it
is also jointly convex in (1, §). Thus, the sum of all three terms in the infemum is
jointly convex in (6, ;). Taking an infemum over x pointwise, the result is still

convex in ¢ [Boyd and Vandenberghe 2004]. O

Proposition 7.3.If REFOCUS selects a view non-deterministically from {a » X, X »
a, X }xex.acox With o, x as above, and ~y = 1, then the possible runs of LIR(Me, Msg +

B) are precisely those of BP for different message schedules.

Proof. When v = 1, and «a, f = 1 for all of the input factors, then the optimal

272



distribution p* that realizes the infemum is just the product of factors. It follows
that any distribution that has those marginals will minimize the observational
inconsistency. The message passing equations (7.1) and (7.2), instantiated for
various pairs (a, X ), can be executed in different orders. Since each focus corre-
sponds directly to an instance of an equation, it is easy to see that the different
message passing schedules correspond directly to the possible nondeterministic

choices of focus in LIR. ]

Proposition 7.4. Suppose b(T=t | U=u) = k - exp(u) for some constant k.

1. If B, = oo and B, < oo, then the action(s) a € VA that minimize the inconsistency

are those that maximize expected utility. Formally, for all v > 0,

argm1n<<mpTub + A= a>> =argmax E

a€VA S
o~T|s,a

[u(o)}.

2. If B, < oo and [, = oo, then the action(s) a € VA that minimize overall inconsis-

tency are those that can lead to the best possible outcome, i.e.,

ar(zgef}nln<<m prap) T A= a>> = arger&ax max ONITE|;S a[u(o)].
Proof. Since the choice a is deterministic, the value of A is determined; likewise
the value of T is also fixed. Similarly, as u is a deterministic function, the value
of U is determined according to u. Thus we need only consider distributions
(S, O) in our minimization; the other variables can be found as a function of
these. However, we also know that (O | S) = 7(0O|S, A=a) since it is given with
high confidence. Therefore it suffices to restrict our search to distributions over

the variable S.

To simplify notation, let EU (s, a) := Eowr(0}s,0)[t(0)] + log k be the expected

273



utility of an action, shifted by the constant log k. Note that

1
b(T=t | U=u(0))

log = —log(k - exp(u(0))) = —u(o) — logk,

which in expectation over 7(O|s, a), is —EU (s, a). With this in mind, we calculate:

(Mt A=a), = i B [1g 58+ 2 B [lon o]
= inf 4, E :log % + log o exp ( . g—zEU(s, a))
-t [ 20 PR 7
= P B, :log u(f) " 2(s) -exp(g_ZEU(s,a)) ' %} 7:3)

At this point, we can use the same trick used repeatedly in the proving results of
Chapter 6: take Z to be the normalization constant needed to regard the middle
fraction as the inverse of a probability distribution v. Once we do so, we are
left with an infimum over a KL divergence D(u || v) plus the expectation of a

constant:

(M, ;. + A= a>> = (,log = :—logZp exp<+§EU(s a))

We now look at the two extreme cases.

When 3, — oo, then the ratio g—z becomes small, and we can use the fact that
exp(e) ~ 14¢ for small € to find that the inconsistency of interest is approximately
_ B
~ —f,log Zp [1 + 5BV )] = =By log(1+ 2BU(5,0)) = ~GEU(s,0)
P
Alternatively, more directly, when 3, = oo, the optimal distribution must be
i = p, and so the inconsistency is immediately — E,.,[5,EU (s, a)]. Either way,
minimizing this quantity amounts to maximizing espected utility, as the two

differ by a negative affine transformation.
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At the other extreme, when 3, — oo, we can write our expression in terms of
LSE{1,...,z,} :=1log > ., exp(z;) (LogSumExp) which is a smooth approxima-
tion to a max. (In a moment, we will negate its arguments and the final output,
using it as an approximation to a min, instead.) Picking back up from (7.3) and

letting t := Bb , we find

(M + A=a) = —f — L sk [ (% log ]% — EU(s, a)>].

seVS

Using the standard fact' that

1 —1
minx; — —logn < — LSE(—tz;) < minx;,
i€[n] t t icln 1€[n]

we find that, in our case,

1
E<<mpﬂ-’u7b —+ A:a,> ~ S M

where M := min,cps(—EU(s,a) + + log ) In particular, when /3, — oo, mean-

1
M—glogWS\

ing t — oo, the gap between the upper and lower bounds shrinks to zero, and

the resulting inconsistency becomes — min,cps(—EU (s, a)) = max,cpg) EU (s, a),

proving the result. O

1Let’dng m := min; z;, observe that, for all ¢ > 0, we have exp(—tm) < >, exp(—tx;) <
nexp(—tm). Apply a logarithm and multiply by —1 to get the promised result.
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CHAPTER 8
INFERENCE FOR PDGS, VIA EXPONENTIAL CONIC PROGRAMMING

So far, we have seen that PDGs are a flexible modeling tool that plays two
seemingly very different roles. On one hand, PDGs specify a joint distribution; in
this capacity, they are an especially modular and interpretable generalization of
standard probabilistic graphical models. On the other hand, PDGs have a natural
inconsistency measure; in this capacity, they are a principled model-based way to
specify a loss function. Yet our discussion so far leaves a burning question: how
can we compute with PDGs? Is it even possible? So far, we have seen no reason
that there should be any practical way to compute with PDGs in either role: no
inference algorithm, and no (provably correct) way to calculate the degree of

inconsistency. In this chapter, we solve both problems.

8.1 Introduction

As we have seen, PDGs (Definition 3.1) form a very general class of probabilistic
graphical models, that includes not only Bayesian Networks (BNs) and Factor
Graphs (FGs), but also more recent statistical models built out of neural networks,
such as Variational AutoEncoders (VAEs) [Kingma and Welling 2014]. PDGs
can also capture inconsistent beliefs, and provide a useful way to measure the
degree of this inconsistency; for a VAE, this is the loss function used in training
(Section 6.5.1). But up to now, there has been no practical way to do inference
for PDGs—that is, to answer questions of the form “what is the probability of Y’

given X?” This chapter presents the first algorithm to do so.

Before discussing our algorithm, we must discuss what it even means to do

inference for a PDG. A BN or FG represents a unique joint distribution. Thus,
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for example, when we ask “what is the probability of Y given that X=2?" in
a BN, we mean “what is (Y| X=x)?" for the probability measure p that the
BN represents. But a PDG might, in general, represent more than just one

distribution.

Like a BN, a PDG encodes two types of information: “structural” information
about the independence of causal mechanisms, and “observational” information
about conditional probabilities. Unlike in a BN, the two can conflict in a PDG.
Corresponding to these two types of information, a PDG has two loss functions,
which quantify how far a distribution y is from modeling the information of each
type. Given a number 4 € [0, 1] indicating the importance of structure relative to
observation, the 4-semantics of a PDG is the set of distributions that minimize
the appropriate convex combination of losses. We also consider the 0*-semantics:
the limiting case that arises as 4 goes to zero (which focuses on observation,
using structure only to break ties). This set can be shown to contain precisely one
distribution for PDGs satisfying a mild regularity condition, which we call proper.
Thus, we have a parameterized family of inference notions: to do §-inference, for
4 € [0,1] U {07}, is to answer queries in a way that is true of all distributions in

the 4-semantics.

If there are distributions fully consistent with both the observational and the
structural information in a PDG M1, then for 4 € (0,1) U {07}, all notions of 4-
inference coincide. If 771 is also proper, this means there is a single distribution 1
that minimizes both loss functions, in which case we want to answer queries with
respect to ju; no matter how we weight observational and structural information.
Moreover, if 1M represents a BN, then 1y is the distribution represented by the
BN. However, if there is no distribution that is consistent with both types of

information, then the choice of 4 matters.
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Since PDGs subsume BNs, and inference for BNs is already NP-hard, the same
must be true of PDGs. At a high level, the best we could hope for would be
tractability on the restricted class of models on which inference has traditionally
been tractable—that is, a polynomial algorithm for models whose underlying
structure has bounded treewidth (see Section 8.2 for formal definitions). That is
indeed what we have. More precisely, we show that 0*-inference and #-inference
for small 4 can be done for discrete PDGs of bounded treewidth containing N

variables in O(N*) time.

Our algorithm is based on a line of recent work in convex programming that
establishes polynomial-time for a class of optimization problems called exponen-
tial conic programs [Badenbroek and Dahl 2021; Skajaa and Ye 2015; Nesterov et al.
1999]. Our contribution is to show that the problem of inference in a PDG of
bounded treewidth can be efficiently converted to a (sequence of) exponential
conic program(s), at which point it can be solved with a commercial solver (e.g.,
ApS [2022]) in polynomial time. The direct appeal to a solver allows us to benefit
from the speed and reliability of such highly optimized solvers, and also from
future improvements in exponential conic optimization. Thus, our result is not

only a theoretical one, but practical as well.

Beyond its role as a probabilistic model, a PDG is also of interest for its degree
of inconsistency—that is, the minimum value of its loss function. As shown
in Chapter 6 many loss functions and statistical divergences can be viewed as
measuring the inconsistency of a PDG that models the context appropriately.
This makes calculating this minimum value of interest—but up to now, there
has been no way to do so. There is a deep connection between this problem and
PDG inference (which we develop in Chapter 9); for now, we remark that this

number is a byproduct of our techniques.
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Chapter Contributions. We provide the first algorithm for inference in a PDG;
in addition, it calculates a PDG’s degree of inconsistency. We prove that our
algorithm is correct, and also fixed-parameter tractable: for PDGs of bounded
treewidth, it runs in polynomial time. We also prove that PDG inference and
inconsistency calculation are equivalent problems. Our algorithm reduces infer-
ence in PDGs to exponential conic programming in a way that can be offloaded
to powerful existing solvers. We provide an implementation of this reduction in
a standard convex optimization framework, giving users an interface between
such solvers and the standard PDG Python library. Finally, we evaluate our
implementation. The results suggest our method is faster and significantly more

reliable than simple baseline approaches.

8.2 Preliminaries & Related Work

Treewidth. Recall that an undirected hypergraph (V, ) is a set V' of vertices
and a set £ of subsets of V. Thus, a directed hypergraph (N, {S,1, }4ca) can
be viewed as a hypergraph by joining the source and target set of each hyperarc
(i.e., taking & = {S,UT, : a € A}), thereby “forgetting” the direction of the arrow.
Thus, notions defined for undirected hypergraphs (like that of treewidth, which

we now review), can be applied to directed hypergraphs as well.

Many problems that are intractable for general graphs are tractable for trees,
and some graphs are closer to being trees than others. A tree decomposition of a
(hyper)graph G = (V, ) is a tree (C, T ) whose vertices C' € C, called clusters, are

subsets of V' such that:

1. every vertex v € V and every hyperedge I/ € £ is contained in at least one
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cluster, and

2. every cluster D along the unique path from C; to C in T, contains C; N Cs.

The width of a tree decomposition is one less than the size of its largest cluster,
and the treewidth of a (hyper)graph G is the smallest possible width of any tree
decomposition of G. It is NP-hard to determine the tree-width of a graph, but
if the tree-width is known to be bounded above, a tree decomposition may be
constructed in linear time [Bodlaender 1993]. For graphs of bounded tree-width,
many problems (indeed, any problem expressible in a certain second-order logic
[Courcelle 1990]) can be solved in linear time. This is also true of inference in

standard graphical models.

Inference for Traditional Graphical Models. Semantically, a traditional
graphical model M (such as a Bayesian Network or a factor graph) typically
represents a joint probability distribution Pryy € AVX over its variables. Infer-
ence for M is then the ability to calculate conditional probabilities Pry (Y| X=x),
where X, Y C X and z € VX.

There are several different approaches to inference in graphical models. Many
of them (such as belief propagation; see Chapter 7), when applied to tree-like
graphical models, run in linear time and are provably correct. If the same
algorithms are naively applied to graphs with cycles (as in loopy belief propaga-
tion), then they may not converge, and even if they do, may give incorrect (or
even inconsistent) answers [Wainwright et al. 2008]. Nearly all exact inference
algorithms (including variable elimination [Bertele and Brioschi 1972], message-
passing with [Lauritzen and Spiegelhalter 1988] and without division [Shafer and
Shenoy 1990], among others [Wainwright et al. 2003]) effectively construct a tree

decomposition, and can be viewed as running on a tree [Koller and Friedman
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2009, §9-11]. Indeed, under widely believed assumptions, every class of graph-
ical models for which (exact) inference is not NP-hard has bounded treewidth

[Chandrasekaran et al. 2012].

Given a tree decomposition (C, T) of the underlying model structure, many
of these algorithms use a standard data structure that we will call a tree marginal,
which is a collection g = {1 (C)}cee of probabilities over the clusters [Koller
and Friedman 2009, §10]. A tree marginal p is said to be calibrated if neighboring
clusters’ distributions agree on the variables they share. In this case,  determines
a joint distribution

Pra(®) = [[we(©) / [Tre¢np), (8.1)

cec (C-D)eT
which has the property that Pr,(C') = pc for all C € C. A calibrated tree
marginal summarizes the answers to many queries about Pr,, [see Koller and
Friedman 2009, §10.3.3].! Therefore, to answer probabilistic queries with respect
to a distribution 4, it suffices to find a calibrated tree marginal u that represents

u, and appeal to standard algorithms.

For the reader’s convenience, we now repeat a (more compact) version of the
definition of a PDG. A PDG M= (X, A,P, o, B) is a directed hypergraph (X, A)
whose nodes are variables, together with probabilities P and confidence vectors

a=[ay|eeq and B=f,]acu, so that each ST € A is associated with:

* a conditional probability distribution P,(7'|S) on the target variables given

values of the source variables,

!To see why in a simple case, note that for an unconditional query about Y contained within a
single cluster C, we have Pr,,(Y) = pc(Y'). With some care, the general idea can be extended to
arbitrary queries [see Koller and Friedman 2009, §10.3.3]; those conditional on evidence X =x can
be handled by conditioning the clusters that contain X, and then recalibrating p with a standard
algorithm like belief propagation.
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e aweight 3, € R indicating the modeler’s confidence in the cpd P,(7|S), and

¢ a weight o, € R indicating the modeler’s confidence in the functional de-

pendence of T'on S expressed by a.

If 3> 0 and «, > 0 implies 3, > 0, we write 8 > « and call 771 proper. Note that
B > aif B > 0. Recall that PDG contains two types of information: “structural”
information, in the hypergraph A and weights o, and “observational” data, in
the cpds P and weights 8. PDG semantics are based on two scoring functions
that quantify discrepancy between each type of information and a distribution
i € AVX over its variables. (See Section 3.3.2 for details.) Given a value of v > 0,
a trade-off parameter that controls the strength of the structural information,

recall that the overall scoring function is given by

[M], (1) := Olncm(p) + v SDef (1) (3.4)
S Ba—0a
[ Zl T|T|S Ba _fYH(/“L)
SHT eA

Recall that [M]; = argmin,,[11], (1) denote the set of optimal distributions
at a particular value 7. One natural conception of inference in PDGs is then
parameterized by 4: to do 4-inference in 771 is to respond to probabilistic queries
in a way that is sound with respect to every p € [M]. It is not too difficult to see
that when 8 > va, (3.4) is strictly convex, which ensures that [777] is a singleton.

This chapter demonstrates that §-inference is tractable under this condition.

The limiting behavior of the 4-semantics as 4 — 0, which we denote [11]; .
and call the 0*-semantics, has some special properties (e.g., Theorem 3.3). This
distribution intuitively reflects an extreme empirical view: observational data
trumps causal structure. One should be careful to distinguish [172];. from [M];,
the set of distributions that minimize Olncp; the latter set includes [177];. (Propo-

sition 3.4) but may also contain other distributions. This chapter also shows how

283



to efficiently answer queries with respect to the unique distribution in [71],,

which we call 0*inference.

Interior-Point Methods and Convex Optimization. Interior-point methods
provide an iterative way of approximately solving linear programs in polynomial
time [Karmarkar 1984]. With the theory of “symmetric cones”, these methods
were extended in the 1990s to handle second-order cone programs (SOCPs) and
semidefinite programs (SDPs), which allow more expressive constraints. But the
constraints that these methods can handle are insufficient for our purposes. We
need what have been called exponential cone constraints. The exponential cone is
the convex set

Kep = {(xl,:cg,x3) DXy > 302 gy > O}

U{(xl,o,l’:;) L ZO, .T3§0} C]RS.

It is also sometimes called the “relative entropy cone”, for reasons we will see
in Section 8.3.1. Suppose K = KZ_, x [0, 00]? C R" is a product of p exponential

cones and ¢ = n — 3k non-negative orthants. An exponential conic program is then

an optimization problem of the form

minimize ¢'x subjectto Ax =b, x € K, (8.2)

X

where ¢ € R” is some cost vector, the function x — c¢'x is called the objective,
and b € R™, A € R™*" encode linear constraints. Nesterov, Todd, and Ye [1999]
first established that such problems can be solved in polynomial time, but incur
double the memory and eight times the time, compared to the symmetric counter-
parts. These drawbacks were eliminated in Skajaa and Ye [2015]. The algorithm
that seems to display the best empirical performance [Dahl and Andersen 2022],
however, was only recently shown to run in polynomial time [Badenbroek and

Dahl 2021].
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Disciplined Convex Programming [Grant 2004] is a compositional approach
to convex optimization that imposes certain restrictions on how problems can
be specified. A problem conforming to those rules is said to be dcp, and can be
efficiently compiled to a standard form [Agrawal et al. 2018], which in our case
is an exponential conic program. Only two rules are relevant to us: a constraint
of the form (z,y, z) € K. is dep iff 7, y, and =z are affine transformations of the
optimization variables, and a linear program augmented with dcp constraints is
dcp. Because all the optimization problems that we give are of this form, we can
easily compile them to exponential conic programs even if they do not exactly

conform to (8.2).

8.3 Inference as a Convex Program

Here is an obvious, if inefficient, way of calculating Pry(Y|X=x) in a probabilis-
tic model M. First compute an explicit representation of the joint distribution
Pry € AVX, then marginalize to Pry(X, Y') and condition on X=z. For a factor
graph or BN, each step is straightforward; the problem is the exponential time
and space required to represent Pry((X') explicitly. A key feature of inference
algorithms for BNs and FGs is that they do not represent joint distributions in this
way. For PDGs, though, it is not obvious that we can calculate the §-semantics,
even if we know it is unique, and we ignore the space required to represent it (as
we do in this section). Note that 4-inference is already an optimization problem
by definition:

minimize [M1],(p) subjectto pe AVX.
o

For small enough v, it is even convex. But can we solve it efficiently? With

exponential cone constraints, the answer is yes, as we show in Section 8.3.2.
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Moreover, we can compute the 0*-semantics with a sequence of two exponential
conic programs (Section 8.3.3). To give a flavor of our constructions and ease into
the more complicated ones, we begin by minimizing OInc, the simpler of the two

scoring functions.

8.3.1 Minimizing Incompatibility (v = 0)

When v = 0, we want to find minimizers of OInc, which is a weighted sum of
conditional relative entropies. There is a straightforward connection between
the exponential cone and relative entropy: if m,p € A{1,...,n} C R" are points
on a probability simplex, then (—u,m,p) € K if and only if u is an upper
bound on mlog 3, the pointwise contribution to relative entropy at each outcome.
Thus, perhaps unsurprisingly, we can use an exponential conic program to find

minimizers of OInc. If all beliefs are unconditional and over the same space, the

construction is standard; we review it here, so that we can build upon it.

Warm-up. Consider a PDG with only one variable X with VX = {1,... n}.
Suppose further that every arc j € A = {1,...,k} has T; = {X} and S; = 0.
Then each P;(X) can be identified with a vector p; € [0,1]", and all k£ of them
can conjoined to form a matrix P = [p;;] € [0,1]"**. Similarly, a candidate
distribution p can be identified with m € [0, 1]*. Now consider a matrix U =

[u; ;] € R™** that, intuitively, gives an upper bound on the contribution to Olnc
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due to each edge and value of X. Observe that

(=U, m, ...,m], P) € KQX;’“
Vi, j. wi; > mylog(mi/p;;)
Vi > i > D(p || )
> iBiwig = 328D (w || py)
1"UB > Olnc(p). (8.3)

(AR

So now, if (U, m) is a solution to the convex program

minir{}ize 1"UB subjectto 1'm =1,

(-U, [m, ...,m], P) € K"**

exp

then (a) the objective value 17U equals the inconsistency (M),, and (b) u €

[m];, meaning 1 minimizes OlIncp.

The General Case. We now show how the same construction can be used
to find a distribution p € [M1]] for an arbitrary PDG M = (X, A, P, a, 8). To
further simplify the presentation, for each arc a € A, let Va := V(S,,T,) denote
all joint settings of a’s source and target variables, and write VA := U,caVa =
{(a,s,t) :a € A, (s,t) € V(S,,1,)} for the set of all choices of an arc together
with values of its source and target. For each a € A, we can regard (75, S,) and
w1(S,)Pu(1,]5,), both distributions over {S,, T, }, as vectors of shape VVa. As before,
we introduce an optimization variable u that packages together all of the relevant

pointwise upper bounds. To that end, consider a vector u = [ug ] € R" in the
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optimization problem
mlnu|7r1711|ze Z Ba Ua,st (8.4)

(a,s,t)eVA

subjectto pu € AVX,
Va € A. (—ua, Ty, Sa), Bu(T0]Sa)1e(Sa)) € Ko

exp’

where u, = [tgs)(s,)cve consists of those components of u associated with arc
a. Note that the marginals ;.(S,,7},) and 1(S,) are affine transformations of i, so

(8.4) is dcp. A straightforward generalization of the logic in (8.3) gives us:

Proposition 8.1. If (u,u) is a solution to (8.4), then p € [M];, and

Z(a757t)eUA Baua,s,t - <<m>>0

Thus, a solution to (8.4) encodes a distribution that minimizes Olnc, and the (0-
)Jinconsistency of 71. This is a start, but to do 0*-inference, among the minimizers
of Olnc we must find the unique distribution in [M1];,, while for §-inference
(% > 0), we need to find the optimizers of [11]*. Either way, we must consider

SDef in addition to Olnc.

8.3.2 ~-Inference for small v > 0

When v > 0 is small enough, the scoring function (3.4) is not only convex, but
admits a straightforward representation as an exponential conic program. To see

this, note that (3.4) can be rewritten Proposition 3.9 as:
[[m]]’)’(:u) == H(/vb) - Z 5(1 Il[?log Pa(Ta|Sa)

acA (85)
+3 (v — Ba) Hu(T]S,).

acA
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The first term, —y H(p), is strictly convex and has a well-known translation into
an exponential cone constraint; the second one linear in p. If 0 < v < min, g—z,
then every summand of the last term is a negative conditional entropy, and
can be captured by an exponential cone constraint. The only wrinkle is that
it is possible for a user to specify that some P,(¢ | s) = 0, in which case the
linear term is undefined. The result is a requirement that x(s,t) = 0 at such
points, which we can instead encode directly with linear constraints. To do this
formally, divide VA into two parts: VA' = {(a,s,t) € VA : P,(t|s) > 0} and

A = {(a, s,t) € VA : P,(t|s) = 0}. Armed with this notation, consider upper

bound vectors u = [tg s ¢](a,5,t)c4 aNd V = [Uy]wepr, in the following optimization

problem:
minimize oY) Uas w .
nimize D (fa— 007 tase +7 v (8.6)
(a,s,t)eVA welX
- Z Oéafylu a=35, Ta:t) 1Og Pa(ﬂs)
(a,s,t)evAT

subjectto pu € AVX, (—v,p,1) e K2

exp)

Va € A. (= ug, 1(Th, So), Bu(T0]Sa)1e(Sa)) € Ko

exp’

V(a,s,t) € VA u(S,=s, T,=t) = 0.

This optimization problem may look complex, but it falls out of (8.5) fairly

directly, and gives us what we wanted.

Proposition 8.2. If (i, u,v) is a solution to (8.6), and B > ~o, then (i is the unique

element of [M]*, and (M), equals the objective of (8.6) evaluated at (., u, v).
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8.3.3 Calculating the 0™-semantics (v — 0)

Section 8.3.1 shows how to find a distribution v that minimizes OInc—but to do
0*-inference, we need to find the minimizer that, uniquely among them, best
minimizes SDef. It turns out this can be done by using v to construct a second
optimization problem. The justification requires two more results; we start by

characterizing the minimizers of Olnc.

Proposition 8.3. If 1 has arcs A and 3 > 0, the minimizers of Olncm all have the
same conditional marginals along A. That is, for all ji1, o € [M]§ and all ST € A
with 3, > 0, we have 11(T', S)p2(S) = pa(T', S)pa (S).?

As a result, once we find one minimizer v of Olncy (e.g., via (8.4)), it suffices
to optimize SDef among distributions that have the same conditional marginals
along A that v does. This presents another problem: SDef is typically not convex.
Fortunately, if we constrain to distributions that minimize Olnc, then it is. More-
over, on this restricted domain, it can be represented with dcp exponential cone

constraints.

Proposition 8.4. If i € [M];;, then

SDef (1) = Z pi(w) log (,u(w)/H V(Ta(w)‘5a<w))%>’ (87)

welX
acA

where {v(1,|S,) }aea are the cpds along the arcs A shared by all distributions in [IM]
(per Proposition 8.3), and S,(w), T, (w) are the respective values of variables S, and T,

in the joint setting w € VX,

2Intuitively, this asserts 111 (7,]5.) = p2(T4]S,), but also handles cases where some 11 (S,=s)
or 2 (S,=s) equals zero.
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If we already know a distribution v € [N1];, perhaps by solving (8.4), then the
denominator of (8.7) does not depend on p and so is constant in our search for

minimizers of SDef . For ease of exposition, aggregate these values into a vector

ko= [ T v(Tatw)ufw))] (5.8)

VX -
acA we

We can now capture [M1];. with a convex program.

Proposition 8.5. If v € [M] and (u,u) solves the problem

minimize 1Tu (8.9)
w,a

subjectto  (—u, u, k) € K e AVX,

exp’

VSST € A w(S, T)v(S) = u(S)v(S,T),

then [M];, = {u} and 17u = SDef y,(p).

Running (8.9) through a convex solver gives rise to the first algorithm that

can reliably find [MM]}, .

8.4 Polynomial-Time Inference Under Bounded Treewidth

We have now seen how #-inference (for small 4) can be reduced to convex
optimization over joint distributions y—but i grows exponentially with the
number of variables in the PDG, so we do not yet have a tractable inference
algorithm. We now show how j: can be replaced with a tree marginal over the
PDG’s structure. What makes this possible is a key independence property of

traditional graphical models, which we now prove holds for PDGs as well.
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Theorem 8.6 (Markov Property for PDGs). If T, and N, are PDGs over sets X,

and X, of variables, respectively, then for all v > 0 and ~ = 07,
[, +ML]5 = X AL A | AN A

That is: for every distribution p € [M, + mg]};, the variables of My and of M, are

conditionally independent given the variables they have in common.

For the remainder of this section, fix a PDG 771 and a tree decomposition
(C,T) of M’s hypergraph. One significant consequence of Theorem 8.6 is that,
in the search for optimizers of (3.4), we need consider only distributions that
satisfy those independencies, all of which can be represented as a tree marginal

p={pc € AV(C)}oee over (C,T).

Corollary 8.6.1. If M is a PDG with arcs A, (C,T) is a tree decomposition of A, v > 0,

and i € [MN]%, then there exists a tree marginal p over (C,T) such that Pr,, = p.

For convenience, let VC = {(C,c) : C € C,c € V(C)} be the set of all
choices of a cluster together with a setting of its variables. Like before, we
start by optimizing Olnc, this time over calibrated tree marginals p, which we
identify with vectors p = [11c(C'=c)](c,c)cve. We need the conditional marginals
Pr,(7,|5,) of n along every arc a in order to calculate OlIncy(Pr,,); fortunately,
they are readily available. Since (C, 7)) is a tree decomposition, we know S, and

T, lie entirely within some cluster C, € C, and Pr,(7,|S,) = pc(1.]5,) if p is
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calibrated. For u € R", consider the problem
m|n|m|ze Zﬁauast (8.10)
(a,s,t)eVA
subjectto V(' € C. uc € AV(C),
va E A (_uaa /’LCa(S(l?T) /‘LCa( ) (T |S )) E Kva

exp

Y(C,D) € T. ue(C'N D)= pup(CND),

where again u, is the restriction of u to components associated with a. Problem
(8.10) is similar to (8.4), except that it requires local marginal constraints to
restrict our search to calibrated tree marginals. It is analogous to problem CTREE-

OPTIMIZE-KL of Koller and Friedman [2009, pg. 384].

Proposition 8.7. If (u, u) is a solution to (8.10), then

(a) pis a calibrated, with Pr,, € [M];, and
(b) the objective of (8.10) evaluated at u equals (111),.

We can now find a minimizer of OInc and compute (171), without storing a
joint distribution. But to do anything else, we must deviate from the template

laid out in Section 8.3.

Dealing with Joint Entropy. In the construction of (8.10), we rely heavily on
the fact that each term of Olncy depends only on local marginal distributions
pe(Ty, Sq) and pe,(S,). The same is not true of SDef, which depends on the joint
entropy H(Pr,) of the entire distribution. At this point we should point out an
important reason to restrict our focus to trees: it allows the joint entropy to be
expressed in terms of the cluster marginals [Wainwright et al. 2008], by

H(Pr,) =—» H(uc) + Y Hu(CND). (8.11)

cee (C,D)eT
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Even so, it is not obvious that (8.11) can be captured with dcp exponential cone
constraints. (Exponential conic programs can minimize negative entropy, but not

positive entropy, which is concave.) We now describe how this can be done.

Choose a root node C of the tree decomposition, and orient each edge of 7 so
that it points away from Cj. Each cluster C' € C, except for Cy, then has a parent
cluster Par(C'); define Par(Cy) := ) to be an empty cluster, since Cj has no parent.
Finally, for each C' € C, let VCP := C N Par(C') denote the the set of variables
that cluster C has in common with its parent cluster.>As 7 is now a directed tree,
this definition allow us to express (8.11) in a more useful form:

—H(Pr,) = —H(ue,) — Z Hp,,,(D | C)
(C—D)eT

= C=c)l _me(C=c) 812
CZIECC;;;)MC( 9) 8 VO] (8.12)

where VCPq(c) is the restriction of the joint value ¢ € ¥(C) to the variables
VCP- C C. Crucially, the denominator of (8.12) is an affine transformation of
e The upshot: we have rewritten the joint entropy as a sum of functions of the
clusters, each of which can be captured with a dcp exponential cone constraint.
This gives us analogues of the problems in Sections 8.3.2 and 8.3.3 that operate

on tree marginals.

Finding tree marginals for §-inference. The ability to decompose the joint
entropy as in (8.12) allows us to adapt (8.6) to operate on calibrated tree marginals,
rather than joint distributions. Beyond the changes already present in (8.10), the
key is to replace the exponential cone constraint (—v, i, 1) € K.y, which captures

the entropy of p, with

(= v, m, [o(VCPe(e) |(coeve) € Kog

which captures the entropy of u, by (8.12). Over vectors v, u € RV and u € R*4,
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the problem becomes:
minimize — N
Loty Z(ﬁa O‘a/y)ua,s,t + Z VCc (8 3)
(a,s,t)eVA (Cye)eve

— Zaﬂ po(Se=s, To=t)log P(T,=t | s)
(a,s,t)eVAT

subject to V(' € C. uc € AV(C),

Va € A (—q, pc(Sa:Th), 11 (Sa)Pu(TolS0)) € K58,
Y(a,s,t) € VA® pc,(S.=s,T,=t) =0,
V(C,D) e T. uc(CND)=pup(CnND),

(= v, w, [pc(VCPo(c) Jicoeve) € Ko

Proposition 8.8. If (i, u, v) is a solution to (8.13) and B > e, then Pr,, is the unique
element of [1M]*, and the objective of (8.13) at (p,u, v) equals (NT).,.

A related use of (8.12) is to enable an analogue of (8.9) that searches over tree
marginals (rather than joint distributions), to find a compact representation of
[M];.. We begin with a straightforward adaptation of the relevant machinery in
Section 8.3.3. Suppose that v={v : C' € C} is a calibrated tree marginal over the
tree decomposition (C, T') representing a distribution Pr, € [M];, say obtained
by solving (8.10). For C' € C, let Ac := {a € A : C, = C} be the set of arcs
assigned to cluster C, and let

k= {H vo(T,(c)]S.(c))* e R

Ce)eve
a€EAc (Co)€

be the analogue of (8.8) for a cluster tree. Once again, consider u := [uc,)|(c,c)cve

3Different choices of Cj yield different definitions of VCP, and ultimately optimization prob-
lems of different sizes; the optimal choice can be found with Edmund’s Algorithm [Chu 1965],
which computes a directed analogue of the minimum spanning tree.
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in the optimization problem

minimize 1Tu (8.14)
n,u

subjectto V(' € C. uc € AV(C),
(—u, 78 30 [“CU/OPC(C)) }(C,C)EV(?) < Kg{%’
Va € A pc(Se, Ta)ve(Sa) = pa(Sa)va(Se; Ta)

V(C,D) eT. Mc(c N D) = ,UD(C N D)

The biggest change is in the second constraint: the upper bounds [u(c,¢)|ccoc for
cluster C' now account only for the additional entropy not already modeled by

(s ancestors.

Proposition 8.9. If (p, u) is a solution to (8.14), then p is a calibrated tree marginal
and [M];, = {Pr,}.

At this point, standard algorithms can use u to answer probabilistic queries
about Pr, in polynomial time [Koller and Friedman 2009, §10.3.3].* From Propo-
sitions 8.8 and 8.9, it follows that 4-inference (for small 4, and for 0") can be
reduced to a (pair of) convex optimization problem(s) with a polynomial number
of variables and constraints. All that remains is to show that such a problem
can be solved in polynomial time. For this, we turn to interior-point methods.
As (8.13) and (8.14) are dcp, they can be transformed via established methods
[Agrawal et al. 2018] into a standard form that can be solved in polynomial
time by commercial solvers [ApS 2022; Domahidi et al. 2013]. Threading the
details of our constructions through the analyses of Dahl and Andersen [2022]

and Nesterov et al. [1999] results in our main theorem.

“Concretely: marginal probabilities can essentially be read off of a calibrated a tree marginal,
and evidence X =z may be incorporated by setting 1o (c) := 0 for every C'=c that conflicts with
X =z and recalibrating the tree marginal (e.g., with belief propagation).
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Theorem 8.10. Let M = (X, A, P, a, B) be a proper discrete PDG with N = |X|
variables each taking at most V values and A = | A| arcs, in which each component
of B € R and P € R™ is specified in binary with at most k bits. Suppose that
v € {07} U (0, minge4 5—‘:] If (C,T) is a tree decomposition of (X, A) of width T
and p* € RYC is the unique calibrated tree marginal over (C,T) that represents the

A-semantics of M, then

(a) Given M, v, and € > 0, we can find a calibrated tree marginal e close in {5 norm
to p* in time'
1
0 (WA + vey4<1og VA + V€| + log —) k2 log k>
€
o) (kQWA +VC| log 1/e>

cO <k2(N + A VAT g 1/e> :

(b) The unique tree marginal closest to p* in which every component is represented

with a k-bit binary number, can be calculated in time’

O<k2WA + 06\4) - O(kQ(NJrA)‘* v4<T+1>>.

Observe that the dependence on the precision is log(/¢), which is optimal in
the sense that, in general, it takes time (2(log !/c) to write down the binary repre-
sentation of any number within € of a given value.” In practice, this procedure
can be used as if it were an exact algorithm, with no more overhead than that

incurred by floating point arithmetic.
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Figure 8.1: Accuracy and resource costs for the methods in Section 8.3. Left: a scatter
plot of several algorithms on random PDGs of ~ 10 variables. The x-axis is
the difference in scores [11], (1) — [M] (1*) + 10715, where y is the method’s
output, and p* achieves best (smallest) known value of [171],,. (Thus, the best
solutions lie on the far left.) The y axis is the time required to compute fx.
Our methods are in gold (0*-inference) and violet (§-inference, for ¥ > 0);
the baselines (black-box optimizers applied directly to (3.4)) are in green.
The area of each circle is proportional to the size of the optimization problem,
as measured by n_.worlds:= |{/X|. Right: how the same methods scale in
run time, as |{X| increases.

8.5 Experiments

We have given the first algorithm to provably do inference in polynomial time,
but that does not mean that it is the best way of answering queries in practice;
it also makes sense to use black-box optimization tools such as Adam [Kingma
and Ba 2014] or L-BFGS [Fletcher 2013] to find minimizers of [777].,. Indeed, this
scoring function has several properties that make it highly amenable to such
methods: it is infinitely differentiable, y-strongly convex, and its derivatives
have simple closed-form expressions. So it may seem surprising that [771]., poses
a challenge to standard optimization tools—but it does, even when we optimize

directly over joint distributions.

Synthetic Experiment 1 (over joint distributions). Repeatedly do the follow-

>More precisely: if a value x is chosen uniformly from [0, 1], then with probability 1 — /¢ the
binary representation of every y € [z — €,z + ] has at least | § log, 1/c] — 1 bits.
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——  cvx-idef

cvx-+idef
—— torch:joint.adam
—— torch:joint.Ibfgs
125 —— ccep.opt joint
—— factor_product

Algorithm
torch:adam
torch:Ibfgs
belief prop
~ > O-infer

1 ot e

total time (s)
e o o o

0-inference
10-1 e  (-inference

10713 10710 1077 1071 107! 10?

0 2000 4000 " 6000 8000 gap between objective and best known for this PDG (plus le-15)
n_worlds

0.00

Figure 8.2: Left: Memory footprint. The convex solver (violet, gold) requires more
memory than baselines (green). Right: Analogue of Figure 8.1 for the cluster
setting. Here there is even more separation between exponential conic
optimization (gold, violet) and black-box optimization (greens). The grey
points represent belief propagation, which is fastest and most accurate—but
only applies in the special case when 8 = yau.

ing. First, randomly generate a small PDG 771 containing at most 10 variables

and 15 arcs. Then for various values of v € {0,07,107%,... min, g—‘;}, optimize

[m], (1) over joint distributions y, in one of two ways.

(a) Use cvxpy [Diamond and Boyd 2016] to feed one of problems (8.4,8.6,8.9)
to the MOSEK solver [ApS 2022], or

(b) Choose a learning rate and a representation of  in terms of optimization
variables § € R". Then run a standard optimizer (Adam or L-BFGS) built into
pytorch [Paszke et al. 2019] to optimize ¢ until ;4 converges to a minimizer of
[m], (or a time limit is reached). Keep only the best result across all learning

rates.

The results are shown in Figure 8.1. Observe that the convex solver (gold,
violet) is significantly more accurate than the baselines, and also much faster
for small PDGs. Our implementation of 0*-inference (gold) also appears to
scale better than L-BFGS in this regime, although that of 4-inference (purple)
seems to scale much worse. We suspect that the difference comes from cvxpy’s

compilation process, because the two use similar amounts of memory (Figure 8.2),
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and so are problems of similar sizes.

Synthetic Experiment 2 (over tree marginals). = For PDGs of bounded
treewidth, Corolary 8.6.1 allows us to express these optimization problems com-
pactly not just for the convex solver, but for the black-box baseline approaches
as well. We adapt the previous experiment for tree marginals as follows. First
randomly sample a maximal graph G of tree-width %, called a k-tree [Patil 1986];
then generate a PDG 771 whose hyperarcs lie within cliques of GG. This ensures
that the maximal cliques of G form a tree-decomposition (C, 7') of N’s under-
lying hypergraph. We can now proceed as before: either encode (8.10,8.13,8.14)
as disciplined convex programs in cvxpy, or use torch to directly minimize

[m],(Pr,) amongst tree marginals p over (C, 7).

In the latter case, however, there is now an additional difficulty: it is not
easy to strictly enforce the calibration constraints with the black-box methods.
Common practice is to instead add extra loss terms to “encourage” calibration—
but it can still be worthwhile for the optimizer to simply incur that loss in order
to violate the constraints. Thus, for fairness, we must recalibrate the the tree
marginals returned by all methods before evaluation. The result is an even more

significant advantage for the convex solver; see Figure 8.2.

Evaluation on BNs. We also applied the procedure of the Synthetic Experi-
ment 2 to the smaller BNs in the bnlearn repository, and found similar results
(but with fewer examples; see Section 8.C.3). But for a PDG that happens to also
be a BN, it is possible to use belief propagation, which is much faster and at least

as accurate.

Explicit details about all of our experiments, and many more figures, can be

found in Section 8.C.
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8.6 Discussion and Conclusion

In this chapter, we have provided the first practical algorithm for inference in
PDGs. In more detail, we have defined a parametric family of PDG inference
notions, given a fixed-parameter tractable inference algorithm for a subset of
these parameters, proven our algorithm correct, implemented it, and shown
our code to empirically outperform baselines. Yet many questions about PDG

inference remain open.

Asymptotically, there may be a lot of room for improvement. Our imple-
mentation runs in time O(N*), and our analysis suggests one of time O(N?%7).
But assuming bounded tree-width, most graph problems, including inference

inference for BNs and FGs, can be solved in time O(N).

Furthermore, we have shown how to do inference for only a subset of possible
parameter values, specifically, when either 8 > ya or 8 > a. The remaining
cases are also of interest, and likely require different techniques. When 8 =
0 and (A, o) encodes the structure of a BN, for instance, inference is about
characterizing the BN’s independencies. While we do not know how to tackle
the inference problem in the general setting, our methods can be augmented with
the convex-concave procedure [Yuille and Rangarajan 2003] to obtain an inference
algorithm that applies slightly more broadly; see Section 8.B. We imagine that
this extension could also be useful for computing with PDGs beyond the specific

inference problem considered in this chapter.

Our analysis does not resove these problems, but it does shed light on some of
them. The 0-semantics, for instance, is characterized by Propositions 8.3 and 8.7,

Also, when [M], is not convex, we can still find an optimal distribution with
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the concave-convex procedure Yuille and Rangarajan [2003], which we do in
Section 8.B—but this only suffices for inference if we already know there’s a
unique optimal distribution. In some cases, this might actually allow us to do
inference—say, if we happen to know for external reasons that [177]} is pseudo-
convex (although we loose polynomial time guarantees and have no ability to
automatically recognize such situations). In any case, we have implemented this,

and describe it in Section 8.B.

Given the long history of improvements to our understanding of inference
for Bayesian networks, we are optimistic that faster and more general inference

algorithms for PDGs are possible.
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APPENDICES FOR CHAPTER 8
8.A Proofs

The results of Chapter 8 fall broadly into two categories:

1. Foundational results about PDGs that we needed to prove to get an inference
procedure, but which are likely to be generally useful for anyone working
with PDGs (Section 8.A.1);

2. Correctness and efficiency results, showing that the optimization problems
we present in the body of the chapter give the correct answers, and that they

can be formulated and solved in polynomial time (Section 8.A.2).

8.A.1 Properties of PDG Semantics Needed for Inference

Proposition 8.3. If 1M has arcs A and B > 0, the minimizers of Olncy all have the
same conditional marginals along A. That is, for all ji1, o € [M]§ and all ST € A
with B, > 0, we have 1 (T, S)p2(S) = pa(T', )i (S).

Proof. For contradiction, suppose that sy, 1o € [1]3, but there is some (a, 3,7) €
A such that 5, > 0 and
p(Ta=t, Su=8)po(52=8) # po(Tu=t, S, =58) 111 (545).

Fort € [0, 1], let iy := (1 — t) o + t 1 as before. Then define

F(t) = D<ut(5a, T,)

| u(SRATLIS))-
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Since po(Sq, 1) and 1(S,, T,) are joint distributions over two variables, with
different conditional marginals, as above, Lemma 8.12 applies, and so F(¢) is

strictly convex.

Let

O]ncm\d = ZBaD(M(Taa Sa) || Pa(Ta|Sa)/‘L(Sfl))
a#a

be the observational incompatibility loss, but without the term corresponding to
edge a. Since Olnc; is convex in its argument, it is in particular convex along
the segment from g to 1y; that is, for ¢ € [0, 1], the function ¢ — Olncma (1) is

convex. Therefore, we know that the function
G(t) := Olnem(pe) = Olnemo(11e) + Ba F(2),
is strictly convex. But then this means /.., satisfies
OInem (i) < Olnem (o),

contradicting the premise that ;i minimizes OIncy (i-e., 1o € [M]}). Therefore,
it must be the case that all distributions in [171]; have the same conditional

marginals, as promised. O
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Proposition 8.4. If i € [M];, then

SDef () = D plw) log (W)/ %), (8.7)
= H I/(Ta(w) ’ Sa(w))
acA
where {v(T,|S,) }ac.a are the cpds along the arcs A shared by all distributions in [N
(per Proposition 8.3), and S,(w), T,,(w) are the respective values of variables S, and T,

in the joint setting w € VX,

Proof. This is mostly a simple algebraic manipulation. By definition:

SDef (i) = —H(p) + > g Hy(T|S0)
acA
1 1
=E|—log—+ o, log ————
| 2 s
= > p(w) |log p(w +Zlog - ]
weVX acA Ta w |S“(w))
= )1
Z ( og( /HM ) a)

welVX
acA

But, by Proposition 8.3, if we restrict iz € [IM];, then the conditional marginals
in the denominator do not depend on the particular choice of ;i; they’re shared

among all v € [M];. O

Theorem 8.6. If 1M1, and N, are PDGs over sets X, and X, of variables, respectively,

then for all v > 0 and v = 07,
[, +ML]5 = A AL A | AN A

That is: for every distribution p € [1, + N,]3, the variables of MMy and of M, are

conditionally independent given the variables they have in common.

Or symbolically: m,+n, £ X 1LX| X NA.
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Proof. Note that, save for the joint entropy, every summand the scoring function
[my + M), : A(VX, x VX,), is a function of the conditional marginal of  along
some edge. In particular, those terms that correspond to edges of 771, can be
computed from the marginal ;(X;), while those that correspond to edges of 11,
can be computed from the marginal ;.(A5). Therefore, there are functions f and g

such that:

[mMy + M), (1) = f(u(X)) + g(p(Xo)) — v H(p).

To make this next step extra clear, let X := X} \ &, and Z := &, \ &}, be the
variables unique to each PDG, and S := &} N &, be the set of variables they have
in common, so that (X, S, Z) is a partition of all variables X; U X5. Now define a

new distribution ;' € A(VA; x VX,) by

#(X,8,2) = u(S)u(Z | S)u(X |8) (= u(X,S)u(Z | S) = p(Z,S)u(X | 8) ).

One can easily verify that X and Z are independent given S in ;' (by construction),
and the alternate forms on the right make it easy to see that x(X;) = 1/(&}) and

(X)) = p/(X,). Furthermore, for any /(X S, Z), we can write

H(v) = H,(X, S, Z) = H,(X, S) + H,(Z | X, S)
—H,(X,S)+H,(Z|X,S)~H,(Z|S)+H,(Z|S)

= HI/(X7 S) + HZ/(Z ’ S) - IV(Z7X|S>7

where [, (X; Z|S), the conditional mutual information between X and Z given S
(in v), is non-negative, and equal to zero if and only if X and Z are conditionally
independent given S [see, for instance, MacKay 2003, §1]. SoI,(X; Z|S) = 0, and
H,, =H,(X,S)+H,/(Z|S). Because ;s and p’ share marginals on X} and &>, while

the terms H(X, S) and H(Z|S) depend only on these marginals, respectively, we
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also know that H,(X,S) = H,(X,S) and H,(Z|S) = H,/(Z|S); thus we have

H(u) = H,(X,S) + Hy(Z | S) — 1,(Z: X|S)

— H(/) ~ 1,(Z: X]S).
Therefore,

[my + M), (1) = f(p(X)) + g(u(Xa)) — v H(p)
= f(p' (A1) + g(' (Xa)) — v H(') +v1.(Z; X[S)

= [m, + M), (W) + v1.(Z; X|S).

But conditional mutual information is non-negative, and by assumption,

[m + M), (1) is minimal. Therefore, it must be the case that
Iu(Z, X|S) = Iu(Xl, XQ | Xl N XQ) = 0,

showing that &} and &, are conditionally independent given the variables that
they have in common.

(The fact that 1,(Z; X|S) = L,(X; &> | &) N A,) is both easy to show and an
instance of a well-known identity; see CIRV2 in Theorem 4.4.4 of Halpern [2017],

for instance.) O

Corolary 8.6.1. If M is a PDG with arcs A, (C,T) is a tree decomposition of A, v > 0,

and p € [M], then there exists a tree marginal p over (C,T) such that Pr,, = pu.

Proof. The set of distributions that can be represented by a calibrated tree
marginal over (C, 7)) is the same as the set of distributions that can represented
by a factor graph for which (C, 7) is a tree decomposition. One direction holds

because any such product of factors “calibrated”, via message passing algorithms
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such as belief propagation, to form a tree marginal. The other direction holds

because Pr,, itself is a product of factors that decomposes over (C, T).

Alternatively, this same set of distributions that satisfy the independencies of
the Markov Network obtained by connecting every pair of variables that share a
cluster. More formally, this network is the graph G := (X, E == {(X-Y) : 3C €
C.{X,Y} C C}). Also, G happens to chordal as well, which we prove at the end.

Using only the PDG Markov property (Theorem 8.6), we now show that every
independence described by (& also holds in every distribution ;. € [171]%. Suppose
that, for sets of variables X, Y,Z C X, [(X;Y|Z) is an independence described
by G. This means [Koller and Friedman 2009, Defn 4.8] thatif X € X, Y €Y,

and 7 is a path in G between them, then some node along 7 lies in Z.

Let 7" be the graph that results from removing each edge (C—D) € T that
satisties C' N D C Z, which is a disjoint union 7" = 7; U ... U 7, of subtrees
that have no clusters in common. To parallel this notation, let C4, ..., C, be their
respective vertex sets. Note that for every edge e = (C—D) € 77, there must by

definition be some variable U, € (C'N D) \ Z.

We claim that no subtree 7; can have both a cluster Dy containing a variable
X € X\ Z and also a cluster Dy containing a variable Y € Y \ Z. Suppose that
it did. Then the (unique) path in 7 between Dx and Dy, which we label

el €2 €m—1

Dx = Dy D, Dy — Dy, = Dy ,

would lie entirely within 7; C 7. This gives rise to a corresponding path in G-

X — U, U, v, 6 ——U, ——Y
m Mm m m Mm m )
Dy DyN Dy DN Dy D, >oND,_ D,.1ND, D,
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and moreover, this path is disjoint from Z. This contradicts our assumption that
every path in G between a member of X and a member of Y must intersect with
Z, and so no subtree can have both a cluster containing a variable X € X\ Z and

also one containing Y € Y \ Z.

We can now partition the clusters as ¢ = Cx U G{;, where Cx is the set of the
clusters that belong to subtrees 7; with a cluster containing some X € X \ Z, and
its Cy, is its complement, which in particular contains those subtrees have some

Y € Y \ Z. Or, more formally, we define

cx = [ J@& and Cy:= (J¢
€{l,...,n ie{l,...,n
(UCHN(X\Z)#0 (LCHN(X\Z)=0

Let Xx := UCx set of all variables appearing in the clusters Cx; symmetrically,

define Xy := UCY.

We claim that Xx N Xy C Z. Choose any variable U € Xx N Xy. From the
definitions of Xx and X{; , this means U is a member of some cluster C € Cx,
and also a member of a cluster D € C5.. Recall that the clusters of each disjoint
subtree 7; either fall entirely within Cx or entirely within C5; by construction.
This means that C' and D, which are on opposite sides of the partition, must
have come from distinct subtrees. So, some edge ¢ = (C'—D’) € T along the
(unique) path from C' to D must have been removed when forming 7", which by
the definition of 77, means that (C' N D’) C Z. But by the running intersection
property (tree marginal property 2), every cluster along the path from C to D

must contain C'N D—in particular, this must be true of both C’ and D'. Therefore,
UeCnDcC'nNnD cCZ.

So Xx N Xy C Z, as promised. We will rather use it in the equivalent form

(XxNXSHUZ =Z.
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Next, since (C,T) is a tree decomposition of A, each hyperarc a € A can
be assigned to some cluster C, that contains all of its variables; this allows
us to lift the cluster partition C = Cx U C to a partition A = Ax U AJ of
edges, and consequently, a partition of PDGs 11 = Mx + M7,. Concretely: let
Mx be the sub-PDG of 1M induced by restricting to the variables Xx C & arcs

={a e A:C, € Cx} C A; define My, symmetrically. (To be explicit: the
other data of Mx and M1, are given by restricting each of {P, a, 3} to Ax and

A3, respectively.)

This partition of 771 allows us to use the PDG Markov property. Suppose that
for some v > 0 that p € [M] = [Mx + N[’ . We can then apply Theorem 8.6, to
find that Xx and Xy are independent given Xx N Xy . We use standard standard
properties of random variable independence [CIRV1-5 of Halpern 2017, Theorem

4.4.4] to find that p must satisfy:

Xx 1L X$ | Xx N Xy

= (X \Z) 1L (XAF\Z)| (AxNAJ)UZ [CIRV3 ]
by CIRV2, as
+
—  (X\Z) 1 (Y\Z)|(AxNAHUZ [XCXXandYCQﬁ}
—  (X\Z)I(Y\Z)|Z [since (Xx NXF)UZ = Z]
— X1UY|Z [ standard; e.g., Exercise 4.18 of Halpern [2017] |

Using only the PDG Markov property, we have now shown that every inde-
pendence modeled by the Markov Network G also holds in every distribution
p € [M]:. Moreover, G is chordal (as we will prove momentarily), and is well-
known that distributions that have the independencies of a chordal graph can be

can be represented by tree marginals [Koller and Friedman 2009, Theorem 4.12].
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Therefore, there is a tree marginalu representing every p € [M1]?.

Claim 8.10.1. G is chordal.

Proof. Suppose that G contains a loop X—-Y —-Z—-W —X. Suppose further, for
contradiction, that neither X and Z nor Y and W share a cluster. Given a variable
V, it is easy to see that property (2) of the tree decomposition ensures that the
subtree 7 (V) C T induced by the clusters C' € C that contain V/, is connected.
By assumption, 7 (YY) and 7 (W) must be disjoint. There is an edge between Y
and Z, so some cluster must contain both variables, meaning 7(Y) N7 (%) is
non-empty. Similarly, 7(Z) N 7 (W) is non-empty because of the edge between
Z and W. This creates an (indirect) connection in 7 between 7 (Y') and 7 (W).
Because 7 is a tree, and 7(Y) N T (W) = (), every path from a cluster C; € T(Y)
to a cluster C; € T(W) must pass through 7(Z), which is not part of 7(Y') or
T(W). T(X) and T (Y) intersect as well, meaning that, for any C' € 7(X), there
is a (unique) path from C to that point of intersection, then across edges of 7(Y),
then edges of 7(Z), and finally connects to the clusters of 7 (). And also, since
T is a tree, that path must be unique. The problem is that there is also an edge
between X and W, so there’s some cluster that contains X and W; let’s call it .
It’s distinct from the cluster D, that contains Z and W, since no cluster contains
both X and Z by assumption. The unique path from C to D, intersects with
T(Y). Butnow W € Cy N Dy, and by the running intersection property, every
node along this unique path must contain W as well. But this contradicts our

assumption that W is disjoint from Y'! So G is chordal. O

Having proved the subclaim Claim 8.10.1, we have now finished the proof of

Corolary 8.6.1. O
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8.A.2 Correctness and Complexity Analysis for PDG Inference via Exponen-

tial Conic Programming

Proposition 8.1. If (u,u) is a solution to (8.4), then p < [M];, and

Z(a,s,t)EVA Batta,se = (M)o.

Proof. Suppose that (11, u) is a solution to (8.4). The exponential cone constraints

ensure that, for every (a, s, t) € VA,

p(s, t)
Uqst > fu(s,t)log W’

where 1(s,t) and u(s), as usual, are shorthand for pu(S,=s,7,=t) and u(S,=s),
respectively. Suppose, for contradiction, that one of these inequalities is strict at

some an index (da', s, t') € VA for which 5, > 0. Explicitly, this means

s’ 1)
B X )

In that case, we can define a vector u’ = [u;, , ;}(a,s,)eva Which is identical to u,
except that at (¢, §', '), it is halfway between the two quantities described as
different above. More precisely:

1 1 w(s' )
Ly = Uy g+ = ') ]og —————.
a’,s't 2“ ST 92 og,u(s ) 0g ]P’a(t’\s’)ﬂ(s’)

Note that u;, , ,, < us ¢+, and also that, by construction, (p, u’) also satisfies the

U

constraints of (8.4). In more detail: at the index (a/, §',t'), u’ does not violate the

associated exponential cone constraint because
, 1

1 p(s' ) (s’ 1)
1ot g — ZTUqg! gt =1 latll —’> /’tll : ’
Uat 10 = 5 la st + 5 og pu(s', 1) log P, (¢'[s)u(s') pu(s',t') log B, (¢']s)) u(s))

and u’ equals u at other indices, and therefore satisfies the constraint everywhere

else as well. But now, because u, ., ,, < uy ¢, and S > 0, we also have

Z Bau;,s,t > Z /Bau:zjs,t-

(a,s,t)eVA (a,s,t)eVA
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Thus the objective value at (1, ') is strictly smaller than the one at (4, u), both of
which are feasible points. This contradicts the assumption that (1, u) is optimal.
We therefore conclude that none of these inequalities can be strict at points where

Ba > 0. This can be compactly written as:

5, t)
Fa(t[s)pu(s)
= Z Balia st = Z 5austlog(’(—)’)—01ncm()

(a,s,t)eVA (a,s,t)eVA ( )

V(a,s,t) € VA, Baugst = Bapi(s,t) log |(

In other words, the objective of problem (8.4) at (1, u) is equal to the observational
incompatibility Olncm(p) of p with 1. And, because (4, u) minimizes this value

among all joint distributions, 1 must be a minimum of Olncpy.

More formally: assume for contradiction that x is not a minimizer of Olncy,.
Then there would be some other distribution p’ for which Olnem (1) < Olnem(p).

(s

Letu” := [i/(s,t) log Fitls )u)(s)](a,sﬁt)GVA' Clearly (¢/, u") satisfies the constraints of

the problem, and moreover,
Z Batta,s 1 = Olncem(p) > Olnem(p Z [T
(a,s,t)eEVA (a,s,t)EVA
contradicting the assumption that the (y, u) is optimal for problem (8.4). Thus,
p is a minimizer of Olncy, and the objective value is inf,, OIncm (i) = (1), as

desired. [

Proposition 8.2. If (i, u,v) is a solution to (8.6), and B > ~a, then p is the unique

element of [M], and (11)., equals the objective of (8.6) evaluated at (1, u, v).

For convenience, we repeat problem (8.6) (left) and an equivalent variant of it

that we implement (right) below.

313



minimize Y (fa— 0aYase +7Y 0w (86) | minimize Y (Fu— aa)uass +7D_ v (8.6b)
(a,s,t)eVA welVX (a,s,t)eVA weVX
— Z gy p(Sa=s, T,=t) log P,(t|s) — Z Ba 1(Sa=s, T, =t) log B,(t|s)
(a,s,t)€EVAT (a,s,t)cVAT
subjectto p € AVX, (—v,u,1)€ Kg;f;, subjectto p € AVX, (—-v,u,1)€ Ke”;f;,
Va € A. ( - ug, 1Ty, Sa),]P’a(Ta|Sa)u(Sa)) € K:;(ap, Va € A. ( - Ug, (o, Sa)s [M(Sa:s)] (s,t)E(/’a,) € Kg)fp,
Y(a,s,t) € VAY u(S,=s,Ty=t) = 0; Y(a,s,t) € VA% u(S,=s, Ty=t) = 0.

Proof. We start with the problem on the left, which is (8.6) from the main text.
Suppose that (y, u, v) is a solution to (8.6). The exponential constraints ensure

that

ptls) g

V(a,s,t) € VA uqs: > (s, t)log B (i]s)

Yw € VX. v, > p(w) log p(w).

As in the previous proof, we claim that these must hold with equality (except
possibly for u, s, at indices satisfying /3, = yc,, when it doesn’t matter). This is
because otherwise one could reduce the value of a component of u or v while still
satisfying all of the constraints, to obtain a strictly smaller objective, contradicting

the assumption that (¢, u, v) minimizes it.

Thus, v is a function of y, as is every value of u that affects the objective value
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of (8.6), meaning that this objective value can be written as a function of 1 alone:

Z(ﬁa_ aa’}/)ua,s,t + Z Uy — Z Qg M(S, t) log IP’a(t|s)

(a,s,t)eVA weVX (a,s,t) VAT
p(tls)
—Z Ba— a7y [ s t)log]P, t|8)]+72u w)log p(w) — > gy puls, t) log Pu(t]s)
(a,s,t)EVA (a,s,t)eVAT
= 3 (B ) Y (s, ) log 24U )= St ool
P(ts)
acA (s,t)eVa acA (s,t)eVA

1 1
:Z(ﬂa_ CVa’Y) Z :u(57 t) [logm - logM] _fyH(:u) _Z aafVIEIOg]Pa(T|S>

acA (s,)EVa S%HTeA
= a;(ﬁa—am E[- log (T, /S,)] - QEZA%_O‘”) H,.(T.|S0)
=Y H(p) = D ey E[logPu(Ta]S,)]
=i
_ Z;l ( — gy — (@1_%7)) E[log P.(T,|S,)] + Z;l Y= Ba) Hu(T0] Sa) — 7 H(p)
_ _z;‘@ llog B.(T,|S.)] + 2;4 gy —Ba) Hu(T3]Sa) — v H(p).

(In the third step, we were able to convert VA" to 1A because, as usual in when

dealing with information-theoretic quantities, we take 0log ¢ to equal zero, which

is its limit. )

The algebra for the right side variant (8.6b) is slightly simpler. In this case
the middle conic constraint is almost the same, except for that P,(t|s) has been

replaced with 1, and so it ensures that u, s, = p(s,t)log u(t | s) (i-e., the same as
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before, but without the probability in the denominator). So,

Z(ﬂa - Oéaﬁ)/)ua,s,t + 7 Z Uy — Z Ba ,U(S, t) log Pa<t’5)

(a,s,t)eVA weVX (a,s,t)eVAT

= (B agy)pu(s,t) log u(tls) + v p(w)log p(w) — > By pls,t) log Pu(t]s)
(a,s,t)eVA welVX (a,s,t) VAT

=D (Ba= 7)Y uls,t) log u(ts) ) =D By uls, 1) logPy(t]s)
acA (s,t)EVa acA (s,t)eVA

=3 (awr—Ba) Hu(T0]S,) — Zﬁa [log Po(T2|Sa)]-
acA acA

In either case, the objective value is equal to [171]., (), by (8.5). Because (i, u, v)
is optimal for this problem, we know that ;. is a minimizer of [17],(x), and that

the objective value equals (11),. O

Lemma 8.11. The gradient and Hessian of conditional relative entropy are given by

VuD(u(X.Y) | s(X)p(Y|X))| = log %
(V20 y) [ acopyixy)] | - AR 2P 2,

where Xu = X (u) it the value of the variable X in the joint setting uw € VX of all

variables.

Proof. Represent 1 as a vector [fu,|wcvx. We will make repeated use of the follow-

ing facts:

@iu[“(‘x:x)] = o [N(f)] :Z o [Mw]]l[szx] = 1[Xu=z]; and

Oftay
o] = 5 M/(jj)}
= Hlay) aiu[u(lx)} i u(lx) 8/(1[“(33’3/)}
— () f&; 7 M(lx) 1[Xu=z A Yu=y]



We now apply this to the (conditional) relative entropy:

0
Oy

[ D((X,Y) || 1(X)p(Y]X)]

a [Zuwlog

p(Yw|Xw)

w

M(leXw)]

- el i+ g S v
Iy A )
= os i)+ v g )
= log ﬁ.fgﬁfﬁiﬁf * Z o (Ylj Xuw) H[qu;w))(w] (v =vie) - “<Yw|Xw)>
A 5 Bty e
— log ’;gggﬁ o XuI, T ; f1[Xu=Xw A Yu=Yw] — m g f11[Xu = Xul
~log p(rulXu) = p(Xu, Yu)  p(Xu)
p(YulXu) — pw(Xu,Yu)  p(Xu)
— log ggﬂixi F1-1
= log ﬁ.fgﬁ{ﬁg '

This allows us to compute the Hessian of the conditional relative entropy,

whose components are

82
OOty

D(u(XY) || (X)p(Y]X))] =

0 p(Yu| Xu)
Opto { o8 p(Yu|Xu) }
p(Yu| Xu) 1 0
(Y| Xu) p(Yu| Xu) O, [“(WX“)]
B 1 1[Xv=Xu| Vil — u(Vul X
p(Yu|Xu)  p(Xu) (H[Y =Y = p(Yul X ))
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_ 1Xu=Xv A Yu=Yo]  1[Xv = Xu 0
=T (Y, Xa) ()

Lemma 8.12. Let p(Y|X) be a cpd, and suppose that 115, ;11 € AV(X,Y) are joint
distributions that have different conditional marginals on Y given X that is, that there
exist (z,y) € V(X,Y) such that po(x,y)pi(x) # i (x,y)po(x). Then the conditional
relative entropy D(,u(X, Y) H ,u(X)p(Y|X)> is strictly convex in p along the line
segment from puy to p1. More precisely, for t € [0, 1], if we define ji; == (1 — t)po + ¢ 1,

then the function

t — D(ut(X, Y) ” ut(X)p(Y]X)) is strictly convex.

Proof. The function of interest can fail to be strictly convex only if the direction ¢
along 111 — i is in the null-space of the Hessian matrix H(sx) of the (conditional)
relative entropy. By Lemma 8.11,

i _ Qz=a2'Ny=y'] 1[z=2]
T () pl)

Consider a function § : ¥(X,Y) — R that is not identically zero, which can
be viewed as a vector § = [§(z,y)]zy)ev(xy) € RVEY). We can also view § as a
(signed) measure on (X, Y), that has marginals in the usual sense. In particular,
we use the analogous notation

i(z) = Z Sz, y).

yelVy

We then compute

R




and also

5(x)? 5(z,y)?
:; (z) (;—5@;2 y) )—1>. (8.15)

Now consider another discrete measure ||, whose value at each component
is the absolute value of the value of § at that component, i.e., |§|(z,y) := |0(z, y)|.
By construction, |d| is now an unnormalized probability measure: |§| = kq(X,Y),

where k=3 |6(z,y)| >0and g € AV(X,Y).

Note also that [0|(z)* = (3, [0(z,9)[)* > (3, d(x,¥))? and strictly so if
there are y,y such that 6(z,y) < 0 < d(x,y). In other words, the vector
0, = [0(z,y)],evy is either non-negative or non-positive: §, > 0 or §, < 0 for
each x. Meanwhile, |0|(x,y)? = d(z, y)? is unchanged. Thus, for every z € VX,

we have:

o(z, !5| z,y)?
%:5( )2 ylﬂf Z 6] (z W
_ k? (
Zk? (z)?u ylfc !
Zq y\x)

=2 (q<Y|x>Hu<Y|x>) > 0.

The final line depicts the y? divergence between the distributions ¢(Y'|z) and
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p(Y'|x), both distributions over Y. Since it is a divergence, this quantity is non-

negative and equals zero if and only if ¢(Y|z) = u(Y|z).

Picking up where we left off, we have:

ST = A (3 e )

~—

(@
8@ (g~ _lol(z,y)®
220 (Z 3] (1) 1)

-y ke (Q(le)Hu(Y|$)> >0

As a non-negatively weighted sum of non-negative numbers, this final quantity

is non-negative, and equals zero if and only if, for each 2 € VX, we have either
q(Y|z) = u(Y|z), or §(x) = 0. Furthermore, if §' H(;1)d = 0, then both inequalities
hold with equality. Therefore, we know that if §(x) # 0, then ,, > 0 or §,, < 0.
These two conditions are also sufficient to show that § ' H(x)d = 0. To summarize

what we know so far:

S'H(u)d =0 <= VacUX. either (6, >00rd, <0) and |§|(Y|z) = u(Y|z),

or 6(x)=0.

The second possibility, however, is a mirage: it cannot occur. Let’s now return
to the expression we had in (8.15) before considering |4|. We've already shown
that the contribution to the sum at each value of « is non-negative, so if 6 H ()&
is equal to zero, each summand which depends on = must be zero as well. So if x
is a value of X for which é(z) = 0, then

_ L (5(.13,3/)2 o T 2 — 1 5<x7y)2 — 5($,y)2
’- (Z o) ) A0 2 plla) 2 )

() u(ylz)

which is only possible if §(z,y) = 0 for all y. This allows us to compute, more
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simply, that

(Vz. 6, >0o0rd, <0)

and  V(z,y) € V(X,Y). d(z,y)u(z) = é(x)u(z,y)

STH(u)d =0 <+

Finally, we are in a position to prove the lemma. Suppose that pg, 1 €
AV(X,Y) and (z*,y*) € V(X,Y) are such that po(z*, y*)p1 (2*) # pa(x*, y*) po(x*).

So, the quantity
gap = (2", y" ) po(x™) — po(z*, y")pi(2*)  is nonzero.
Then for all t € (0,1) the intermediate point y; = (1 — t) yo + t u; must have

different conditional marginals from both /1y and /4, as

(2 Yy ) po(z7) — po(y") pue(z”)
= (L=t pete sy no(z") + tpn (2T y" ) po(x™) — (L=t)pelaiyTro(x") — tpo(zly ) p (z7)
= t( (25 Yy o (x™) — pol(2iy")p (z))

= t-gap # 0,
and analogously for /i,
pe(@5y ) (27) — pa (27" ) e (27)
= (1= po(a}y ) (") +tu ey hm (@) — (1 — O (27y ) po(a*) —tularyym(@

= (1 = t)(po(@"y ) pur(z*) — pa (23" ) pro (™))

= —(1—1t)-gap # 0.

Then for any direction ¢ := k(o — p11) parallel to the segment between

and y; (intuitively a tangent vector at 1, although this fact doesn’t affect the
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computation), of nonzero length (k # 0), we have:

pe(2y")o(x") — 827 y*) e (27)
km@zﬁ@d )= () =k (po(a™ y") — pa (e y*)) e (2¥)

(Mt — (2, y)uﬂwﬂ-—udxiyﬂuxxﬂ-%uﬂxﬁyﬂudwﬂ>
(

??‘

ke (e (2 y ) o (%) — pro(a, y)udfﬂ)+(uﬂxﬁyﬂuxxﬂ-—udxiyﬂuﬂwﬂ)>
k(+t gap + (1 — t) gap)

=k gap # 0.

So at every ¢, directions parallel to the segment are not in the null space of
H(p;), meaning that ' H(;;)d > 0 and so our function is strictly convex along

this segment. ]

Proposition 8.5. If v € [M] and (u,u) solves the problem

minimize 1'u (8.9)
wu

subjectto  (—u, k) € K'F e AVX,

exp’

VSST € Ao w(S,T)v(S) = pw(S)v(S,T),
then [M]%, = {u} and 1Tu = SDef (1)
Proof. Suppose that (—u, 1, k) is a solution to problem (8.9). The second con-
straint, by Proposition 8.3, ensures that 1 € [11]. Then

(—u, 1, k) € K —  Vw e VX. uy, > p(w)log ]iw)

(l%(m/HM )J

acA
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The same logic as in the proofs of Propositions 8.1 and 8.2 shows that this
inequality must be tight, or else (—u, 1, k) would not be optimal for (8.9). So, u
is a function of u. Also, by Proposition 8.4, the problem objective satisfies
1Tu = Z Uy = SDef ().
welX
Finally, because 1 is optimal, it must be the unique distribution [177]*, which

among those distributions that minimize Olncy, also minimizes SDef ;;, meaning

p=[mj-. O

Proposition 8.7. If (u, u) is a solution to (8.10), then

(a) wis a calibrated, with Pr,, € [M]};, and
(b) the objective of (8.10) evaluated at u equals (111),.

Proof. The final constraints alone are enough to ensure that p is calibrated. Much

like before, the exponential conic constraints tell us that

N’Ca(sa t)

pas)Pa(t]s)

and they hold with equality (at least at those indices where 3, > 0) because u is

V(a,s,t) € VA, ugsr > pc(s,t)log

optimal. So

s, t
Z ﬁauast — Z ﬁaﬂ’C S, t IOg /JJCG( 2

(a,5,)€VA (a,5,0)€VA pc(s)Paltls)

al
_Zga S s, t)log LGSt

= e () Bi(t]s)

= OIncm(Pry,).

Because p is optimal, it is the choice of calibrated tree marginal that minimizes

this quantity. By Corolary 8.6.1, the distribution [171]* can be represented by such
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a tree marginal, and by Proposition 3.4 this distribution minimizes Olncmy. All
this is to say that there exist tree marginals of this form whose corresponding
distributions attain the minimum value Olncy(Pr,) = (M)o. So p must be one
of them, as it minimizes Olnc(Pr,,) among such tree marginals by assumption.

Thus Pr, € [M]; and the objective value of (8.10) equals (7). O

Proposition 8.8. If (i, u,v) is a solution to (8.13) and B > ~e, then Pr,, is the
unique element of [1M]7, and the objective of (8.13) at (p,u,v) equals (111).,.

Proof. Suppose that (i, u,v) is a solution to (8.13). The first and fourth lines of
constraints ensures that p is indeed a calibrated tree marginal. The second line
of constraints, plays exactly the same role that it did in the previous problems,

most directly in the variant (8.10) for v = 0. In particular, it tells says

K, (S ) t)
V(a,s,t) € VA, ugss > pc(s,t)log ———"——
pcs)Pa(t]s)

as before, this holds with equality (at least at those indices where 3, > a,7)
because u is optimal. Because 3 > ya by assumption, either 3, > va, or the two

are equal, for every a € A. Either way, the argument used at this point in the

proof of Proposition 8.7 goes through, giving us:

D (Ba—aatase= D, (B~ aav)nc(s.t)log _talst)

(a,s,t)eVA (a,s,t)eVA :uCa(S)IPCL(ﬂS)

_ . _Hafs,t)
- zﬂ:(ﬁa O-/a’Y) (S%;VQ II"LCa(87 t) log MC}I(S)P@(HS)

= 38— ) DS L) | el BATIS))

This time, though, that’s not the problem objective. In this regard, our problem

(8.13) is more closely related to (8.13).
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Before we get to that, we have to first bring in the final collection of exponential

constraints, which show that

VO € C.Ve € V(C). wee > po(c)log %’

and yet again these constraints hold with equality, for otherwise v would not be
optimal (since we assumed > 0). Therefore,
pelc) .
Z Ve Z pe(e)log ———— VCPC( ] = —H(Pr,) by Equation (8.12).
(Ce)eve (Cie)eve
The objective of our problem (8.13) is essentially the same as that of (8.6),
so the analysis in the proof of Proposition 8.2 applies with only a handful of

superficial modifications. Using that proof to take a shortcut, the objective of

(8.13) must equal

Z(ﬁa - OéaV)ua,s,t + Z Vee — Z Qg7 ILLCa<87 t) log ]P)a(t|5>

(a,s,t)EVA (Cye)eve (a,s,t)eVAT
ILLCE 87t
= S (B — s, ) log 5D B S agy s, ) log Bit]s)
(a,s,t)eVA MCE(S)]P)G(HS) (a,s,t)EVAT
- Zﬁa logIP’ (TalSa)] + Y (0ay—Ba) Hpr,, (Tu|Sa) — 7 H(Pr)
acA acA H
= [[m]]v(Pru)a

Finally, since p is such that this quantity is minimized, and because its unique
minimizer can be represented as a cluster tree (by Corolary 8.6.1), we conclude
that 4 must be the cluster tree representation of it. Therefore, Pr, is the unique

element of [177]3, and the objective at (p, u, v) equals (777), as desired. O

Proposition 8.9. If (i, u) is a solution to (8.14), then p is a calibrated tree marginal
and [M1];, = {Px,}.
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Proof. Suppose that (p, u) is a solution to (8.14). The exponential cone constraints

state that
pe(c)
i V(0. > log —————
VC 6 G VC E (O) UC,C - ,U'C(C) Og kC7C VCPC(C)
_ MC(C) log ILLC( ) 1Og H VC ) a
VCPq (c sl
— (@ log L) 3 g logre(Tu(o)]Su(c)
VCP (c) = ’

and once again this holds with equality, as each uc . is minimal with this property.

The third line of constraints
Va € A. pc(Sa, To)va(Sa) = pa(Sa)va(Se, Ta)

and the assumption that Pr,, € [M1], suffice to ensure that Pr,, € [M]} by Propo-
sition 8.3. They also allow us to replace each v, (7,,(c)|S.(c)) with ve, (T.(c)|Sa(c)),

in cases where S5,(c) # 0. Therefore, we calculate the objective to be:

u—ZZ( 1ogVCP (© 3 anlogre(, >|S<>>>

CeC ceV(0) a€Ac
=) Z pe(c) log —=5—— VCP - Z po(e) Y 1[C = Colaglog ve(Ty(c)[Su(c))
CeC cey(C CeC cev(C acA
= —H(Pr,) = > a, > 1C=Co Y pclc)logre(Tu(e)[S(c)  [by (8.12)]
acA CeeC ceV(C)

H(Pr,) Zaa Z pe(c) logve(Ta(c)]Sa(c))

acA ceV(C)a

iP5 =T 3 sl sl TS since jia(Sq(c)

whenever Mca(C) > 0

acA ceV(C
—H(Pry) + Y aqHpy, (T,|S,)
acA

= SDef yp(Pr,,).

To summarize: Pr, minimizes SDef,(Pr,) among calibrated tree marginals

with conditional marginals matching those of v. Since we know that there is a
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unique distribution that minimizes SDef ;, among the elements [171];;, and also
that this distribution can be represented by a tree marginal (by Corolary 8.6.1),
we conclude that 4 must represent this distribution. Thus, Pr, = [M]* as

desired. ]

The next lemma packages the results of Dahl and Andersen [2022]; Nesterov

et al. [1999] in a precise form that we will be able to make use of.

Lemma 8.13. Fix integers n,,n. € N, and let n := 3ne + n,. Suppose that K =
Ry x K, C R™ is a product cone, consisting of n, copies of the non-negative orthant

and ne copies of the exponential cone. Let ¢ € [—1,1]" and b € [—1, 1]™ be vectors, and

A € [-1,1]™*" be a matrix, defining an exponential conic program

minin?(ize c'x subjectto Ax=Db,. (8.2)
xXE

If this program is strictly feasible (i.e., if there exists x € int K such that Ax = b), as is

its dual problem

maximize b'y subjectto A’y +s=c,
SEK*,yGR”L

(i.e, if there exists s € int K, such that ATy + s = c), then both can be simultaneously
solved to precision € in O(n(m + n)* log ") time, where w is the smallest exponent
such that a linear system of k variables and equations can be solved in O(k*) time.

Furthermore, MOSEK solves this problem in O(n(m + n)?log ") time.

Proof. For this, we begin by appealing to the algorithm and analysis of Baden-
broek and Dahl [2021], threading details through for this specific choice of cone
K. To finish the proof, however, we will also need to supplement that analysis
with some other well-established results of Nesterov et al. [1999] that the authors

were no doubt familiar with, but did not bother referencing.
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First, we’ll need some background material from convex optimization. A
logarithmically homogeneous self-concordant barrier with parameter v (v-LHSCB)
for a cone K is a thrice differentiable strictly convex function F' : int K — R
satisfying F'(tx) = F'(z) — vlogt forallt > 0 and = € int K. In some sense, the
point of such a barrier function is to augment the optimization objective so that

we remain within the cone during the optimization process.

For the positive orthant cone R, the function z — —logx is a 1-LHSCB.
We now fill in some background facts about exponential cones. The dual of the

exponential cone is

K* = {(81,82,83) € R?’ . V(Z’l,l‘g,l'g) - Kexp- 151 —|—1’252 —|—$383 Z O}

exp

= {(s1,52,83) : —s1log(—s1/s3) +s1— 52 <0, 81 <0, 53 >0}.
Consider points = = (x1, T3, r3) € Kexp. The function
Foxp(z) := —log (xg log 2—; — x3> — log x5 (8.16)
is a 3-LHSCB for K.y, since

t
Fop(tr) = —log (tl’g log ti—; — txg) — log(t*z125)

= —log (t(log % — x3)> —log(z122) — 2logt
2

= Foxp(x) — 3logt

Such barrier functions can be combined to act on product cones by summa-
tion. Concretely, suppose that for each i € {1,...,k}, we have a 1,-LHSCB
F,:int K; — R. For z = (z;)%, € [], K, the function F(z) := S.F | Fi(z;)is a
(>, v:)-LHSCB for [, K;, since

k k k

F(te) =Y Fi(tz;) =Y (F(z;) —vilogt) = F(x) = > ;.

=1 1=1 =1

328



In this way, our product cone K = R x K¢ admits a LHSCB F’ with parameter
v = no + 3ne = n. Furthermore it can be evaluated in O(n) time, as can each
component of its gradient F’(z) and Hessian F"(z) € R™ ™ at z, all of which

can be expressed analytically. In addition, the convex conjugate of F' also has a

known analytic form.

Generally speaking, the idea behind primal-dual interior point methods [Nes-
terov and Nemirovskii 1994] such as the one behind MOSEK, is to maintain both
a point z € K and a dual point s € K, (as well as y € R™) and iteratively update
them, as we slowly relax the barrier and approach a point on the boundary of
the cone. The quantity p(z) := (#)/, > 0, called the complementarity gap, is a

measure of how close the process is to converging.

Because the initial points may not satisfy the constraints, instead the standard
algorithms work with “extended points” z = (z,7) and § = (s, k), for which the
analogous complementarity gap is u*(z, 5) := ((z, s) + x7)/(v + 1). Altogether,
the data at each iteration may be summarized as a point z = (y,z,7,s,k) €
R x (K x Rsg) x (K, x R5g). The primary object of interest is then something
called the homogenous self-dual model. Originally due to Nesterov et al. [1999] and

also used by others [Skajaa and Ye 2015], it can be defined as a linear operator:

G . Rm+2n+2 — Rn+m+1

0 A =b| |y
Gly,z,7,8,k):= |—AT 0 c x| — |s
bt —cT 0 T k

The reason for our interest is that if z is such that G(z) = 0 and 7 > 0, then (#/7)
is a solution to the primal problem, and (vs)/> is a solution to the dual problem
[Skajaa and Ye 2015, Lemma 1], while if G(z) = 0 and s > 0, then at least one of

the two problems is infeasible.
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We now are in a better position to describe the algorithm. According to the
MOSEK documentation [Dahl and Andersen 2022], for the exponential cone,

begins with an initial point

v := (1.291,0.805, —0.828) € (Kexp N KZ.)

exp

for this particular cone K, the algorithm begins at the initial point

20 = (yo, L0, 70, S0, FGO)

ne copies nNe copies
[P U ——
Where .T():SO:(l,...,]_, V,...,V)E (RZO)”O X (Kexp N K’ )ne,

exp

Yo =0€R"™, 719=kKy=1.

At each iteration, the first step is to predict a direction for which Badenbroek
and Dahl [2021] compute a scaling matrix W. To describe it, we first need to

define shadow iterates
T:=—F.(s) and §:=—F'(x).

which are in a sense reflections of s and x across their barrier functions, and can
be computed in in O(n) time. The analogous notion of complementarity can then
be defined as ji(z) := (#:3)/. The scaling matrix, which we do not interpret here,

can then be calculated as:

L e £ _ M§§T (S — ué)(s — ’ug)T B ,U«[FH(SL‘)f _ ﬂg] [F”(]?)i‘ . ﬂg]T
W= pF"(z) + Vi T (s — pud)T(x — p) T (2)5 = v

(8.17)
Doing so requires O(n?) steps (although it may be parallelized). The first four
terms clearly require O(n?) steps, since each one is an outer product resulting in
a n x n matrix. The last term computes a matrix-vector product (which requires
O(n?) steps), and computes an outer product with the resulting vector, which

takes O(n?) steps as well.
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aff:(

The next step involves finding a solution Az .-+ ) to the system of equa-

tions
G(AZ) = —G(2) (8.18a)
TARE + AT = —7p (8.18b)
WA + A = —s. (8.18¢)

(8.18a-c) describe a system of (n+m+ 1)+ 14 (n) = 2n+m+ 2 equations and
equally many unknowns, and solved in O((n + m)*) steps. It may be possible to

exploit the sparsity of GG to do better.

The next step is to center that search direction so that it lies on the central path.

This is done by finding a solution Az®" to

G(Az*") = G(z) (8.19a)
TAR® + RATE = puf (8.19b)
WA + As®™" = 1f8, (8.19¢)

which again can be done in O((n+ m)?) steps with Gaussian elimination, or with
a fancier solver in O((n + m)?.332) steps. The two updates are then applied to

the current point z to obtain

Ay = (y+7 Lty Ty Sty '%Jr) =z 4+ @(Azaﬁ + ’)/Azce“),

Finally, a “correction step”, which is the primary innovation of Badenbroek
and Dahl [2021] and used in MOSEK's algorithm, is a third direction Az{*, which

is found by solving the system of equations

G(AZT) =0 (8.20a)
T AR 4 g AT = () (8.20b)
W Az, + As® = 1%, (8.20¢)
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where W, is defined the same way that W is, except that it uses the components
of z; instead of z. After adding the correction step Az to z, we repeat the entire

process. The full algorithm, then, is given by Algorithm 2 below.

Algorithm 2 [Badenbroek and Dahl]

z < (Yo, To, To, S0, Ko);

while do
Compute scaling matrix W as in (8.17);
Find the solution Az*" to (8.18a-c), and the solution Az" to (8.19a-c);
zy ¢ 2+ (AT L yAzen);
Compute the scaling matrix W,;
Find the solution Az$" to (8.20a-c);
z <= 2y + AZY

We have verified that each iteration of this process can be done in O((n+m)%))
time. Their main result [Badenbroek and Dahl 2021, Theorem 3], states that for

every € € (0,1), the algorithm results in a solution z satisfying
pi(z) <e and  [|G(2)]| < €l|G(2)]

in O(nlog(1/¢)) iterations, for a total cost of O(n(m + n)?log(1/¢)) time with
Gaussian elimination, or O(n(m + n)?**1og(1/¢)) time using the linear solver

with best known asymptotic complexity as of 2022 Duan et al. [2022].

Verifying that the solution is approximately optimal. What we have at this
point is not quite enough: simply because the residual quantity G(z) is approx-
imately zero (so that we have approximately solved the homogenous model),
does not mean that we’ve approximately solved the original problem. Specifi-
cally, it’s entirely possible a priori that the parameter 7 goes to zero at the same
rate as everything else, and the quantity (z/7) does not converge to a solution

to the primal problem. To address this issue, we must also trace the analysis of
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the seminal work of Nesterov et al. [1999], who use slightly different quantities,

conflicting with the notation we have been using thus far.

Following Nesterov et al. [1999, pg. 231], fix an initial point z,, and let shifted
feasible set F := {z € R x K x R>g x K* x R> : G(z) = G(2y)} be the collection
of all points that have the same residual as z,. Nesterov, Todd, and Ye also refer
to a complementary gap by p(z) and define it identically, but the meaning of this
parameter is different, because the set 7 on which it’s defined is quite distinct
from (if closely related to) the iterates of Badenbroek and Dahl’s algorithm. In the

service of clarity, will call this quantity uN(2V), for 2N = (yN, 2N, 7N, sN xN) € F.

Although we made a point of emphasizing that the two are distinct, the actual
relationship between them is straightforward. Let z = (y, z, 7, s, k) be the final
output of Badenbroek and Dahl [2021]. In proving their main theorem, they
also prove that G(z) = €G(2), and p* = ¢; because G is linear, we know that
G(#/e) = G(z). This means that 2N := z/c € F. Therefore,

M = (B 418 = G =

v+1 € € €€ €2 €

So, roughly speaking, uN and p© are reciprocals. Badenbroek and Dahl also prove
that, every iterate z satisfies their assumption (A2): for a fixed constant 3 (equal
to 0.9 in their analysis), fu°(2) < 7k. Consequently, it happens that the same

inequality holds with Nesterov’s notation:

TK TR €
NN == — > e _B_ BN (M)
€€ €2 €2 €

This witnesses that 2" = 2 satisfies equation (81) of Nesterov et al., which allows
us to apply one of their main theorems, which addresses these issues. Supposing
that the original problem is solvable, let (z*, s*) be any solution to the primal

and dual problems, and define the value ¢ := 1 + (sq, z*) + (s*, z9) > 1, which
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depends only on the problem and the choice of initialization. Then Theorem 1,

part 1 of Nesterov, Todd, and Ye, allows us to conclude that

o=

<1 and E b b

> — <— k<e and 7> —.
b v v

Finally, the original theorem guarantees that ||G(x)|| < €]|G(2y)||, meaning that

W) o+ ) -2 + ()~ (2) -2 .

T T

Since the euclidean norm is an upper bound on the deviation in any component

(o] = +/>;v? > /max; v} = max; v; =: ||v]|« ), this means that in light of our

bound on 7 above, we have

B ]+ )2

The first two components show that the total constraint violation (in the primal

- @), s AL

and dual problems, respectively) is at most <4/y||G(29)||. Meanwhile, the final
component shows that the duality gap gap = b" (%) — ' (%), which is positive and
an upper bound on the difference between the objective at /7 and the optimal

objective value, satisfies

gap < gap + = < BlG )l
T Y

Thus z /7 is an (¢||G(zo)||)-approximate solution to the original exponential conic
problem. Since also ¢ > 1, we may freely drop it to get a looser bound. All that
remains is to investigate ||G(zo)||, the residual norm of the initial point chosen by

the MOSEK solver, which equals:
IG(z0)ll = | Awo — Bll + [[ATyo + 50 — el + [T = by + 1.

Making use of our assumption that every component of A, b, and c is at most
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one, we find that

| Azo — b||? = Z(Z A;i(1.3) = b)) <m(1.3n +1)? € O(mn?) € O((m +n)?)

J

1A yo + 50 — ¢|* = Z(Z(Aj,i) < n(m+2)? € O(nm?) c O((m+n)?)
lcTe = by + 12 < (1.3n+m + 1)? € O((n 4+ m)?) C O((n +m)?).

Therefore, the residual of the initial point is G(zy) € O((n + m)*?).

To obtain a solution at most ¢, away from the true solution in any coordinate,
we need to select e small enough that the final output of the algorithm = satisfies

1
€

o | =

€llG(z0)ll < € = > —[1G(=0)ll

[e=]

It therefore suffices to choose € O(Z(n +m)*?), leading to log * = O(log ™))

€0

iterations. Thus, we arrive at our total advertised asymptotic complexity of time

O<n(n +m)* log nr m>‘

€o
In particular, to attain machine precision, we can fix €, to be the smallest gap
between numbers representable (say with 64-bit floats, leading to ¢y = 107" in

the worst case), and omit the dependance on ¢, for the price of relatively small

constant (78, for 64-bit floats). O

Having combed through all of the details of the analysis of Badenbroek and
Dahl [2021] and Nesterov et al. [1999] for exponential conic programs as we
have defined them, we are ready to show that this algorithm solves the problems

presented in Section 8.4 within polynomial time.

In the results that follow, we use the symbol Ogp( - ) to describe the complexity

under the bounded precision assumption: the numerical values of (o, 3, P) that
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describe the PDG, as well as v, lie within a fixed range, e.g., are 64-bit floating
point numbers. Correspondingly, we use Ogp(-) to describe the complexity
under the same assumption, but hiding logarithmic factors for parameters on

which the complexity also depends polynomially.

Lemma 8.14. Problem (8.10) can be solved to e precision in time

6max

|[VA| + |VC]
log ——— + log —
€ ﬁmln

O((VA+UG)“W( ) C OBP<WA+UG\4log %)

where ™ := maxe 4 3, is the largest value of 3, and ™™ := min,e4{B, : fa > 0}

is the smallest positive one.

Proof. Problem (8.10) can translated via the DCP framework to the following

exponential conic program, which has:

» variables z = (u, v, w, u) € KA x RYC, where
4 >0

exp

e u,v,w € R"™ are all vectors over VA, that at index « = (a,s,t) € VA,

have components u,, v,, and w,, respectively;
° 1 = [uc(C=0)]cec,cevicy € RYC is a vector representation of a tree
marginal over clusters C;

» constraints as follows:

e two linear constraints for every (a, s,t) € VA to ensure that

v =na(st) (= Y paEst)

ceV(Ca\{Sa,Tu})

and Wa,st = prcy(Sa=5) Po(To=t | Su=s)

<or, more precisely, w, s+ = B,(1T,=t | S,=5) Z pe,(C, s) );
ceV(Ca\{Sa})
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e for every edge (C—D) € T, and every value w € {(C' N D) of the
variables that clusters C' and D have in common, a linear constraint
Z MC<E7 w) - Z MD(J7 W),
cev(C\D) deV(D\C)
¢ and one constraint for each cluster C' € C to ensure that y lies on the

probability simplex, i.e.,

Altogether this means that we have an exponential conic program in the form
of Lemma 8.13, with n = 3|{A| + |¥C| variables, and m = 2|VA| + |VT| + |C|
constraints, where V7 = {(C-D,w) : C—D € T,w € V(C N D)}. Since we
can simply disregard variables whose value sets are singletons, we can assume
V(C) > 1; summing over all clusters yields {/C > |C|. At the same time, since
VT <9C, we have

m,n,(m+n) € O(VA,+VC).

We now give the explicit construction of the data (A, b, ¢) of the exponential
conic program that (8.10) compiles to. The variables are indexed by tuples of
the form ¢ = (¢, a, s,t) for (a,s,t) € YAand ¢ € {u,v,w}, or by tuples of the form
(C,c), for c € V(C) and C € C, while the constraints are indexed by tuples of
the form j = (¢, a, s, t) for (a,s,t) € YAand ¢ € {v, w}, of the form (C-D, w), for
an edge (C—D) € T and w € ¥(C' N D), or simply by (C), the name of a cluster

C € C. The problem data A = [A,,],b = [b;], c = [¢;] of this program are zero,
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except (possibly) for the components:

Cluas,t) = Ba
A asi),ce) = LC=Cy A Si(c)=s A T,(c)=t]
Atwasit) o) = Pu(Tu=t | Su=5)1[C=C, N S,(c)=s]
Aw,a,s,t),(wast) = —1
Aw,ast) (vast) = —1
Ac-pw) (et = LC=C"] = 1[C"=D)]
Ao =1

b(c) = 1,

where 1[p] is equal to 1 if ¢ is true, and zero if ¢ is false. We note that we can
equivalently divide each 3, by max, 3, without affecting the problem, although
this could affect the approximation accuracy by the same factor. Thus, we get

another factor of

log(max{1} U{f,:a € A}) C O(log(1 + mgxﬁa)).

Finally, to find a point that is e-close (say, in 2-norm) to the limiting point ;*
on the central path, as opposed to simply one that for which the suboptimality
gap is at most ¢, we can appeal to strong concavity of the objective function.
(Conditional) relative entropy is 1-strongly convex, and each relative entropy
term is scaled by /3,. Furthermore, we’re only considering marginal conditional
entropy, so this convexity may not hold in all directions. Still, if the next step
direction ¢ is not far from the gradient (as is the case if the interior point method
has nearly converged), then, in that direction, the objective will be at least
(min,{S, : B, > 0})-strongly convex. Therefore, by multiplying the requested

precision by an additional factor of min,{f, : 8, > 0}, we can guarantee that our
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point is e-close to ;*, and not just in complementarity gap.

To summarize, applying Lemma 8.13, we find that we can solve problem (8.10)
in time

w VA| +|ve max ~ 1
O((|UA|+|V@|)1+ (m;%jtlogg—.» C OBP<(|UA| + |VG|)4logz>.

min

The factor of log % can be treated as a constant under the bounded precision

assumption. O

We now quickly step through the analogous construction for problems (8.13)

and (8.14), which solve the 4-inference problem, and 0*-inference, respectively.

Lemma 8.15. Problem (8.13) is solved to precision € in time

[VA| + |V C]
og —— +1
€

1
O(WA—H/G‘Hw(l og(1+||ﬂ]\oo)+logloglm>)

c OBP(IVA +VC| log %)

where p™™ is the smallest nonzero probability in the PDG.

Proof. Problem (8.13) has

» variables v = (u,y,w, v, u,z) € KA x K'C where

exp exp

e u,y,w € R™ are all vectors over VA that at index t = (a, s,t) € VA,

have components u,, v,, and w,, respectively;

e Meanwhile, v, 1, z € R"C are all vectors over /C which at index (C, c),
have components vc,, pic(c), and zc,., respectively. Once again, p =
[e(C=c)|cee. cev(c) € RV is intended to be a vector representation of a

tree marginal.
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» constraints as follows:

e two linear constraints for each (a, s,t) € VA, to ensure that
Ya,sit = NCa(sa t) and Wy, st = ,uCa(Sa:S) IP)a(jﬁa:t | Sa:S)a

e for every edge (C—D) € T, and every value w € {(C N D) of the

variables that clusters C' and D have in common, a linear constraint
Z :U’C(E’w) - Z MD(szw)
ceV(C\D) dey(D\C)
e forevery (a,s,t) € VA, a linear constraint that ensures
0 = pc,(Se=s, T,=t) ( = Z pe, (€, s, t))
ceV(C\{Sa,Tu})

* alinear constraint for every value ¢ € V(C) of every cluster C € C, to

ensure that

200 = pic( VOP(c)) ( = 3 wele VCPo(e) )
ceV(C\VCPg)

¢ and one constraint for each cluster C' € C to ensure that yic lies on the

probability simplex, i.e., > oo Holc) = 1.

So in total, there are n = |34 + 3VC| variables, and m = 2|VA| + [VT| + |VA°| +
|VC| + |C| constraints. The same arguments made in Lemma 8.14 show that both

n,m € O(|[VA+ VC|).

Also like before, it is easy to see that the components of A and b are all
at most 1. However, we will need to rescale the objective ¢ in order for

each of its components to be most 1. We can do this by dividing it by

max{_ﬁa logpa (t|s)}(a,s,t)€%4 U {1}
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Finally, to ensure that we have a solution that is e-close to the end of the central
path, as opposed to one that is merely e-close in complementarity gap, we must
appeal to convexity. As in the proof of Lemma 8.14, this amounts to reducing the
target accuracy by a factor of the smallest possible coefficient of strong convexity,
along the next step direction. In this case, the bound is simpler: because negative
entropy is (unconditionally) 1-strongly convex, and since 8 > ay, the remaining

terms are convex, this could be, at worst, %

This gives rise to our result: problem (8.13) can be solved in

o (1 A VEL ( | )))
O(W““VG‘ ( - Tles H(aiﬂ?é(mﬁ“ B,({]5)

(% Ve max 1
cO (\UA+ pe|tte {log w 57 + log log — })
€

min

- 1
C Ogp (|UA + VG|1+W < log —))
€
operations, where p is the smallest nonzero probability in the PDG, and ™ is

the largest confidence in the PDG larger than 1. O

Lemma 8.16. Problem (8.14) is solved to precision € in

VA +VC
O(Ivel[va+vef log %)

- 1
Ogp (WG + VA log —) time.
€

Proof. Problem (8.14) is slightly more straightforward; having done Lemmas 8.14
and 8.15 in depth, we do this one more quickly. In the standard form, problem

(8.14), has variables x = (u, u, w) € K'C. The constraints are:

exp*

e one linear constraint for each (C, ¢) € VC, to ensure that

woe = kioopc(VCPo() (= Y pele VOPe(e)))

ceV(C\ VCPe)
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e for every edge (C—D) € T, and every value w € {/(C'N D) of the variables

that clusters C' and D have in common, a linear constraint
Z MC(Ea w) = Z /LD<CL (,U)

ceV(C\D) deV(D\C)

e for every (a,s,t) € VA, alinear constraint that ensures
pe, (Sa=s, T,=t) vo, (Sa=s) = ve, (Su=s, T,=t) pc, (Sa=s).

This is linear, because recall that v is a constant in this optimization problem,

found by having previously solved (8.10).

e and one constraint for each cluster C' € C to ensure that ¢ lies on the

probability simplex.

So in total, there are n = 3|{/C| variables, and m = |VC| + |VT| + |[VA| + |C|
constraints. Once again the components of A and b are all at most one, and now
the components of the cost function ¢ = 1 are identically one. Furthermore, our
objective is 1-strongly convex, so no additional multiplicative terms are required
to convert an e-close solution in the sense of suboptimality, to an e-close solution

in the sense of proximity to the true solution.
Therefore (8.14) can be solved in

VA4 0C
O(Ivel|vA+vel log Lﬁ')

~ 1
Opp(|VC + VA|* log E)

operations. O

Theorem 8.10. Let M = (X, A, P, o, B) be a proper discrete PDG with N = |X|
variables each taking at most V values and A = | A| arcs, in which each component

of B € RAand P € R"™ is specified in binary with at most k bits. Suppose that
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v € {07} U (0, minge4 g—z]. If (C,T) is a tree decomposition of (X, A) of width T
and p* € RYC is the unique calibrated tree marginal over (C,T) that represents the

A-semantics of 1M, then

(a) Given M, v, and € > 0, we can find a calibrated tree marginal e close in {5 norm

to p* in time
1
) (WA + vey‘*(mg VA + V€| + log —) k2 log k)
€

c O<k2|VA +VC log 1/6)

co (kQ(N A VAT g 1/6).

(b) The unique tree marginal closest to p* in which every component is represented

with a k-bit binary number, can be calculated in time'

@(kQWA + ve|4) - O(k?(N+A)4 V4<T+1>).

Proof. Suppose that the PDG has N variables (each of which can take at most
V distinct values), and A hyperarcs, which together form a structure has tree-
width 7. Then each cluster (of which there are at most N) can have at most
T + 1 variables, and so can take at most V7 values. Therefore, [{/C| < NV,
Since each arc must be entirely contained within some cluster, [VA| < AVZ. So,

[VA+ VC| < (N + A)VTTL

By Lemma 8.15, we know that, for v € (0, min, g—z], a tree marginal e-close (in

¢, norm) to the one that represents the unique distribution in the 4-semantics can

be found in time in time

O((N + A)tyATH g (VT“(N + 4! ﬁ:ax +log — ))

E pmin
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Similarly, by Lemmas 8.14 and 8.16 a tree marginal e-close to the one representing

the 0™ semantics can be found in time

VA+vC
)

o(we + VA log

V UG max
+O<|VG+VA|4log At g )

Bmin

C O((N + AT g (VT+1(N + A)%?Z?Z))

Either way, a tree marginal e-close to the one that represents the 4-semantics, for

v € {07} U (0, min, g—z), can be found in

VA + 0VC| pmax 1 ~ 1
O(|VA+VG\4log<| +VClp — + log — )) c OBp<yvA+ve\4log—)
€ ﬂmm pmm €

arithmetic operations, each of which can be done in O(k log k) time.

If B, P, and + are all binary numbers specified in k bits, then log, % < 2k and

log log = < log k + log(2), Thus, under these assumptions, such a tree marginal

min —
p

can be found in

. VA +vC|
€

0<|vA+ vel (1o +k+log k)klogk) c 0(|VA+ ve|tlog (%)k)

time. Finally, we prove part (b). The co-norm is smaller than the ¢, norm, so if
o — |2 < 27+, then any change to p of size 2% or larger will cause it to be
further from p*. Thus, selecting ¢ = 2=+ produces the tree marginal of k-bit
numbers that is closest to p*. Plugging in this value of ¢, we find that finding it

takes O(|VA + VC|*k?) time. O

Lemma 8.17. Let k > 1 be a fixed integer, and ®, Ky, K1, . .., K}, be parameters. Given
a procedure that produces e-approximate unconditional probabilities in O(® - (K +
Zle K;log' 1)) time, we can approximate conditional probabilities Pr(B|A) to within

ein O(® - (Kologlog 5z + ¥ Kilog! ) time.

Proof. Let f be our algorithm for approximating unconditional probabilities. If A

is an event and € > 0, we write f(A;¢) for the corresponding approximation to
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Pr(A), which by definition satisfies

Pr(A) —e < f(A4;0) < Pr(4) +e

Now suppose that A and B are both events, and we want to find the condi-

tional probability Pr(B|A). To do so, we can run the following algorithm.

1: 0 <+ ¢
2: loop
3 leta <+ f(A4;9);

4: if a > 26 then

5 let * < e(a —9§)/3;

6: let p < f(A;0%) and ¢q « f(AN B;*);
7 return ¢ / (p+6*).

8: else

9 § +— 6%

Proof of correctness. We claim that the final output of the algorithm is within
e of the true conditional probability Pr(B|A). In the first iteration in which a > 20
(line 4), we know that § < a — 4§ < Pr(A).

By assumption,
Pr(A) — 0" < p < Pr(A)+6" and Pr(ANB)—6" < ¢ < Pr(ANB) + 7,

from which it follows that

Pr(ANB) — ¢* o4 Pr(AN B) + o*
Pr(A)+2 = p+d6 — Pr(A) '

(8.21)

We now extend the bounds on ¢/(p + ¢*) in both directions, starting with the

345



upper bound. Because a — § < Pr(A), the RHS of (8.21) is at most

Pr(AP? 51))”* — Pr(B|A) + Pf(;) — Pr(BJA) + g(;rz j))
< Pr(B|A) + giigji < Pr(B|A) +e.

The analysis of the lower bound (the LHS of (8.21)) is slightly more complicated,
but we still find that

Pr(ANB) -6 p(z,y)  Pr(AnB)—¢*
prA) r 20~ DB S0 T e+ 20

_ Pr(B|A) + — Pr(A)PrtAT B) — 25" Pr(A N B) + Pr(A)PeATTB) — 6" Pr(A)

Pr(A)(Pr(A) + 26%)

—25* Pr(B|A) — 5

=B+ —5 s

-rsa) -5 (e )

> Pr(B|A) — 5*% [since Pr(B|A) < 1, and thus —2 Pr(B|A) > —2:
> Pr(B|A) — 5*% [ as eliminating §* makes this more negative
= Pr(BJA) — E(a; %) Pr?A) [by definition of §*
> Pr(B|A) — elir(%) [since —(a—9) > —Pr(A)
= Pr(BJA) —e.

These two arguments extend the bounds of (8.21) in both directions. Chaining
all of these inequalities together, we have shown that our procedure returns a

number output satisfying
Pr(B|A) —e < output < Pr(B|A) +¢,

and hence calculates the desired conditional probability to within e.

Analysis of Runtime. Let m denote the total number of iterations of the

algorithm. We deal with the simple case of m = 1 separately. If m = 1, then
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already in the first iteration a > 2 = 2¢, so by definition §* > 3€*. Line 6 is just

two calls to the procedure, and takes
k T k 5
O ((I)(Ko + ; K, log 5-)) -0 <<I> (KO + Z_; K, log ?3))

co (CD (KO n zk;K log’ %)) time.  (8.22)

Now consider the case where m > 1. Observe that, in the final iteration,
6 = €. The procedure halts when a > 2§, and the smallest possible value of a
that our approximation can return is Pr(A) — 6. Thus, the procedure must halt by
the time Pr(A) > 36 = 3¢2™". On the other hand, since m — 1 iterations are not
enough to ensure termination, it must be that Pr(A) — ¢’ < 2§, where §' := 2"

is the value of ¢ in the penultimate iteration. Together, these two facts give us a

relationship between m and Pr(A):

32" > Pr(A) > 32"
= —log,3 — 2™ ?logye < —log,Pr(A) < —logy3—2" "log,e
3
m—2 < 1/, m—1 )
— gm=2 < <log2—Pr(A)>/log2(/) <2 (8.23)

In particular, the first inequality tells us that the number of required iterations is

at most

Pr(A)
3

3 1
m < 2 + log, log, m — log, log, P 2 + log, log,

Across all iterations, the total cost of line 3 is on the order of
k m A )
mOK —©Y K; Y logi(e? )
i=1 =1

k m—1
=mOK — 0 K;log'(e) Y 2"
=0

i=1
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1 2m—1
20 -1

_mcI>K+<I>ZK log

=1

3 1
< <log log m — loglog E)q)KO

L3 ZKM [4f(1ogi ﬁ) /w] /(2 - 1)

3 4 .3
(0] K, — log"
Pr(A) Z 51 %% Pr(A)

o+ Z K;log' —>) (8.24)

< ®Kyloglog

co (tb (Ko log log

Line 6 is the last part of the procedure that incurs a nontrivial cost. The
procedure executes it one time, in the final iteration. Because a > 20 at this point,

we know that
=
Thus line 6 requires time
& Y & 1 1yi
(@ (K + Z;K log Pr(A)2€)> C O(@Ky + (I)Z;KZ(log pray + o8 g) ).

(8.25)

Summarizing, the total running time is (at most) the sum of (8.22), (8.24), and

(8.25), or explicitly,

O<<I>-<Kloglogp +Z ;log’ Pr(A )>)

8.B The Convex-Concave Procedure, and Implementation Details

Optimization problems (8.6) and (8.13) can be extended to apply slightly more

broadly. There are some cases where there is a unique optimal distribution but
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v is large enough that B ? ya. In these cases, our convex program will fail to
satisfy the dcp requirements, and so we cannot compile it to an exponential conic
program—but it turns out to still be a useful building block. We now describe
how we can still do inference in some of these cases with the convex-concave
procedure, or CCCP [Yuille and Rangarajan 2003]. This will give us a local
minimum of the PDG scoring function [11].,, without requiring us to write this
scoring function in a way that proves its convexity, (as is necessary in order to
specify a disciplined convex program). At this point, if we happen to know
that the problem is convex (or even just pseudo-convex) for other reasons, then
finding this distribution suffices for inference. We now describe how this can be

done in more detail.

Suppose 5, < va, some a € A. In this case [171], may not be convex, in
general.® However, we do know how to decompose [171],, into a sum of a convex
function f(y) and a concave one g(u). Concretely: each term on the second line of
(8.5) is either convex or c